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PREFACE 


The  mathematical  series  of  which  this  book  is  the  first  to 
be  published  is  founded  on  the  works  of  the  late  Professor 
Elias  Loomis.  In  the  present  instance,  however,  the  work 
can  scarcely  be  called  a  revision.  We  have  utilized  many 
of  the  terse  and  accurate  statements  and  definitions  of  the 
Loomis  Geometry,  and  have  aimed  to  maintain  the  high 
standard  of  that  work  for  rigorous  demonstrations,  but, 
aside  from  these  similarities,  the  arrangement  and  method 
of  presentation  are  essentially  new. 

While  the  book  speaks  for  itself,  we  would  call  attention 
to  some  of  its  most  important  features. 

The  bitroduction  presents  in  the  shortest  possible  com- 
pass the  general  outlines  of  the  science  to  be  studied,  and 
leads  at  once  to  the  actual  study  itself. 

The  definitions  are  distributed  through  the  book  as  they 
are  needed,  instead  of  being  grouped  in  long  lists  many 
pages  in  advance  of  the  propositions  to  which  they  apply. 
An  alphabetical  index  is  added  for  easy  reference. 

The  constructions  in  the  Plane  Geometry  are  also  distrib- 
uted, so  that  the  student  is  taught  how  to  make  a  figure  at 
the  same  time  that  he  is  required  to  use  it  in  demonstration. 

In  the  Geometry  of  Space,  the  figures  consist  of  half-tone 
engravings  from  the  photographs  of  actual  models  recently 
constructed  for  use  in  the  class-rooms  of  Yale  University. 
By  the  side  of  these  models  are  ^skeleton  diagrams  for  the 
student  to  copy. 
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iv  PREFACE 

Extensive  use  has  been  made  of  natural  and  symmetrical 
methods  of  demonstration.  Such  methods  are  used  for  de- 
ducing the  formula  for  the  sum  of  the  angles  of  a  triangle, 
for  the  sum  of  the  exterior  and  interior  angles  of  a  polygon, 
for  parallel  lines,  for  the  theorems  on  regular  polygons,  and 
for  similar  figures  in  both  Plane  and  Solid  Geometry. 

The  theory  of  limits  is  treated  with  rigor,  and  not  passed 
over  as  self-evident. 

Attention  is  also  called  to  the  theorems  of  proportion,  the 
use  of  corollaries  as  exercises  to  supply  the  need  of  **  inven- 
tional  geometry,**  and  the  Introduction  to  Modern  Geom- 
etry. 

We  would  here  express  our  grateful  acknowledgments  to 
all  who  have  aided  in  the  preparation  of  this  book ;  to  Miss 
Elizabeth  H.  Richards,  whose  successful  experience  in  fit- 
ting students  for  college  in  Plane  Geometry  has  rendered  her 
criticisms  and  suggestions  most  valuable,  to  Mr.  E.  H.  Lock- 
wood,  of  the  Sheffield  Scientific  School,  whose  skill  as  a 
draughtsman  has  been  of  essential  service  in  the  preparation 
of  the  figures,  and  to  our  colleagues,  Messrs.  W.  M.  Strong 
and  Joseph  Bowden,  Jr.  Mr.  Strong  has  selected,  for  the 
most  part,  the  exercises  at  the  end  of  the  book,  and  has 
written  a  large  part  of  the  Introduction  to  Modern  Geom- 
etry. Mr.  Bowden,  whose  large  experience  in  teaching 
successive  Freshman  classes  has  given  him  an  unusual 
equipment,  has  written  a  considerable  portion  of  the  Solid 
Geometry,  and  has  examined  critically  the   references  and 

proof-sheets  of  the  book. 

Andrew  W.  Phillips, 

Irving  Fisher. 

Yale  University, /i/«^,  1896. 
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SPECIAL  TERMS 

An  axiom  is  a  truth  assumed  as  self-evident. 

A  theorem  is  a  truth  which  becomes  evident  by  a  train  of  reason- 
ing called  a  demonstration. 

A  theorem  consists  of  two  parts,  the  hypothesis^  that  which  is  given,  and  the 

conclusion^  that  which  is  to  be  proved. 

A  problem  is  a  question  proposed  which  requires  a  solution. 

A  proposition  is  a  general  term  for  either  a  theorem  or  problem. 

One  theorem  is  the  converse  of  another  when  the  conclusion  of  the 

first  is  made  the  hypothesis  of  the  second,  and  the  hypothesis  of  the 

first  is  made  the  conclusion  of  the  second. 

The  converse  of  a  truth  is  not  always  true.  Thus,  "  If  a  man  is  in  New 
York  City  he  is  in  New  York  State,"  is  true  ;  but  the  converse,  "  If  a  man  is 
in  New  York  State  he  is  in  New  York  City,"  is  not  necessarily  true. 

When  one  theorem  is  easily  deduced  from  another  the  first  is 
sometimes  called  a  corollary  of  the  second. 

A  theorem  used  merely  to  prepare  the  way  for  another  theorem  is 
sometimes  called  a  lemma. 


SYMBOLS  AND  ABBREVIATIONS 


-f-  plus. 

—  minus. 

>  is  greater  than. 

<  is  less  than. 

X  multiplied  by. 

=  equals. 

=0=  is  equivalent  to. 

Alt.-int. — Alternate  interior. 

Ax. — Axiom. 


Cons. — Construction. 

Cor. — Corollary. 

Def. — Definition. 

Fig. — Figure. 

Hyp. — Hypothesis. 

Iden.— Identical. 

Q.  E.  D. — Quod  erat  demonstrandum. 

Q.  E.  F. — Quod  erat  faciendum. 

Sup.-adj. — Supplementary  adjacent. 


GEOMETRY 


INTRODUCTION 

FUNDAMENTAL    CONCEPTIONS 

!•  2?^.— Geometry  is  the  science  of  space. 

2.  Every  one  has  a  notion  of  space  extending  indefinitely 
in  all  directions.  Every  material  body,  as  a  rock,  a  tree,  or 
a  house,  occupies  a  limited  portion  of  space.  The  portion 
of  space  which  a  body  occupies,  considered  separately  from 
the  matter  of  which  it  is  composed,  is  a  geometrical  solid. 
The  material  body  is  a  physical  solid.  Only  geometrical 
solids  are  here  considered,  and  they  are  called  simply  solids. 

Def. — A  solid  is,  then,  a  limited  portion  of  space. 

3.  Def, — The  boundaries  of  a  solid  are  surfaces  (that  is, 
the  surfaces  separate  it  from  the  surrounding  space). 

A  surface  is  no  part  of  a  solid. 

4.  Def, — The  boundaries  of  a  surface  are  lines. 

A  line  is  no  part  of  a  surface. 

3.  Def, — The  boundaries  (or  ends)  of  a  line  are  points. 

A  point  is  no  part  of  a  line. 
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4  GEOMETR  Y 

6,  The  solid,  surface,  line,  and  point  are  the  four  funda- 
mental conceptions  of  geometry.  They  may  also  be  con* 
sidered  in  the  reverse  order,  thus : 

(i.)  A  point  has  position  but  no  magnitude. 

(2.)  If  a  point  moves,  it  generates  (traces)  a  line. 

This  motion  gives  to  the  line  its  only  magnitude,  length. 

(3.)  If  a  line  moves  (not  along  itselO*  it  generates  a  surface. 
This  motion  gives  to  the  surface,  besides  length,  breadth, 

(4.)  If  a  surface  moves  (not  along  itselO>  it  generates  a  solid. 
This  motion  gives  to  the  solid,  besides  length  and  breadth,  thickness. 

De/. — A  figure  is  any  combination  of  points,  lines,  sur- 
faces, or  solids. 

7,  De/. — A  straight  line  is  a  line  which  is  the  shortest 
path  between  any  two  of  its  points. 

8,  Def. — A  plane  surface  (or  simply  a  plane)  is  a  surface 
such  that,  if  any  two  points  in  it  are  taken,  the  straight  line 
passing  through  them  lies  wholly  in  the  surface. 

d.  Def. — Two  straight  lines  are  parallel  which  lie  in  the 
same  plane  and  never  meet,  however  far  produced. 


GEOMETRIC  AXIOMS 

10.  All  the  truths  of  geometry  rest  upon  three  funda- 
mental axioms,  viz. : 

(a.)  Straight  line  axiom.— Through  every  two  points  in. space 

there  is  one  and  only  one  straight  line. 

This  is  sometimes  expressed  as  follows :   Two  points  determine  a 
straight  line. 

-{{p.)  Parallel  axiom.— Through  a  given  point  there  is  one  and 
only  one  straight  line  parallel  to  a  given  straight  line. 

}  (c.)  Superposition  axiom. — Any  figure  in  a  plane  may  be  freely 
moved  about  in  that  plane  without  change  of  size  or  shape.  Like- 
wise, any  figure  in  space  may  be  freely  moved  about  in  space  with- 
out change  of  size  or  shape. 
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GENERAL  AXIOMS 

11.  In  reasoning  from  one  geometric  truth  to  another  the 
following  general  axioms  are  also  employed,  viz. : 

(I.)  Things  equal  to  the  same  thing  are  equal  to  each  other. 

(2.)  If  equals  be  added  to  equals,  the  wholes  are  equal. 

(3.)  If  equals  be  taken  from  equals,  the  remainders  are  equal. 

(4.)  If  equals  be  added  to  unequals,  the  wholes  are  unequal  in  the 
same  order. 

(5.)  If  equals  be  taken  from  unequals,  the  remainders  are  une- 
qual in  the  same  order. 

(6.)  If  unequals  be  taken  from  equals,  the  remainders  are  une- 
qual in  the  opposite  order. 

(7.)  If  equals  be  multiplied  by  equals,  the  products  are  equal ; 
and  if  unequals  be  multiplied  by  equals,  the  products  are  unequal 
in  the  same  order. 

(8.)  If  equals  be  divided  by  equals,  the  quotients  are  equal ;  and 
if  unequals  be  divided  by  equals,  the  quotients  are  unequal  in  the 
same  order. 

(9.)  If  unequals  be  added  to  unequals,  the  lesser  to  the  lesser 
and  the  greater  to  the  greater,  the  wholes  will  be  unequal  in  the 
same  order. 

(10.)  The  whole  is  greater  than  any  of  its  parts. 

(II.)  The  whole  is  equal  to  the  sum  of  all  its  parts. 

(12.)  If  of  two  unequal  quantities  the  lesser  increases  (continu- 
ously and  indefinitely)  while  the  greater  decreases ;  they  must  be- 
come  equal  once  and  but  once. 

(13.)  If  of  three  quantities  the  first  is  greater  than  the  second 
and  the  second  greater  than  the  third,  then  the  first  is  greater 
than  the  third. 

12.  Z?^.— rPlane  Geometry  treats  of  figures  in  the  same 
plane. 

13.  Def. — Solid  Geometry,  or  the  geometry  of  space, 
treats  of  figures  not  wholly  in  the  same  plane. 


PLANE  GEOMETRY 

BOOK  I 

FIGURES  FORMED   BY   STRAIGHT  LINES 

14.  Defs, — An  angle  is  a  figure  formed  by  two  straight 
lines  diverging  from  the  same  point. 

This  point  is  the  vertex  of  the  angle,  and  the  lines  are  its  sides. 
A  clear  notion  of  an  angle  may  be  obtained  by  observing  the  hands  of  a 
clock,  which  form  a  continually  varying  angle. 


FIG.  I 


FIG.  a 


We  may  designate  an  angle  by  a  letter  placed  within  as  a  and  b  in  Fig.  i, 
and  c  in  Fig.  2. 

Three  letters  may  be  used,  viz.:  one  letter  on  each  of  its  sides,  together 
with  one  at  the  vertex,  which  must  be  written  between  the  other  two,  as 
AOC,  BOC,  and  A  OB  in  Fig.  i,  and  A'CTB'  in  Fig.  2. 

If  there  is  but  one  angle  at  a  point,  it  may  be  denoted  by  a  single  letter 
at  that  point,  as  0'  in  Fig.  2. 

Angles  with  a  common  vertex  and  side,  as  a  and  ^,  are 
said  to  be  adjacent 
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15*  Def. — Two  angles  are  equal  if  they  can  be  made  to 
coincide.  Also,  in  general,  any  two  figures  are  equal  which 
can  be  nnade  to  coincide. 

Thus,  suppose  we  place  the  angle  A  OB  on  the  angle  A'O'B'  so  that  O 
shall  fall  at  (X,  and  the  side  OA  along  (/A'-y  then,  if  the  side  Oi?  also  falls 
along  O'B,  the  angles  are  equal,  whatever  may  be  the  length  of  each  of  their 
sides. 

16,  Def, — When  one  straight  line  is  drawn  from  a  point 
in  another,  so  that  the  two  adjacent  angles  are  equal,  each 
of  these  angles  is  a  right  angle,  and  the  lines  are  perpen- 
dicular. 


O 

KICHT  ANGLES 


B 


ACUTE  ANGLE 


02TUSE  ANGLE 


Thus,  if  the  angles  A  OC  and  COB  are  equal,  they  are  right  angles,  and 
'    CO  is  perpendicular  to  AB. 

When  a  straight  line  is  perpendicular  to  another  straight  line, 
its  point  of  intersection  with  the  second  line  is  called  the  foot  of 
the  perpendicular. 


i 


17.  Def.— An  acute  angle  is  an  angle  less  than  a  right 

angle ;  an  obtuse  angle,  greater. 

The  term  oblique  angle  may  be  applied  to  any  angle  which  is 
not  a  right  angle. 
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PROPOSITION   I.      THEOREM 

18.  From  a  point  in  a  straight  line  one  perpendicular ^  and 
only  one,  can  be  drawn  {on  the  same  side  of  the  given  straight 
line). 


Given  a  straight  line.  AB,  and  any  point,  O,  upon  it. 

To  PROVE — from  O  one,  and  only  one,  perpendicular  can  be  drawn  to 
AB  (on  the  same  side  of  AB), 


Suppose  a  straight  line  OX  to  revolve  about  O,         Ax.  c 

In  every  one  of  its  successive  positions  it  forms  two  dif- 
ferent angles  with  the  line  A  By  viz. :  XOA  and  XOB, 

As  it  revolves  from  the  position  OA  around  to  the  posi- 
tion OB  the  lesser  angle,  XOA,  will  continuously  increase, 
and  the  other,  XOB,  will  continuously  decrease. 

There  must,  therefore,  be  one  and  only  one  position  of 
OX,  as  OX'  where  the  angles  become  equal.  Ax.  1 2 

[If,  of  two  unequal  quantities,  the  lesser  increases,  etc.] 

That  is,  there  must  be  one  and  only  one  perpendicular  to 

ABdXO,  Q.E.  D. 

Question. — The  above  proposition  applies  to  the  plane  of  the  diagram. 
Could  you  draw  any  other  lines  perpendicular  io  AB  tX  O  out  of  the  plane  of 
the  page  ? 
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PROPOSITION   II.      THEOREM 


19.  All  right  angles  are  equal. 


mmm^^mm* 


B 


X'.— -b 


B' 


Given 

To  PROVE 


any  two  right  angles  AOB  and  A'O'B', 
they  are  equal. 


Apply  A'O'B'  to  AOB  so  that  the  vertex  O'  shall  fall  on 
(?,  and  so  that  A\  any  point  in  one  side  of  A'0'B\  shall 
fall  on  some  point  in  OA  or  OA  produced. 

Then  the  line  O'A'  will  coincide  with  OA,  even  if  both  be 
produced  indefinitely.  Ax.  a 

[Two  points  aetermine  a  straight  line.] 

If  O'B'  should  not  fall  along  OB,  there  would  be  two 
lines,  O'B'  and  OB,  perpendicular  to  the  same  line  from  the 
same  point,  which  is  impossible.  §  i8 

[From  a  point  in  a  straight  line,  one  perpendicular,  and  only  one  can  be 
drawn.] 

Therefore  O'B'  must  fall  along  OB — that  is,  the  angles 
A'O'B'  and  AOB  coincide  and  are  equal.  q.  b.  d. 
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20.  Defs, — A  circle  is  a  figure  bounded  by  a  line  all 
points  of  which  are  equally  distant  from  a  point  within 
called  the  centre. 


CIRCLB 


ARC 


The  bounding  line  is  called  the  circumference. 

Any  portion  of  the  circumference  is  called  an  arc. 

Any  one  of  the  equal  lines  from  the  centre  to  the  circum- 
ference (as  OA)  is  called  a  radius. 

21.  Construction.  To  draw  a  perpendicular  from  a 
straight  line  AB  at  some  point  in  it,  as  O. 


B 


FIRST  MBTHOD 


First  method, — Place  a  right-angled  ruler  T  with  the  ver. 
tex  of  its  right  angle  at  O  and  one  of  its  edges  along  AB. 
Draw  OE  along  its  other  edge.  OE  will  be  the  required 
line  for,  first,  it  is  drawn  through  O,  and,  second,  it  is  drawn 
perpendicular  to  AB, 
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II 


The  student  should  observe  that  it  is  impossible  to  construct  an  absolutely 
accurate  diagram,  for  no  ruler  is  absolutely  accurate  nor  can  it  be  applied  with 
absolute  accuracy.  Moreover  the  dots  and  marks  formed  by  a  pencil,  how- 
ever well  sharpened,  are  not  absolute  points  and  lines,  for  the  dots  have  some 
magnitude,  and  the  marks  somehxtsAih.  Diagrams  only  approximate  the  ideal 
points  and  lines  intended. 

If,  however,  the  practical  means  employed  could  be  made  perfect^  the  re- 
sulting construction  would  be  absolutely  exact.  Hence  we  may  say  of  the 
preceding  construction,  the  method  is  perfect,  though  the  means  can  never 
be.     This  method  is  largely  used  by  draughtsmen  and  carpenters. 


yk 


k 


B 


SBCOND  METHOD 


COMPASSBS 


Second  method  {y^Mh  straight  ruler  and  compasses). — Take 
d?  as  a  centre,  and  with  any  convenient  radius  describe  with 
the  compasses  two  arcs  cutting  AB  ditX  and  K  Then  with 
X  and  Y  as  centres,  with  a  somewhat  longer  radius  describe 
two  arcs  cutting  each  other  at  Z.  Join  OZ  with  the  ruler. 
OZ  will  be  the  perpendicular  required. 

[The  correctness  of  the  second  method  can  be  proved  after  reaching  §  89.] 
Of  the  two  methods  above  described,  the  first  lias  the  advantage  of  quick- 
ness, but  it  assumes  that  the  ruler  is  really  made  with  a  right  angle,  that  is, 
it  assumes  that  some  one  has  already  constructed  a  right  angle  and  all  we  do 
is  to  copy  it.  The  second  method  is  free  from  this  assumption,  though,  in 
both  methods,  it  is  assumed  that  the  ruler  is  made  with  a  straight  edge,  that 
is,  that  some  one  has  already  constructed  a  straight  line.  The  first  way  of 
constructing  a  straight  line  was  by  stretching  a  string,  a  method  still  used  by 
carpenters.  In  fact  the  word  "straight"  originally  meant  "stretched." 
The  ancient  Egyptians  used  this  method,  and  even  invented  a  way  of  mak- 
ing a  right  angle  by  stretching  a  cord.     (See  foot-note  to  §  317.) 
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PROPOSITION  III.      THEOREM 


^i2.   The  two  angles  which  one  straight  line  makes  with  an- 
other^ upon  one  side  of  it,  are  together  equal  to  two  right  angles. 


Given — the  straight  line  CM  meeting  the  straight  line  AB  at  M  and 
forming  the  angles  a  and  b. 

To  PROVE  a-\-b-=2  right  angles. 

Suppose         iJ/A' drawn  perpendicular  to  AB,  §  i8 

[From  a  point  in  a  straight  line  one  perpendicular  can  be  drawn.] 

Then  BMX^-  XMA  =  2  right  angles.  §  1 6 

We  may  substitute  for  BMX  its  equal,  a'\-CMX,       Ax.  1 1 

[A  whole  is  equal  to  the  sum  of  its  parts.] 

This  gives      a  +  CMX-\-  XMA  =  2  right  angles. 

We  may  now  substitute  for  CMX-\-XMA  the  angle  b. 

[Same  axiom.] 

This  gives  ^  4-  *  =  2  right  angles.  q.  e.  d. 

23.  Defs, — Two  angles  whose  sum  is  equal  to  a  right  an- 
gle, are  complementary  angles. 

Two  angles  whose  sum  is  two  right  angles,  are  supple- 
mentary angles. 

The  two  angles  which  one  straight  line  makes  with  anoth- 
er on  one  side  of  it  (as  a  and  b\  are  supplementary-adjacent 
angles. 
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^4.  Cor.  I.  If  one  of  the  angles  formed  by  the  intersec- 
tion of  two  straight  lines  is  a  right  angle,  the  others  are  right 
angles.     (Fig.  i.) 

Hint, — Apply  Proposition  III. 


FIG.  t 


PIG.  2 


rio.  3 


25.  Cor.  II.  If  of  two  intersecting  straight  lines  one  is 
perpendicular  to  the  other,  then  the  second  is  also  perpendicu- 
lar to  the  first. 

Hint. — Apply  Corollary  I. 

^0.  In  Corollaries  the  proof  is  left,  wholly  or  in  part,  to  the  student. 
Practice  will  give  him  the  power  of  carefully  stating  and  separating  the  steps 
^x^A  finding  for  each  a  satisfactory  reason. 

27»  Cor.  III.  The  sum  of  all  the  angles  about  a  point  on 
one  side  of  a  straight  line  equals  tivo  right  angles,     (Fig.  2.) 

Hint. — Group  the  angles  into  two  angles  and  apply  Proposition  III. 

28.  Cor.  IV.  The  sum  of  all  the  angles  about  a  point 
equals  four  right  angles,     (Fig.  3.) 

Hint. — Prolong  one  of  the  lines  through  the  vertex,  separating  the  oppo- 
site angle  c  into  two  angles,  and  apply  Corollary  III. 

'Questioft. — If,  of  three  angles  around  a  point,  two  are  each  one  and  a  third 
right  angles,  how  much  is  the  third  angle  ? 

Question. — If  six  angles  about  a  point  are  all  equal,  how  large  is  each 
angle? 
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C/ 


PROPOSITION   IV.      THEOREM 


29.  If  two  adjacent  angles  are  together  equal  to  two  right 
angleSy  their  exterior  sides  are  in  the  same  straight  line. 

[The  converse  of  Proposition  III.] 


Given 

To  PROVE 


a  -f  EOB = 2  right  angles. 
AO  and  OB  form  one  straight  line. 


Hence 

Subtracting  a^ 
Hence 


Let  OX  be  the  prolongation  of  A  O. 

a'\'E0B—2  right  angles.  Hyp. 

a'\'E0Xz=i2  right  angles.  §  22 

[Being  sup. -adj.] 

a-^EOB^a^-EOX.  Ax.  i 

EOB=EOX.  Ax.  3 

OB  must  coincide  with  OX, 

Otherwise  one  of  the  angles  {EOB  and  EOX)  would  in- 
clude the  other,  and  they  could  not  be  equal.  Ax.  10 
Therefore  OB  lies  in  the  same  straight  line  with  OA. 

Q.  E.  D. 

Question. — If  two  angles  are  supplementary-adjacent,  and  their  difference 
is  one  right  angle,  how  large  is  each  ? 

Question. — The  angles  on  the  same  side  of  a  straight  line  are  three  in 
number.  The  greatest  is  three  times  the  least,  and  the  remaining  one  is 
twice  the  least.  How  large  is  each  ?  In  how  many  ways  can  they  be  ar- 
ranged on  the  straight  line  ? 
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PROPOSITION  V.      THEOREM 


9 

30.  If  two  straight  lines  intersect y  the  opposite  (or  vertical) 
angles  are  equaL 


Given — two  intersecting  straight  lines  forming  the  opposite  angles 
a  and  a\ 


To  PROVE 


tf  =tf . 


a  '\-  x-=2  right  angles. 

§22 

a' •\'X=^2  right  angles. 

§22 

[Being,  in  each,  case,  sup.-adj.] 

Therefore 

aA-x  —  a'  '\-x. 

Ax.  I 

Subtracting  ;r, 

a:=^a\ 

Ax.  3 

Q.  E.  D. 


PARALLEL  LINES  AND   SYMMETRICAL  FIGURES 

31.  Def. — Two  straight  lines  are  parallel  which  lie  in  the 
same  plane,  but  never  meet,  however  far  produced. 


FAKALLBL  LINES 


/' 


1 6 
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32,  Def, — Two  figures  are  symmetrical  with  respect 
to  a  straight  line  called  an  axis  of  symmetry,  when,  if  one 
of  them  be  folded  over  on  that  line  as  an  axis,  it  will  coin- 
cide with  the  other.    (Fig.  i.) 


>• 


FIG.  I 


riG.  9 


A  clear  notion  of  this  kind  of  symmetry  may  be  obtained  by  drawing  any 
6gure  in  ink,  and  before  the  ink  has  dried  folding  the  paper  on  to  itself  over 
a  crease.  The  original  figure  and  the  resulting  impression  are  symmetrical 
with  respect  to  the  crease  as  an  axis.     (Fig.  2. ) 

PROPOSITION   VI.      THEOREM 

33.   Two  straight  lines  perpendicular  to  the  same  straight 
line  are  parallel. 


/.*•• 


x'<r 


M' 


N' 


Given 

To  PROVE 


AM  and  BN  perpendicular  to  AB, 
AM  and  BN  parallel. 
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If  AM  ^nd  5iV  should  meet,  either  at  the  right  or  left,  as 
at  Xj  fold  the  figure  AXB  about  AB  as  an  axis  to  form  the 
symmetrical  impression  AX*B,  the  right  angles  a  and  b 
forming  the  impressions  a!  and  b'  respectively. 
Then  AM  ^nd  AM^  form  one  and  the  same  straight  line, 
and  BN  and  BN'  form  one  and  the  same  straight  line. 

§29 

[If  two  adjacent  angles  (as  a*  and  a)  are  together  equal  to  two  right  an- 
gles, their  exterior  sides  are  in  the  same  straight  line.] 

Hence  we  would  have  two  straight  lines  through  X  and 
X\  which  is  absurd.  Ax.  a 

[Two  points  determine  a  straight  line.] 

Therefore  AM  and  BN  cannot  meet,  and,  as  they  lie  in 
the  same  plane,  they  must  be  parallel.  §  31 

Q.  E.  D. 
Question. — Will  the  preceding  proix)sition  still  be  true  if  the  lines  are  not 
all  confined  to  one  plane  ? 

34.  Cor.  Through  a  given  point  P  without  the  line  one 
and  only  one  perpendicular  can  be  drawn  to  a  given  straight 
line,  AB. 


B 


X     Y 


.B 


OtJTLINE  PROOF :  From  0  in  another  line  CD  erect  a  perpendicular  OE. 
(By  what  authority?)  Superpose  CD  vc^vlAB^  and  move  it  along .^4^  until 
OE  contains  P.     (What  axiom  applies  ?) 

Second^  suppose  two  were  possible,  as  PX  and  P  K,  and  show  that  this 
would  contradict  Proposition  VI. 
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35.  Construction.   To  drop  a  perpendicular  to  a  straight 
line  A  B  from  a  point  P  without  the  line. 


First  method, — Apply  a  straight  edge  of  a  ruler  R  to  the 
straight  line  AB,  Place  one  side  of  a  right-angled  ruler  T 
upon  the  ruler  i?,  making  another  side  perpendicular  toAB, 
Then  slide  T  along  AB  until  the  perpendicular  edge  con- 
tains P,  Draw  P£  along  that  edge.  P£  is  the  perpen- 
dicular required,  for  it  is  drawn  through  P  and  is  perpen- 
dicular to  AB, 


•  P 


V 


Z. 


B 


Second  method. — From  P  as  a  centre  with  a  convenient 
radius  describe  an  arc  cutting  AB  at  X  and  V.  Then  with 
X  and  V  in  turn  as  centres  describe  arcs  with  equal  radii 
intersecting  at  Z,  Join  PZ.  This  will  be  the  required  per- 
pendicular. 

[This  can  be  proved  correct  after  reaching  g  104] 
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PROPOSITION  VII.      THEOREM 

36.  If  two  Straight  lines  are  parallel,  and  a  third  straight 
line  is  perpendicular  to  one  of  them,  it  is  perpetidicular  to  the 


other. 


[Converse  of  Proposition  VI.] 


B 


Given— CZ?  and  AB  parallel,  and  PO  perpendicular  to  AB. 
To  PROVE  PO  perpendicular  to  CD. 


Suppose  XY  to  be  drawn  through  O  perpendicular  to  OP. 
Then  XY\s  parallel  to  AB.  §  33 

[Two  straight  lines  perp)endicular  to  the  same  straight  line  are  parallel.] 

But  CD  is  parallel  to  AB.  Hyp. 

Hence  CD  must  coincide  with  XY.  Ax.  b 

[Through  any  point  there  is  one  and  only  one  straight  line  parallel  to  a 
given  straight  line.] 

That  is  CD  must  be  perpendicular  to  PO, 

and  OP  is  perpendicular  to  CD.  §  25 

Q.  B.  D. 

37.  Construction.  To  draw  a  straight  line  through  a 
given  point  C parallel  to  a  given  straight  line  AB. 

First  method  (Fig.  i). — Place  a  right-angled  ruler  in  the 
position  T,  making  one  edge  about  the  right  angle  coinci- 
dent with  AB,  and  along  the  other  edge  place  a  ruler  R. 
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Then  hold  the  ruler  R  firmly  against  the  paper.  Slide  T  \,o 
the  position  V  till  its  edge  reaches  C.  Draw  CX,  It  is 
the  parallel  required.     (Why  ?) 


PIG.   I 


FIG.  a 


Second  method  (Fig.  2). — From  C  draw  CD  perpendicular 
to  AB.  §  35 

At  C  draw  CX  perpendicular  to  CD,  §  21 

Then  CX\s  the  required  parallel  to  AB,     (Why?) 

PROPOSITION  VIII.      THEOREM 

38.  If  two  straight  lines  are  parallel  to  a  third  straight 
line,  they  are  parallel  to  each  other. 


M 


N 


>B 


OVS 


M  and  A''  each  parallel  to  AB, 
M  and  N  parallel  to  each  other. 
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If  M  and  N  should  meet,  as  at  X,  we  would  have  two 
parallels  to  AB  through  the  same  point  X,  which  is  ab- 
surd. Ax.  b 

[Through  one  point  there  is  one  and  only  one  straight  line  parallel  to  a 
given  straight  line.] 

Therefore  M  and  N  cannot  meet,  and,  lying  in  the  same 
plane,  must  be  parallel.  %  3 1 

Q.  B.  D. 

39*  Defs. — When  two  straight  lines  are  cut  by  a  third 
straight  line,  of  the  eight  angles  formed — 


a,  by  a\  b\  are  interior  angles. 
A,  By  A'y  B\  are  exterior  angles. 
a  and  a\  or  b  and  b\  are  alternate -interior  angles. 
A  and  A'y  or  B  and  B',  are  alternate-exterior  angles. 
A  and  a\  b  and  B\  B  and  b\  or  a  and  A\  are  correspond- 
ing angles. 


Question. — Of  the  eight  angles,  which  are  always  equal,  and  why? 
Question. — If  /l=A\  what  other  angles  are  also  equal  to  A,  and  why  ? 
Are  the  remaining  angles  all  equal,  and  if  so,  why  ? 

Question. — If  A  =  A'  and  also  A  =  B,  what  angles  are  equal,  and  why? 


22 


PLANE  GEOMETRY 


4:0.  Defs. — Two  figures  are  symmetrical  with  respect 
to  a  point  called  the  centre  of  symmetry  when,  if  one  of 
them  is  revolved  half  way  round  on  this  point  as  a  pivot,  it 
will  coincide  with  the  other. 

A  single  figure  is  said  to  be  symmetrical  with  respect  to 
a  point  called  the  centre  of  symmetry  if,  when  the  figure  is 
turned  half  way  round  on  this  point  as  a  pivot,  each  portion 
of  the  figure  will  take  the  position  previously  occupied  by 
another  part. 

[A  figure  is  said  to  be  turned  half  way  round  a  point  when  a  line  through 
the  point  turns  through  two  right  angles.] 


O 


TWO  FIGUKBS  SYMMBTRICAL 
WITH  RBSPBCT  TO  O 


A  SINGLB  FIGURB  SYMMBTRICAL 
WITH  KBSPBCT  TO  O 


PROPOSITION   IX.      THEOREM 


4:1.  When  two  straight  lines  are  cut  by  a  third  straight 
line,  if  the  two  interior  angles  on  the  same  side  of  the  cutting 
line  are  together  equal  to  two  right  angles^  then  the  two 
straight  Urns  are  parallel. 


M_ 


ty 


K'-^ 


M' 


ltX 


N 


Given— /^2  cutting  QM  and  PN  so  that  a  and  b  on  the  same  side  of 
PQ  are  together  equal  to  tw  )  right  angles. 

To  PROVE  QM  and  /'A^  parallel. 
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About  Oy  the  middle  point  of  PQ,  as  a  pivot,  revolve  the 
figure  QMXNP\i^{  way  round  to  the  symmetrical  position 
PM'X'N'Q,  so  that  Pand  Q  exchange  places. 

The  angle  a  is  the  supplement  of  b.  Hyp. 

Hence,  when  a  takes  the  position  a\  PM'  must  be  the 
prolongation  of  /W.  §  29 

[If  two  adjacent  angles  equal  two  right  angles,  their  exterior  sides  form 
the  same  straight  line.] 

Likewise  QN'  is  the  prolongation  of  QM, 

Now  if  these  lines  should  meet  on  the  right  of  PQ^  as 
at  X^  they  would  also  meet  on  the  left,  at  X',  §  40 

And  we  would  have  two  straight  lines  between  the  two 
points,  X  and  X\  which  is  absurd.  Ax.  a 

If  they  do  not  meet  on  the  right  of  PQy  neither  can  they 
meet  on  the  left  of  it.  §  40 

Hence  QM  and  PN  do  not  meet,  and,  being  in  the  same 
plane,  are  parallel.  q.  e.  d. 

It  may  be  observed  that  the  preceding  proposition  rests  on  only  two  of  the 
three  geometric  axioms  stated  in  §  10,  viz. :  the  superposition  axiom^  assumed 
\  in  turning  the  figure  unchanged  about  0,  and  the  straight-lint  axiom^  used 
to  prove  that  there  cannot  be  two  straight  lines  between  X  and  X' .  The 
parallel  axiom  (viz.:  that  through  a  point  only  one  straight  line  can  be  drawn 
parallel  to  a  given  straight  line)  has  only  been  used  so  far  in  Propositions 
VII.  and  VIII.  Mathematicians  have  tried  to  dispense  with  the  parallel 
axiom  entirely,  but  have  not  succeeded.  In  fact,  Lobatchewsky  in  1829 
proved  that  we  can  never  get  rid  of  the  parallel  axiom  without  assuming 
the  space  in  which  we  live  to  be  very  different  from  what  we  know  it  to 
be  through  experience.  Lobatchewsky  tried  to  imagine  a  different  sort  of 
universe  in  which  the  parallel  axiom  would  not  be  tnie.  This  imaginary 
kind  of  space  is  called  non-EucliJean  space,  whereas  the  space  in  which  we 
■really  live  is  called  Euclidean,  because  Euclid  (about  300  B.C.)  first  wrote  a 
systematic  geometry  of  our  space.  In  Lobatchewsky 's  space,  Proposition  IX. 
would  be  true,  but  Propositions  VII. and  VIII.  would  not  be  true,  nor  would 
|g  47,  48,  49,  51,  58,  etc.,  in  Book  I., and  gg  284,  327,  329,  etc.,  in  Book 

in. 
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42.  Construction.     To  bisect  a  given  straight  line,  AB. 


RG.  I 


First  method  (Fig.  i). — At  A  and  B  erect  Aa  and  Bb  equal 
perpendiculars  on  opposite  sides  of  AB,  Join  ab  cutting 
-^-5  at  ^.     (9  is  the  required  middle  point. 

Proof, — Suppose  the  middle  point  of  AB  is  not  O,  but 
some  other  point  as  X. 

Then  turn  the  whole  figure  about  X  until  AX  coincides 
with  its  equal  BX,  A  falling  on  B  (call  this  position  of  A, 
A%  and  ^  on  ^  (call  this  position  of  B,  B').  And  O  will 
assume  the  position  (?'  on  the  opposite  side  ol  X. 

Then  the  perpendicular  Aa  will  fall  along  Bb,  §  i8 

[From  a  point  in  a  straight  line  only  one  perpendicular  can  be  drawn.] 

And  a  will  fall  on  b  (call  this  position  of  a,  a'). 

[Since  A  a  is  equal  to  BbJ\ 

Likewise  b  will  fall  on  a  (call  this  position  of  b,  b'). 
Then  the  straight  line  aOb  takes  the  position  a'O'b' , 
That  is,  through  two  points,  a  and  b^  there  would  be  two 

straight  lines,  which  is  absurd.  Ax.  a 

Hence  the  supposition  that  O  is  not  the  middle  point  is 

false,  and  O  is  the  middle  point.  q.  e.  d. 
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-B 


* 

FIG.  a 

Second  method  (Fig.  2). — From  A  and  B  as  centres  with 
the  same  radius  describe  arcs  intersecting  at  X  and  K  Join 
JTK  intersecting  AB  at  O,  the  required  middle  point. 

[This  method  can  be  proved  correct  after  reaching  §  104.] 


PROPOSITION  X.      THEOREM 

43.  If  two  straight  lines  are  cut  by  a  third  straight  line, 
making  the  alternate-interior  angles  equal,  the  lines  are  par- 
allel. 

C -r—r D 


B 


Given 

To  PROVE 


a-=.a\ 


AB  and  CD  parallel. 


^3r'4-^=2  right  angles.  §  22 

[Being  sup. -adj.] 

Substitute  for  a'  its  equal  a. 
Then  ^?  +  ^  =  2  right  angles. 

Therefore  AB  \s  parallel  to  CD,  %  41 

[When  two  straight  lines  are  cut  by  a  third  straight  line,  if  the  two  inte- 
rior angles  on  the  same  side  of  the  cutting  line  are  together  equal  to  two 
right  angles,  then  the  two  straight  lines  are  parallel.]  q.  e.  D. 
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4A.  Cor.  I.  If  two  or  more  straight  lines  are  cut  by  a 
thirds  so  that  corresponding  angles  are  equals  the  straight 
lines  are  parallel. 


FIG.  I 


FIG.  a 


Hint. — Reduce  to  Proposition  X.by  means  of  Proposition  V. 

4S.  Cor.  II.  If  two  straight  lines  are  cut  by  a  third 
straight  line  so  that  the  alternate-exterior  angles  are  equal, 
tlie  lines  are  parallel. 

Hint. — Reduce  to  Proposition  X.by  Proposition  V. 


46.  Exercise, — Show  by  §  44  that  the  construction  of  §  37 
may  be  effected  as  in  the  preceding  figure. 
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PROPOSITION  XI.      THEOREM 


47,  If  tivo  parallel  lines  are  cut  by  a  third  straight  line^ 
the  sum  of  the  two  interior  angles  on  the  same  side  of  the  cut- 
ting line  is  two  right  angles, 

[Converse  of  Proposition  IX.  J 


Given— -<4^  and  CD  parallel  and  cut  by  the  straight  line  OP. 
To  PROVE  b'\-POB  —  ^  right  angles. 


Suppose  XY  \.o  be  a  line  drawn  through  O,  making 

b'\-P0Y=^2  right  angles. 
Then  XY  is  parallel  to  CD,  §  41 

[When  two  straight  lines  are  cut  by  a  third  straight  line,  if  the  two  inte- 
rior angles  on  the  same  side  of  the  cutting  line  are  together  equal  to  two 
right  angles,  the  two  straight  lines  are  parallel.] 

But  AB  is  parallel  to  CD,  Hyp. 

Hence  AB  coincides  with  XY,  Ax.  b 

[Through  a  given  point  only  one  straight  line  can  be  drawn  parallel  to  a 
given  straight  line.] 

And                                 POB=POY.  Coinciding 

Hence                        b+POB=b-{-POY,  Ax.  2 

But  b-^P0Y=i2  right  angles.  Cons. 

Hence  b-\-P0B^2  right  angles.  Ax.  i 

Q.  E.  D. 
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PROPOSITION  XII.      THEOREM 

4^.  If  two  parallel  lines  are  cut  by  a  third  straight  line, 
then  t/u  alternate-interior  angles  are  equal. 

[Converse  of  Proposition  X.] 


Given 

To  PROVE 


AB  and  CD  parallel. 
dzizAOP, 


Suppose  XY  to   be   a  line 'drawn   through   O,  making 
XOP=b. 
Then  XY  is  parallel  to  CD,  §  43 

[If  two  straight  lines  are  cut  by  a  third  stiaight  line,  making  the  alternate- 
interior  angles  equal,  the  lines  are  parallel.  | 

But  AB\s  parallel  to  CD. 

Hence  AB  coincides  with  A'\ . 
And  A  DP=  XOR 

But  b=XOP. 

Therefore  AOP=b, 


Hyp. 

Ax.  b 

Coinciding 

Hyp. 
Ax.  r 

Q.  E.  D. 


40.  Cur.  //  two  or  more  parallel  lines  are  cut  by  a  third 
straignt  line,  the  corresponding  angles  are  eguai. 

//int.— Reduce  to  Proposition  XII. 


r 
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SO.  Remark, — It  follows  from  the  previous  propositions 
and  corollaries  that  if  two  lines  are  parallel  and  cut  by  a 
third  straight  line,  as  in  the  figure, 


B/A 


A/r 


then  Ar=az^a!=iA\ 

B=b=b'  =  B', 
and  any  angle  of  the  first  set  is  supplementary  to  any  angle 
of  the  second  set. 

PROPOSITION   XIII.      THEOREM 

SI*  Two  angles  whose  sides  are  parallel,  each  to  each,  are 
either  equal  or  supplementary. 


Given — the  angles  at  O  and  O'  with  their  sides  OA  and  OB  respec- 
tively parallel  to  CF  and  ED. 

To  PROVE        the  angle  a-=za\  and  a +^=2  right  angles. 
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Produce  OB  and  O'C  until  they  intersect; 
Then 


a*=xS 


§49 


[Being  corresponding  angles  of  parallel  lines.] 

Therefore  a=^.  Ax.  i 

Moreover,  a^-\-d=z2  right  angles.  §  22 

Substituting  a  for  its  equal  a\ 

a 4-*=  2  right  angles.  q.  e.  d. 

S2.  Remark, — To  determine  when  the  angles  are  equal 
and  when  supplementary,  we  observe  that  every  angle, 
viewed  from  its  vertex,  has  a  right  and  a  left  side.  (Thus 
OA  is  the  left  side  of  a,)  Now,  if  the  two  angles  have  the 
right  side  of  one  parallel  to  the  right  side  of  the  other  and 
likewise  their  left  sides  parallel,  they  are  equal;  whereas, 
if  the  right  side  of  each  is  parallel  to  the  left  side  of  the 
other,  they  are  supplementary.  Or,  briefly,  if  their  parallel 
sides  are  in  the  same  right-and-left  orders  they  are  equal,  if 
in  opposite  order,  supplementary. 

Thus,  a  and  EO'F^  which  have  their  sides  parallel,  right  to  right  {OB  to 
O'E)  and  left  to  left  {OA  to  O'F),  are  equal,  while  a  and  EO C,  which  have 
their  sides  parallel  right  to  left  {OB  to  0*E)  and  left  to  right  (OA  to  0*C\ 
are  supplementary.  The  student  can  easily  test  and  verify  all  the  sixteen 
cases  obtained  by  comparing  each  of  the  four  angles  about  0  with  each  of 
the  four  about  0\ 
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PROPOSITION  XIV.     THEOREM 

53.   Two  angles  whose  sides  are  perpendicular,  each  to  each, 
are  either  equal  or  supplementary, 

.A 


Given— the  angle  NOM^  or  a,  and  the  lines  AB  and  CD  intersecting 
at  O'  and  respectively  perpendicular  to  (?A^and  OM, 

To  PROVE — the  angle  a=.a',  and  rt4-^=2  right  angles. 

At  O,  draw  OA'  parallel  to  AB  and  OC  parallel  to  CD, 
0A\  being  parallel  to  AB,  is  perpendicular  to  ON.     §  36 

[if  two  straight  lines  are  parallel,  and  a  third  straight  line  is  perpendic- 
ular to  one  of  them,  it  is  perpendicular  to  the  other.] 

For  the  same  reason  OCj  being  parallel  to  CD,  is  perpen- 
dicular to  OM.  ' 

From  each  of  the  right  angles  A' ON  and  COM  take 
away  the  common  angle  w. 

This  leaves  c=a.  Ax.  3 

But  '  c=a\  §51 

[Having  their  sides  respectively  parallel,  and  in  the  same  right-and-left 
order.  ] 

Therefore  a=-a* .  Ax.  i 

Moreover  ^'4-^=2  right  angles.  §  22 

[Being  supplementary-adjacent.] 

Substituting  a  for  its  equal  a\ 

a-\'b=:2  right  angles.  q.  e.  d. 
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S4:.  Remark, — The  angles  are  equal  if  their  sides  are  per- 
pendicular right  to  right  and  left  to  left,  but  supplementary 
if  their  sides  are  perpendicular  in  opposite  right  -  and  -  left 
order. 

Thus  a  and  DO'B,  which  have  their  right  sides  i^OM  and  C/D)  perpen- 
dicular and  their  left  sides  (OA^and  (yS)  perpendicular,  are  equal ;  etc.,  etc. 

TRIANGLES 

55.  Def. — A  triangle  is  a  figure  bounded  by  three  straight 
lines  called  its  sides. 

56.  Def, — A  right  triangle  is  a  triangle  one  of  whose 
angles  is  a  right  angle. 

51.  Def, — An  equiangular  triangle  is  one  whose  angles 
are  all  equal. 


PROPOSITION   XV.     THEOREM 

58.   The  sum  of  the  three  angles  of  any  triangle  is  two 

right  angles,''' 

A 

av         0 


Given         ABC,  any  triangle,  with  a,  b,  and  c  its  angles. 
To  PROVE  rt  4-  ^  4-  r  =  2  right  angles. 


Draw  KH  parallel  to  BCy  and  from  O^  any  point  of  this 
line,  draw  OE  and  OD  parallel  respectively  to  the  sides  AB 
and  AC, 

♦  This  was  first  proved  by  Pythagoras  or  his  lollowers  about  550  B.c. 
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Then 


a-a' 


§51 


[Having  their  sides  parallel  and  in  the  same  right-and-left  order.] 

Hence  a-\-bArC=a' ^-b' -^-c' .  Ax.  2 

But  a'  +  *' + ^  =  2  right  angles.  §  27 

[The  sum  of  all  the  angles  about  a  point  on  one  side  of  a  straight  line 
equals  two  right  angles.] 

Hence  a-\'b-\'C=z2  right  angles.  Ax.  i 

Q.  E.  D. 

59.  Cor.  I.  If  one  side  of  a  triangle  be  produced,  Hie  ex- 
terior angle  thus  fortned  equals  tlie  sum  of  tlie  two  opposite 
interior  angles  {and  hence  is  greater  than  either  of  them). 


c\x 


Outline  proof:  ^+^+^  =  2  right  angles  =x+f,  whence  a+b^^x. 

[Give  reasons.] 

60.  Cor.  II.  7/*  the  sum  of  ttvo  angles  of  a  triangle  be 
given,  the  third  angle  may  be  found  by  taking  the  sum  from 

two  right  angles.  ^^hat  axiom  applies  ?] 

61.  Cor.  III.  If  two  angles  of  one  triangle  are  equal  re- 
spectively to  two  angles  of  another  triangle,  the  third  angles 

will  be  equal.  ^^yhat  two  axioms  apply  ?] 

62.  Cor.  lY.  A  triangle  can  liave  but  one  right  angle,  or 
one  obtuse  angle. 

63.  Cor.  V.  In  a  right  triangle  the  sum  of  the  two  angles 
besides  the  right  angle  is  equal  to  one  right  angle. 

64.  Cor.  VI.  In  an  equiangular  triafigle,  each  angle  is 
one-third  of  two  right  angles,  and  hence  two-thirds  of  one 
right  angle. 
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GS.  Defs. — A  polygon  is  a  figure  bounded  by  straight 
lines  called  its  sides. 

A  polygon  is  convex,  if  no  straight  line  can  meet  its  sides 
in  more  than  two  points. 


PROPOSITION  XVL     THEOREM 


1^ 


66'.  The  sum  of  all  the  angles  of  any  polygon  is  twice  as 
many  right  angles  as  the  figure  has  sides,  less  four  right 
angles. 


Given  ABCDE,  any  polygon,  having  n  sides. 

To  PROVE — the  sum  of  its  angles  is  2«  — 4  right  angles. 

From  any  point  O  within  the  polygon  draw  lines  to  all 
the  vertices  forming  n  triangles. 

The  sum  of  the  angles  of  each  triangle  is  equal  to  2  right 
angles.  §  58 

Hence  the  sum  of  the  angles  of  the  n  triangles  is  equal  to 
2;/  right  angles. 

But  the  angles  of  the  polygon  make  up  all  the  angles 
of  all  the  triangles  except  the  angles  about  O,  which  make 
4  right  angles.  §  28 

Hence  the  sum  of  the  angles  of  the  polygon  is  2«— 4 
right  angles.  q.  e.  d. 
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GH.  Defs. — A  quadrilateral  is  a  polygon  of  four  sides,  a 

pentagon,  of  five,  a  hexagon,  of  six,  an  octagon,  of  eight,  a 

decagon,  of  ten,  a  dodecagon,  of  twelve,  a  pentedecagon, 

of  fifteen. 

G8.  Exercise, — The  sum  of  the  angles  of  a  quadrilateral 

equals  what  ?    of  a  pentagon  ?    of  a  hexagon  ? 


PROPOSITION  XVII.     THEOREM 

69.  If  the  sides  of  any  polygon  be  successively  produced, 
forming  one  exterior  angle  at  each  vertex y  the  sum  of  these 
exterior  angles  is  four  right  angles,         • 


GiVEN—ihe  polygon  P  with  successive  exterior  angles  a.  b,  c,  d,  e. 
To  PROVE  tf  +  ^+ ^+^+^=4  right  angles. 


Through  any  point  O  draw  lines  successively  parallel  to 
the  sides  produced. 
Then  a=a'^ 

b=b' 


c=c' 
etc. 


§51 


[Two  angles  are  equal  if  their  sides  are  parallel  and  in  the  same  order.] 

Hence  ^  +  *+t:+etc.=^'  +  *'-f  ^'  +  etc.  Ax.  2 

But  ^'  +  *'  +  t:'H-etc.=4  right  angles.  §  28 

Therefore      a-|-^  +  ^  +  etc.=4  right  angles.  Ax.  i 

Q.  B.  D. 
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70.  Defs. — An  isosceles  triangle  is  a  triangle  two  of 
whose  sides  are  equal.  The  third  side  is  called  the  base. 
The  opposite  vertex  is  called  the  vertex  of  the  isosceles  tri- 
angle, and  the  angle  at  that  vertex  the  vertex  angle.  An 
equilateral  triangle  is  one  whose  three  sides  are  equal. 

PROPOSITION  XVIII.      THEOREM 

7  i.   The  angles  at  the  base  of  an  isosceles  triangle  are  equal. 


f 

V 


Given — the  isosceles  triangle  ABC,  AB  and  AC  being  equal  sides. 
To  PROVE  the  angle  B  equals  the  angle  C. 


Suppose  AD  to  be  a  line  bisecting  the  angle  A, 
On  AD  as  an  axis  revolve  the  figure  ADC  till  it  falls  upon 
the  plane  of  ADB. 

AC  wWl  fall  along  ^5. 

[Since  angle  ^  =  ^,  by  construction.  J 

C  will  fall  on  B. 

[Since  AB= AC,  by  hypothesis.] 

DB  will  coincide  with  DC,  Ax.  a 

[Their  extremities  being  the  same  points.] 

Hence  angle  ^= angle  C  §  15 

[Since  they  coincide.]  q.  e.  D. 

72*  COR.  I.   The  line  which  bisects  the  vertex  angle  of  an 
isosceles  triangle  bisects  the  base. 

Hint, — Show  where  this  was  proved  in  the  preceding  demonstration. 
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73.  Cor.  II.   The  line  joining  the  middle  point  of  the  base 
ivith  the  vertex  of  an  isosceles  triangle  bisects  the  vertex  angle. 

Hint. — If  not,  draw  the  line  which  does  bisect  the  vertex  angle  and  prove 
it  coincides  with  the  given  line. 

74.  Cor.  III.   Every  equilateral  triangle  is  also  equian- 
gular, and  each  angle  is  one-third  of  two  right  angles. 

Question. — In  how  many  different  ways  is  an  equilateral  triangle  isosceles  ? 

75*  Construction.   To  bisect  any  given  angle  A. 


On  the  sides  of  the  angle,  lay  off  AX^A  V.  Join  XY. 
Bisect  ^Fat  Z(§42).  ]oin  AZ.  AZ will  bisect  the  angle  A. 
The  student  may  prove  this  method  correct. 

//int. — Apply  one  of  the  preceding  corollaries. 


PROPOSITION  XIX.      THEOREM 


^ 


76.  If  two  sides  of  a  triangle  are  unequal,  the  opposite  an- 
gles are  unequal,  and  the  greater  angle  is  opposite  the  greater 
side. 


Given  in  the  triangle  ABC  the  side  ^C>  side  AB. 

To  PROVE  the  angle  m  >  angle  n. 


/^ 
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On  BC  take  BDz=BA,  and  join  AD, 
Then  x=x',  §  71 

[Reiiig  base  angles  of  an  isosceles  triangle.] 

But  x'>7t.  §  59 

[An  exterior  angle  of  a  triangle  (ADC)  is  greater  than  either  of  the  oppo- 
site interior  angles.] 

Substituting  x  for  x\  x>n. 

But  m>x.  Ax.  10 

Hence  m>n.  Ax.  13 

•  Q.  E.  D. 

Outline  proof:  m>x=x>n,  hence  «>/!. 


PROPOSITION  XX.      THEOREM 


77,  Iftiuo  angles  of  a  triangle  are  equals 
are  equal — that  isy  the  triangle  is  isosceles, 

[Converse  of  Proposition  XVIII.] 


\  the  sides  0. 


opposite 


Given 

To    PROVE 


in  the  triangle  ABC,  the  angle  ^=^. 
side  ^C=side  AB. 
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If  ^C  and  AB  were  unequal,  b  and  c  would  be  unequal. 

§76 

[If  two  sides  of  a  triangle  are  unequal  the  opposite  angles  are  unequal,  etc.] 

But  this  contradicts  the  hypothesis  that  angle  ^= angle  c. 
Hence  A  C=AB.  q.  e.  d 

PROPOSITION  XXI.      THEOREM 

78.  If  two  angles  of  a  triangle  are  ufiequaly  the  opposite 
sides  are  unequal^  and  the  greater  side  is  opposite  the  greater 
angle, 

[Converse  of  Proposition  XIX.] 


V 


Given  in  the  triangle  ABC,  the  angle  a  >  angle  c. 

To  PROVE  side  ^C>side  AB. 


Either  AB\s  equal  to,  greater  than,  or  less  than  BC, 

If  AB=BC,  then  would  c=a,  %  71 

[The  angles  at  the  base  of  an  isosceles  triangle  are  equal] 

If  AB>BCy  then  would  c>a.  §  76 

[If  two  sides  of  a  triangle  are  unequal,  the  opposite  angles  are  unequal,  and 
th«  greater  angle  is  opposite  the  greater  side.] 

But  both  of  these  conclusions  contradict  the  hypothesis 
that  angle  rt:>angle  c. 
Therefore  AB<BC.  q.  e.  d. 
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PROPOSITION  XXII.      THEOREM 


79.  If  two  triangles  have  two  sides  and  the  included  angle 
of  one,  equal  respectively  to  two  sides  and  the  included  angle 
of  the  other,  the  triangles  are  equal. 


GivEif—AB,  AC,  and  a,  of  the  triangle  ABC  respectively  equal  to 
A'B\  A'C,  and  a\  of  the  triangle  A'B'C, 

To  PROVE  the  two  triangles  are  equal. 

Place  ABC  on  A'B'Cy  making  ^^  coincide  with  its  equal 
A'B' 

Then,  since  az=a\  the  side  -^C  will  fall  along  A^C 

Also,  since  AC^A^C,  the  point  Cwill  fall  on  C. 

Then  BC  will  coincide  with  B'C.  Ax.  a 

[Having  their  extremities  in  the  same  points.] 

And,  since  the  triangles  completely  coincide,  they  are 
equal.  §  15 

Q.  E.  D. 

80.  Construction.  To  construct  an  angle  at  a  given 
point  A '  as  its  vertex,  and  on  a  given  line  A  'B^  as  a  side,  equal 
to  a  given  afigle  BA C  at  a  different  vertex  A. 


B        A 


X'  B' 
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First  method  (Fig.  l). — Place  a  triangular  ruler,  Ry  so  that 
the  straight  edge  falls  along  AB,  Mark  y  on  another  edge 
where  this  edge  cuts  A  C.  Also  mark  the  point  A  on  the 
ruler  and  call  it  O,  Draw  Oy  on  the  ruler.  Then  the  an- 
gle BAC  is  reproduced  on  the  ruler  as  xOy.  Then,  placing 
the  ruler  with  O  2X  A'  and  Ox  along  A'B\  retransfer  the 
angle  xOy  of  the  ruler  to  the  paper  making  B'A'C.  Then 
B'A'C=BAC, 

Which  geometric  axiom  and  which  general  axiom  apply  ? 
Evidently  a  visiting-card  or  any  piece  of  paper  with  a  straight  edge  will 
serve  the  purpose. 

Second  method  (Fig.  2). — With  ^  as  a  centre  and  any  con- 
venient radius  describe  an  arc  xy.  With  -^'  as  a  centre  and 
the  same  radius  describe  the  indefinite  arc  x'z\  Then  take 
xy  as  a  radius,  and  with  jr'  as  a  centre  describe  an  arc  inter- 
secting x'z^  at  y.  Join  yA',  ^A'B'  is  the  angle  re- 
quired. 

This  cannot  be  proved  until  reaching  §  89. 

81.  Construction.  To  form  a  triangle  with  two  sides 
and  the  included  angle  equal  respectively  to  tzvo  lines,  a  and  b, 
and  a  given  angle,  x. 


X 


Lay  off  AC-a,  Make  x'-x  (§80).  Lay  off  AB=^b. 
Join  BC.  ABC  is  the  triangle  required,  having  its  two  sides 
and  included  angle  constructed  as  required. 
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PROPOSITION   XXIII.      THEOREM 

82*  If  two  triangles  have  a  side  and  two  adjacent  angles 
of  one  equal  to  a  side  and  two  adjacent  angles  of  the  other,  t/ie 
two  triangles  are  equal. 


Given— in  the  two  triangles  ABC  and  A'B'C,  AB=:A'B\  and  the 
angles  A  and  B  equal  respectively  to  A*  and  B*. 

To  PROVE  the  triangles  are  equal. 

Apply  ABC  to  A'B'C  making  AB  coincide  with  A'B\ 

m 

Then  ^C  will  fall  along  A'C\  and  likewise  BC  along  B'C 

[Since  the  angles  A  and  B  respectively  equal  A^  and  B'.] 

Hence  C  must  fall  somewhere  on  A'C\  and  likewise  some- 
where on  B'C\ 

It  must  therefore  fall  on  their  intersection  C\ 

And,  since  the  triangles  completely  coincide,  they  are 
equal.  q.  e.  d. 

83*  Cor.  I.  If  two  triangles  have  a  side  and  any  two  an- 
gles of  one  equal  respectively  to  a  side  and  two  similarly  sit- 
uated ajigles  of  the  other,  the  triangles  are  equal. 

Hint. — Reduce  to  the  preceding  Proposition  by  §  6o. 

Question. — In  how  many  ways  can  ^^Cand  A'B'C  have  a  side  and  two 
similarly  situated  angles  equal  ?  Draw  two  triangles  having  a  side  and  two 
angles  of  each  equal  but  without  having  the  angles  similarly  situated. 

84.  Defs, — The  hypotenuse  of  a  right  triangle  is  the 
side  opposite  the  right  angle.  The  other  sides  are  called 
the  perpendicular  sides. 
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85*  Cor.  II.  Two  right  triangles  are  equal,  if  the  hypote- 
nuse and  an  acute  angle  of  one  are  respectively  equal  to  the 
hypotenuse  and  an  acute  angle  of  the  other, 

86.  Cor.  III.  Two  right  triangles  are  equal,  if  a  perpen- 
dicular side  and  an  acute  angle  of  one  are  respectively  equal 
to  a  perpendicular  side  and  the  similarly  situated  acute  angle 
of  the  other. 

87*  Construction.  If  tivo  angles  of  a  triangle  are  equal 
to  given  angles  a  and  b,  to  find  the  third  angle. 


On  any  line  OA  construct  angle  a'-=^a,  and  on  OB  at  the 
same  vertex  O  construct  b' =b.  Produce  OA  to  D  making 
the  angle  x  with  OC.    x  is  the  angle  required. 

[Prove  by  §  6o.  ] 

88.  Construction.  To  form  a  triangle  with  a  side  and 
two  angles  equal  respectively  to  a  given  liite  m  and  two  angles 
a  and  b. 


X 
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Find  (by  §  87)  x  the  third  angle  of  the  triangle. 

Draw  any  straight  line  AB  equal  to  w,  and  at  A  and  B 
construct  whichever  two  angles  of  the  three,  a^  b,  Xy  be  re- 
quired to  be  adjacent  to  the  given  side.  If  the  constructed 
sides  of  these  angles  produced  meet,  let  C  be  the  point  of 
intersection.  ABC  is  the  triangle  required.  For  AB  equals 
m  by  construction,  and  the  angles  a'  and  b*  equal  a  and  b  by 
construction  or  by  proof  (§  60). 

Discussion. — This  problem  is  impossible  if  the  two  given  angles  are  to- 
gether equal  to  or  greater  than  two  right  angles  (by  §  58). 
Question, — Is  the  problem  of  §  81  ever  impossible  ? 


\f 


PROPOSITION   XXIV.      THEOREM 

89.  If  tivo  triangles  have  their  three  sides  respectively 
equaly  they  are  equal. 


*x  «  ,V 


\l'' 


Given— in  the  triangles  ABC  and  A'B'C\  AB=A'B',  BC-B'C\  and 
ACzziA'C. 


To   PROVE 


triangle  ^^C=  triangle  A'B'C, 


Place  A'B'C  so  that  B'C  shall  coincide  with  its  equal  BC, 
but  A'  shall  fall  on  the  side  of  BC  opposite  A,  and  join  AA', 

Thetriangle-^^^'hasy4^=y4'^,that  is,  is  isosceles.  Hyp. 
Hence  a  =  a\  §  71 

[Being  base  angles  of  an  isosceles  triangle.] 
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Adding 

Or 

Hence 


Likewise  we  may  prove  b-zzb', 

angle  ^  =  angle  A\ 
triangle  ^5C=  triangle  A'B'C. 

[Having  two  sides  and  the  included  angles  equal.] 


Ax.  2 

§79 

Q.  B.  D. 


90.  Construction.    To  form  a  triangle  with  its  three 
sides  equal  to  given  lines  a,  6,  and  c. 


r 


a 


Draw  AB  equal  to  c.  From  ^  as  a  centre  and  with  b  as 
a  radius  describe  an  arc.  From  j?  as  a  centre  with  a  as  a, 
radius  describe  another  arc.  If  these  arcs  intersect  join  C, 
their  intersection,  with  A  and  B,  ABC  is  the  required  tri- 
angle. 

Discussion. — The  problem  is  impossible  if  one  of  the  given  lines  is  equal 
to  or  greater  than  the  sum  of  the  other  two. 

91»  Exercise. — By  Proposition  XXIV.  prove  that  each  of 
the  following  constructions  is  correct: 

(I.)  For  erecting  a  perpendicular,  as  in  §  21,  second  method. 

(2.)  For  making  an  angle  equal  to  a  given  angle,  as  in  §  80,  second 

method. 

Question. — If  two  quadrilaterals  have  their  sides  equal,  each  to  each,  are 
they  necessarily  equal  ? 

Question. — In  stating  Proposition  XXIV.  does  it  matter  in  what  order  the 
sides  are  arranged  ? 
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PROPOSITION   XXV.      THEOREM 

92*  If  two  trimtgles  have  two  sides  of  one  equal  respective- 
ly to  two  sides  of  the  other,  but  the  included  angle  of  the  first 
greater  than  the  included  angle  of  the  second,  then  the  third 
side  of  the  first  is  greater  than  the  third  side  of  the  second. 


GivRN— two    triangles    ABC  and  ABC    having    AB-^AB    and 
AC=AC,  but  angle  ^>angle  A. 

To  PROVE  BC>B'C. 


Apply  A'B'C  to  ABC  making  A'B'  coincide  with  its 
equal  AB. 

The  angle  A^  will  fall  within  the  angle  BAC. 
Draw  AX  bisecting  the  angle  CAC  and  meeting  BC  in  X. 
Join  ex. 

In  the  two  triangles  ACX and  ACX 

AC=AC\  Hyp. 

AX=AX,  Iden. 

angle  C4^=  angle  C'AX.  Cons. 

Hence  triangle  ^C\"=  triangle  ^CX  §79 

Hence  XC=XC. 

Now  BC<BX-hXC.  §  7 

[A  straight  line  is  the  shortest  path  between  any  two  of  its  points.] 
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Substituting  XC  for  its  equal  XC\ 

BC<BX+XC. 
Or  BC<BC 


Q.  £.  D. 


PROPOSITION  XXVI.      THEOREM 

93*  If  two  triangles  have  two  sides  of  one  equal  to  two  sides 
of  the  other  but  the  third  side  of  the  first  greater  than  the 
third  side  of  the  second,  then  the  angle  opposite  the  third  side 
of  the  first  is  greater  tlian  the  angle  opposite  the  third  side  of 

the  second.  [Converse  of  Proposition  XXV.] 

A' 


Given— in  the  triangles  ABC  and  A'BC\  AB=A'B'  and  AC^A'C, 
but  BCyBC. 

To  PROVE  angle  ^> angle -/^'. 


Angle  A  is  either  equal  to,  less  than,  or  greater  than  an- 
cle A^ 
^         '  U  A=A\  then  would  BC=B'C\  §  79 

[Triangles  having  two  sides  and  the  included  angle  respectively  equal  are 
equal.] 

.      If  A  <A'  then  would  BC<B'C'.  %  92 

[If  two  triangles  have  two  sides  of  one  equal  respectively  to  two  sides  of 
the  other,  but  the  included  angle  of  the  first  greater  than  the  included  angle 
of  the  second,  then  the  third  side  of  the  first  is  greater  than  the  third  side  of 
the  second.] 

But  both  these  conclusions  contradict  the  hypothesis. 
Therefore   '  A^A\  q.  e.  d. 


48 


PLANE  GEOMETRY 


94.  Construction.   To  form  a  triangle  when  two  sides, 
m  and  n,  and  an  angle  opposite  one  of  them,  a,  are  given. 


m 


n 


By  §  80  construct  the  given  angle  a  at  any  vertex  A.  On 
one  of  its  sides  lay  off  AB  equal  to  m.  From  i9  as  a  centre 
with  fr  as  a  radius  draw  an  arc  intersecting  the  others  side 
at  X,    ABx  is  the  triangle  required. 

Discussion. — We  may  classify  two  groups  of  cases. 
Group  I. — a  being  greater  than  an  acute  angle. 


CASE  I. — n  not  longer  than  m. 

No  solution. 


CASE  II. — n  longer  than  m. 

One  solution. 


Group  II. — a  being  an  acute  angle, 

CASE  I. — n  shorter  than  the  perpen-  ® 

dicular  from  B  to  AC. 

No  solution.      c 


CASE  II. — n  equal  to   the   perpen- 
dicular  from  B  to  AC. 

One  solution. 
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CASE  III. — n  longer  than  the  per- 
pendicular, but  shorter  than  m. 

Two  solutions. 


CASE  IV. — n  not  shorter  than  m. 

One  solution. 


PROPOSITION  XXVIl.      THEOREM 

95.  If  from  a  point  within  a  triangle  two  straight  lines 
are  drawn  to  the  extremities  of  one  side,  their  sum  will  be 
less  titan  the  sum  of  the  other  two  sides  of  the  triangle. 


Given— the  triangle  ABC  and  the  lines  AB  and  AC  drawn  from 
A  to  the  extremities  of  BC 


To  PROVE 


AB'\'AC<:AB+AC 


Then 
And  also 


Prolong  BA'  to  meet  ACatX. 

A'C<A'X+XC. 
A'B-hA'XKXA+AB. 


Adding,  A'C+A'B^A'XKA'X-^-XC-hXA+AB. 


§7 

§7 
Ax.  9 


Cancel -^'Jf  from  each  side  and  substitute  ^C  for  A^C+Jf/1. 
Then  A'C+A'BKAC-^-AB.  q.b.d. 
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PROPOSITION  XXVIII.      THEOREM 

9Qm   The  perpendicular  is  tfte  shortest  line  between  a  point 
and  a  straight  line. 


Given — PO  the  perpendicular  from  a  point  Z'  to  a  straight  line  AB 
and  PM  any  oblique  line  from  P  to  AB, 


To   PROVE 


PO<PM. 


Revolve  PMO  about  AB  to  form  the  symmetrical  figure 
P'MO.  §  32 

Then  PO=FO  and  PM=FM. 
Also  PO  and  P'O  form  a  straight  line.  §  29 

[If  two  adjacent  angles  (a  and  a')  are  together  two  right  angles,  tlieir  exte- 
rior sides  form  a  straight  line.  ] 

Now  PF<PM^^MP.  §7 

Or  2  P0<2  PM. 

Whence  PO<PM.  Ax.  8 

Q.  E.  D. 
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97.  Def, — The  **  distance  '*  from  a  point  to  a  straight 
line  means  the  shortest  distance,  and  hence  the  perpendic- 
ular distance. 


PROPOSITION   XXIX.      THEOREM^ 

i)H.  Two  oblique  lines  drazvn  from  the  same  point  in  a 
perpendicular  cutting  off  equal  distances  from  the  foot  of 
the  perpendicular  are  equal. 


Given — PO  perpendicular  to  /l^.  and  PA  and  PB  drawn  from  P 
cutting  off  ^6^= ^a  * 


To  PROVE 


PA  =  PB, 


In  the  right  triangles  POA  and  POB 

PO=PO.  Iden. 

AO=BO.  Hyp. 

Hence               triangle  POA  =  triangle  POB.  §  79 

[Having  two  sides  and  included  angle  respectively  equal.] 

Therefore  PA  =  PB. 

[Being  homologous  sides  of  equal  triangles.]  q.  b.  D. 
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PROPOSITION  XXX.      THEOREM 


99.  Of  two  oblique  lines  drawn  from  the  same  point  in  a 
perpendicular  and  cutting  ojf  unequal  distances  from  the  foot  ^ 
the  more  remote  is  the  greater. 


Given        PO  perpendicular  to  AB,  and  OC  less  than  OD. 
To  PROVE  PC<iPD, 


.  Take  OC^OC  and  join  PC. 

Then  PC =PC.  §98 

[Two  oblique  lines  drawn  from  the  same  point  in  a  perpendicular  cutting 
off  equal  distances  from  the  foot  of  the  perpendicular  are  equal.] 

Revolve  the  figure  about  AB  forming  the  symmetrical 
figure  P'DO, 
Then  PO  and  OP  form  the  same  straight  line.  §  29 

[If  two  adjacent  angles  {a  and  a)  are  together  two  right  angles,  their  ex- 
terior sides  form  a  straight  line.] 

Now  PC'+FC'<PD-\-P'D.  §95 

[If  from  a  point  within  a  triangle,  PDP\  two  straight  lines  are  drawn  to 
the  extremities  of  one  side,  the  sum  will  be  less  than  the  sum  of  the  other 
two  sides  of  the  triangle.J 

Substitute  PC  for  its  equal  impression  PC ,  and  likewise 
PD  for  P'D. 
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Then  2  PC <2  PD. 

Whence  PC  <PD.  Ax.  8 

Substituting  PC  for  PC,   PC<PD.  q.  e.  d. 

PROPOSITION  XXXI.      THEOREM  [y^ 

100.  If  from  a  point  in  a  perpendicular  to  a  given  straight 
line  two  equul  oblique  lines  are  drawn,  they  cut  off  equal  dis- 
tances from  the  foot  of  the  perpendicular,  and  of  two  unequal 
oblique  lines  the  greater  cuts  off  the  greater  distance. 

[Converse  of  Proposition  XXX.] 


FIG.  I 


I.  Given        PO  perpendicular  to  AB,  and  PC:=PD.  [Fig.  i.] 
To  PROVE  OC^OD, 


§99 


OC  is  either  greater  than,  less  than,  or  equal  to  OD, 
If  OOOD,  then  would  POPD,  \ 
If  OC<OD,  then  would  PC<PD.  * 

[Of  two  oblique  lines  drawn  from  the  same  point  in  a  perpendicular  and 
cutting  off  unequal  distances  from  the  foot  of  the  perpendicular,  the  more 
remote  is  the  greater.] 

But  both  these  conclusions  contradict  the  hypothesis. 
Therefore  (9C=  OD,  q.  e.  d. 


II.  Given        PO  perpendicuiar  to  AB  and  PD>PC.    [Fig.  2.J 
To  prove  0D>0C. 
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FIG.  s 


OD  is  either  equal  to,  less  than,  or  greater  than  OC. 

If  OD^  OC,  then  would  PD-PC.  %  98 

[Two  oblique  lines  drawn  from  the  same  point  in  a  perpendicular  cutting 
off  equal  distances  from  the  foot  of  the  perpendicular  are  equal.] 

If  OD<OC,  then  would  PD<PC.  §  99 

[Of  two  oblique  lines  drawn  from  the  same  point  in  a  perpendicular  and 
cutting  off  unequal  distances  from  the  foot  of  the  perpendicular,  the  more 
remote  is  the  greater,  ] 

But  both  these  conclusions  contradict  the  hypothesis. 
Therefore  0D>  OC.  q.  e.  d. 

101.  Cor.  Two  right  triangles  are  equal  if  they  have  the 
hypotenuse  and  a  side  of  one  equal  to  the  hypotenuse  and  a 
side  of  the  other. 


Hint. — Draw  any  two  perpendicular  lines,  AO  and  BC^  and  place  the  two 
triangles  so  that  their  right  angles  shall  coincide  with  the  right  angles  at  0 
ami  their  equal  sides  fall  along  OA. 
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102.  Def, — A  line  is  the  locus  of  all  points  which  satisfy 
a  given  condition,  if  all  points  in  that  line  satisfy  the  condi- 
tion, and  no  points  out  of  that  line  satisfy  it. 

Question — What  is  the  locus  of  all  points  three  inches  from  a  given  point  ? 


r  Prove  it. 


PROPOSITION   XXXII.      THEOREM 

103.  The  locus  of  all  points  equally  distant  from  two 
given  points  is  a  straight  line  bisectitig  at  right  angles  the 
line  joining  the  given  points. 


N 


FIG.  a 


Given  A  and  B,  two  fixed  points. 

To  PROVE — that  the  locus  of  all  points  equally  distant  from-^  and  B 
is  a  straight  line  MN,  perpendicular  to  AB  at  its  middle  point,  P, 

It  is  necessary  to  prove : 

I.  Every  point  in  MN  satisfies  the  condition  of  being  equally 
distant  from  A  and  B, 

II.  No  point  without  ^l/^V  satisfies  this  condition. 

I.  (Fig.  I.)  Draw  MN  perpendicular  to  AB  dX  its  middle 
point,  and  let  F,  P\  F'\  F"",  etc.,  be  any  points  in  MN. 
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FIG.  t 


FIG.  2 


Then  AP=PB.  Cons. 

Hence    P'A=FB;  F' A  =F'B;  F"A  =  P"'B,  &tc.        §98 

[Two  oblique  lines  drawn  from  the  same  point  in  a  perpendicular  cutting 
of!  equal  distances  from  the  foot  of  the  perpendicular  are  equal.] 

That   is,  every    point    in    MN  is   equally    distant    from 
A  and  B. 

11.  (Fig.  2.)  Let  Xht  any  point  without  MN, 

Draw  XA  and  XB.     One  of  these  lines  must  cut  MN  in 
some  point  as  Y. 

Then  XB<XY+  YB.  §  7 

But  YA  =  YB.  §  98 

Substituting  YA  for  YB,     XB<XY^  YA. 
Or  XB<XA. 

Hence  every  point  without  MN  is  unequally  distant  from 
A  and  B.  q.  e.  d. 

104:.  Cor.  Two  points  equally  distant  from  the  extremities 
of  a  straight  line  determine  a  perpendicular  bisector  to  that  line. 

105.   Exercise, — Show  that   the   following   methods   of 
construction  were  correct : 

(i.)  Of  dropping  a  perpendicular,  as  in  §  35,  second  method. 

(2.)  Of  bisecting  a  straight  line,  as  in  §  42,  second  method. 
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PROPOSITION  XXXIII.      THEOREM 

106.  The  three  perpendicular  bisectors  of  the  sides  of  a 
triangle  meet  in  a  common  point. 


Given — the  triangle  ABC  and  the  perpendicular  bisectors  MM\ 
NJV*,  and  PP\  of  its  sides  AB,  AC  and  BC, 

To  PROVE— il/il/',  NN\  and  PP\  meet  in  a  common  point. 


-;l^ 


103 


Let  O  be  the  intersection  of  MM^  and  NN\ 

O,  being  in  MM' ,  is  equally  distant  from  A  and  B. 

O,  being  in  NN\  is  equally  distant  from  A  and  C. 

[The  locus  of  all  points  equally  distant  from  two  fixed  points  is  a  straight 
line  bisecting  at  right  angles  the  line  joining  the  fixed  points.  ] 

Hence  O  is  equally  distant  from  B  and  C. 

Hence  O  lies  in  PP\  the  locus  of  points  equally  distant 
from  B  and  C 

Therefore  the  three  perpendicular  bisectors  meet  in  a 
common  point.  q.  e.  d. 

ion.  Remark, — This  point  is  the  centre  of  the  triangle 
so  far  as  its  vertices  are  concerned — that  is,  it  is  equally  dis- 
tant from  the  vertices. 
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PROPOSITION  XXXIV.     THEOREM  ^ 

108.   The  bisector  of  an  angle  is  the  locus  of  all  points 
within  the  angle  equally  distant  from  its  sides. 


FIG.  1 


FIG.  a 


Given  the  angle  AOB  and  its  bisector  OC, 

To   PROVE — OC  is  the  locus  of  all   points   equally  distant  from 
AO  and  BO. 

It  is  necessary  to  prove : 

I.  That  every  point  in  OC  satisfies  the  condition  of  being  equal- 
ly distant  from  AO  and  BO, 

II.  That  any  point  without  OC  is  unequally  distant  from    AO 
and  BO, 

I.  (Fig.  I.)  Take  P,  any  point  in  OC,     Draw  PM  and  PN 
perpendicular  to  OB  and  OA. 

In  the  right  triangles  POM  and  PON 

OP=OP,  Iden. 

angle  /'C>J/=  angle  PON  Hyp. 

Hence              triangle  P<9il/=  triangle  PON.  §  85 

[Having  the  hypotenuse  and  an  acute  angle  respectively  equal.] 

Therefore  PM=PN. 

[Being  homologous  sides  of  equal  triangles.] 

II.  (Fig.  2.)  Take  X,  any  point  within  the  angle,  but  not 
in  OC.     Draw  XM  and  XN  perpendicular  to  OB  and  OA. 
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§96 

§7 
Ax.  13 

Part  I 


One  of  these  lines,  a&XM,  must  cut  OC  in  some  point,  as  D. 

Draw  DK  perpendicular  to  OA  and  join  XK. 

Then  XN<XK. 

And  XK<XD-\-DK. 

Hence  XN<XD+DK. 

But  DK=DM. 

[Since  D  lies  in  OC] 

Therefore  ^A^<  XD  -h  Z^i^/. 

Or  XN<XM, 

Outline  proof:   XN<XIC<Xn-k- D/C- XD-{- DAf-XAf ;   hence 
jrA^<  XM. 

109.  Cor.   77/^  ///r^^  bisectors  of  the  angles  of  a  triangle 
meet  in  a  common  point. 


Q.  E.  D. 


Hint. — Show  that  the  intersection  of  two  of  the  lines  must  lie  on  the  third 
as  in  Proposition  XXXIII. 

110.  Remark, — This  point  is  the  centre  of  the  triangle 
so  far  as  its  sides  are  concerned — that  is,  it  is  equally  dis- 
tant from  the  sides. 

111.  Exercise, — What  is  the  locus  of  all  points  equally 
distant  from  two  intersecting  straight  lines? 

112.  Exercise, — What  is  the  locus  of  all  points  at  a  given 
distance  from  a  fixed  straight  line  of  indefinite  length? 

113.  Exercise, — What  is  the  locus  of  all  points  at  a  given 
distance  from  a  given  line  of  a  definite  length? 
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PARALLELOGRAMS 

114:.  Defs. — A  parallelogram  is  a  quadrilateral  whose 
opposite  sides  are  parallel. 

A  rhombus  is  a  quadrilateral  whose  sides  are  all  equal. 

A  rectangle  is  a  parallelogram  whose  angles  are  all  right 
angles. 

A  square  is  a  rectangle  whose  sides  are  all  equal. 

115.  Def, — A  diagonal  of  a  quadrilateral  is  a  straight 
line  joining  opposite  vertices. 

PROPOSITION   XXXV.      THEOREM 

116.  A  diagonal  of  a  parallelogram  divides  it  into  two 
equal  triangles. 


Given        the  parallelogram  A  BCD  and  the  diagonal  AC, 
To  PROVE— that  the  triangles  ABC  and  ACD  are  equal. 


In  the  triangles  ABC  Sind  ACD 

AC=:AC, 


a=a\  ) 


Iden. 
§48 


[Being  alt. -int.  angles  of  parallel  lines.] 

Hence  triangle  ^i5C=  triangle  ACD,  §  82 

[Having  a  side  and  two  adjacent  angles  in  each  respectively  equal.] 

Q.  E.  D. 

117.  Cor.  I.  In  any  parallelogram  the  opposite  sides  and 
angles  are  equal. 
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FIG.  I 


FIG.  a 


118.  Cor.  II.  Parallels  comprehended  between  parallels 
are  equal.    [Fig.  i.] 

119.  Cor.  III.  Parallels  are  everywhere  equally  distant, 

[Fig-  2.] 

//in/. -Apply  §§  33.  36,  118. 


PROPOSITION  XXXVI.      THEOREM 

120.  If  the  opposite  sides  of  a  quadrilateral  are  equal,  the 


figure  is  a  parallelogram. 


Given — any  quadrilateral   having   its   opposite   sides    equal,  viz. : 
AB=CD,  and  AD=BC, 


To  PROVE 


the  quadrilateral  is  a  parallelogram. 


Hence 


Draw  the  diagonal  AC. 

AC=AC. 

AB=Cn.) 

AD=BC) 

triangle  ^-ffC=  triangle  A  CD. 

[Having  three  sides  respectively  equal.] 


Iden. 

Hyp. 
§89 
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And  ;r=;r'. 

[Being  homologous  angles  of  equal  triangles.] 

Therefore  BC  is  parallel  to  AD.  §  43 

[When  two  straight  lines  (BC  and  AD)  are  cut  by  a  third  straight  line 
(AC)  making  the  alternate-interior  angles  {x  and  x')  equal,  the  straight  lines 
are  parallel.] 

In  like  manner,  using  ^  and  y,  we  may  prove  AB  par- 
allel to  CD. 

Therefore  ABCD,  having  its  opposite  sides  parallel,  is  a 

parallelogram.  q.  e.  d. 

121.  A  "  parallel  ruler  **  is  formed  by  two  rulers  (MN  and 

M' N'\  usually  of  wood  pivoted  to  two  metal  strips  {A A' 

and  .55'), under  the  following  conditions: 

(I.)  The  distances  on  the  rulers  between  pivots  are  equal :  i.  e., 
AB-AR. 

(2.)  The  distances  on  (he  strips  between  pivots  are  equal ;  i.  e., 
AA'^Bff, 

(3.)  In  each  ruler  the  edge  is  parallel  to  the  line  of  pivots ;  i.  e., 
AB  is  parallel  to  MN,  and  A'ff  is  parallel  to  M' N' . 


M 


2^ 


B 


.N 


^^ 


::^s 


M' 


^^5il 


N 


L 


122.  Exercise. — Prove:  (i.)  the  quadrilateral  whose  vertices  are 
the  pivots  (i.  e.,  the  figure  ABBA)  is  always  a  parallelogram,  whether 
the  ruler  be  closed  or  opened. 

(2.)  The  edges  of  the  rulers  are  always  parallel  (i.  e.,  MN  and  M'N' 
are  parallel). 
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123.  Exercise, — Show  how  to  use  the  parallel  ruler  for 
drawing  a  straight  line  through  a  given  point  parallel  to  a 
given  straight  line,  and  prove  the  method  correct. 

Extend  the  method  so  as  to  apply  even  when  the  point  is  at  a  great  dis- 


tance from  the  line. 


PROPOSITION   XXXVII.      THEOREM 

12^m   Tlu  diagonals  of^  a  parallelogram  bisect  each  other. 


Given — a  parallelogram  ABCD  and  its  diagonals  AC  and  ED  inter-, 
seating  at  O.  ^ 

To  PROVE  AO—OCaind  OB=OD. 


In  the  triangles  B OC  aind  A  OB, 

a=a'  and  b=zb\  §  48 

[Being  alt. -int.  angles  of  parallel  lines.] 

Also  BC=AD,  '  §117 

[Being  opposite  sides  of  a  parallelogram.] 

Hence  triangle  ^(9C=:  triangle  ^(9Z?.  §82 

[Having  a  side  and  two  adjacent  angles  respectively  equal.  ] 

Therefore  AO=OC  and  B0=  OD. 

[Being  corresponding  sides  of  equal  triangles.]  Q.  e.  D. 

125.  Exercise, — Show  that  (?  is  a  centre  of  symmetry — 
that  is,  that  if  the  figure  be  turned  half  way  round  about  O 
as  a  pivot  (so  that  OA  falls  along  0C\  it  will  coincide  with 
itself. 
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PROPOSITION  XXXVIII.      THEOREM 

126.  A  quadrilateral  which  has  two  of  its  sides  equal  and 
parallel  is  a  parallelogram. 


Given— the  quadrilateral  A  BCD  having  BC  equal  and  parallel  to 
AD, 


To   PROVE 


A  BCD  is  a  parallelogram. 


Draw  the  diagonal  A  C 

In  the  triangles  ABC  and  A  CD, 

AC=AC,  Iden. 

AD-BCy  Hyp. 

angle  ^i  =  angle  a\  §  48 

[Being  alt. -int.  angles.] 

Therefore  triangle  A  BC=  triangle  A  CD.  §  79 

[Having  two  sides  and  the  included  angle  respectively  equal.] 

Hence  x^x\ 

[  Being  homologous  angles  of  equal  triangles.  ] 

Hence  AB  is  parallel  to  CD,  §  43 

[When  two  straight  lines  are  cut  by  a  third  straight  line,  making  the 
alt. -int.  angles  equal,  the  lines  are  parallel.] 

Therefore  A  BCD  is  a  parallelogram. 

[Having  its  opposite  sides  parallel.]  Q.  B.  D. 
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PROPOSITION  XXXIX.      THEOREM 

1^7.  If  any  number  of  parallels  intercept  equal  parts  on 
one  cutting  linCy  they  intercept  equal  parts  on  every  other  cut- 
ting line. 


Given— y^>^'.  BB.  CC\  DD\  EE\  any  number  of  parallel  lines  cut- 
ting off  the  equal  parts  AB,  BC,  CD,  DE,  on  AE. 

To  PROVE — the  parts  on  any  other  line  A  E  are  also  equal,  viz. : 
A'B.  BC\  CD\  D'E\ 


Construct  parallels  to  AE  through  the  points  ^',  B\  C\  D'. 
Then  AB^A'M;  BC^B'N;  etc.  §118 

[Parallels  comprehended  between  parallels  are  equal.] 

But                                 AB^BC^etc.  Hyp. 

Therefore                     A'M-B'N^^tc,  Ax.  i 
Also,  in  the  triangles  A'MB\  B'NC\  etc., 

angle  ^'  =  angle  ^'  =  etc.  §  49 

[Being  corresponding  angles  of  parallels.] 

And  angle  J/= angle  iV=etc.  §  51 

[Having  their  sides  parallel  and  in  the  same  order.] 

Hence         triangle  ^'i^^'=: triangle  B'NC -etc.  §  83 

[Having  a  side  and  two  angles  respectively  equal.] 

Hence  A' B' ^B'C  ~C' D' =  D' E' . 

[Being  homol(^ou8  sides  of  equal  triangles.]  Q.  E.  D. 
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128.  Construction.    To  divide  a  given  line  AB  into  any 
number  of  equal  parts. 


From  A  draw  any  indefinite  line  AB'  and  lay  off  upon  it 
any  length  A  C. 

Apply  AC  the  required  number  of  times  on  AB'  and  sup- 
pose X  to  be  the  last  point  of  division.     Join  XB, 

From  the  various  points  of  division  draw  parallels  to  XB. 

These  parallels  will  cut  AB  in  the  required  points  of  di- 
vision. 

Prove  this  method  correct  by  Proposition  XXXIX. 

PROBLEMS 

129.  Exercise. — A  straight  line  parallel  to  the  base  of  a 
triangle  and  bisecting  one  side  bisects  the  other  alsa 


/^i«/.— Apply  §  127. 
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130.  Exercise — A  straight  line  joining  the  middle  points 
of  two  sides  of  a  triangle  is  parallel  to  the  third  side. 


Hint. — Show  that  this  line  coincides  with  a  line  drawn  as  in  §  129. 

131*  Exercise, — A  straight  line  joining  the  middle  points 
of  two  sides  of  a  triangle  equals  half  the  third  side. 


Hint.—Vios^  DEz=BX,  and  DE^XC. 

132.  Defs, — A  trapezoid  is  a  quadrilateral,  two  of  whose 
sides  are  parallel. 

The  parallel  sides  are  called  the  bases. 

133.  Exercise, — A  straight  line  parallel  to  the  bases  of  a 
trapezoid  and  bisecting  one  of  the  remaining  sides  bisects 
the  other  also. 


134.  Exercise, — A  straight  line  joining  the  middle  points 
of  the  two  non-parallel  sides  of  a  trapezoid  is  parallel  to  the 
bases. 


68 


PLANE  GEOMETRY 


13S.  Exercise, — A  straight  line  joining  the  middle  points 
of  the  two  non-parallel  sides  of  a  trapezoid  equals  half  the 
sum  of  the  bases. 


Hint. — Draw  a  diagonal  and  apply  §  131. 

136.  Exercise, — The  bisectors  of  two  supplementary-ad- 
jacent angles  are  perpendicular. 


137*  Exercise, — Any  side  of  a  triangle  is  greater  than 
the  difference  of  the  other  two. 

138.  Exercise, — The  sum  of  the  three  lines  from  any 
point  within  a  triangle  to  the  three  vertices  is  less  than  the 
sum  of  the  three  sides,  but  greater  than  half  their  sum. 


If  inf. —Apply  §§  7  and  95. 
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139%  Exercise. — If  from  a  point  in  the  base  of  an  isosce- 
les triangle  parallels  to  the  sides  are  drawn,  a  parallelogram 
is  formed,  the  sum  of  whose  four  sides  is  the  same  wherever 
the  point  is  situated  (and  is  equal  to  the  sum  of  the  equal 
sides). 


14:0.  Exercise, — If  from  a  point  in  the  base  of  an  isosce- 
les triangle  perpendiculars  to  the  sides  are  drawn,  their  sum 
is  the  same  wherever  the  point  is  situated  (and  is  equal  to 
the  perpendicular  from  one  extremity  of  the  base  to  the 'op- 
posite side). 


141.  Exercise, — If  from  a  point  within  an  equilateral 
triangle  perpendiculars  to  the  three  sides  are  drawn,  the 
sum  of  these  lines  is  the  same  wherever  this  point  is  situat- 
ed (and  is  equal  to  the  perpendicular  from  any  vertex  to  the 
opposite  side). 


Hint. — Apply  §  140. 
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142.  Exercise. — The  straight  lines  joining  the  middle 
points  of  the  adjacent  sides  of  any  quadrilateral  form  a  par- 
allelogram. 


#(W. — Apply  §130. 

Id3,  Dcf. — A  median  of  a  triangle  is  a  straight  line 
from  a  vertex  to  the  middle  point  of  the  opposite  side. 

144.  Exercise. — The  three  medians  of  any  triangle  inter- 
sect in  a  common  point  which  is  two-thirds  of  the  distance 
from  each  vertex  to  the  middle  of  the  opposite  side. 


HtHt.  —  Tvio  o(  these  lines,  CE  and  BD.  meel  al  some  point  O. 

Take  M  and  A',  the  middle  points  of  BO  and  CO. 

Draw  EDNM.  Prove  it  is  s  parallelc^ram  by  proviiit:  ED  and  MN  each 
parallel  lo  and  equal  to  half  of  BC. 

Then  prove  OE=ON—NC,  and  DO=OM=MB. 

Thus  we  have  proved  Ihal  one  of  the  medians,  as  BD,  is  cut  by  another. 
CE,  al  a  point  two-thirds  of  its  length  from  B.  We  may  likewise  prove 
that  it  is  also  cut  by  the  third  median  in  tlie  same  point.     Hence,  etc. 


,^-> 
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Ids*  Exercise, — The  perpendiculars  from  the  vertices  of 
a  triangle  to  the  opposite  sides  meet  in  a  point. 


Hint, — Draw  through  each  vertex  a  parallel  to  the  opposite  side.  Prove 
AE^  BH,  and  CD  are  perpendicular  bisectors  of  the  sides  of  the  new  trian- 
gle MNP,  and  apply  §  106. 

IdG.  Exercise, — Prove  that  the  following  is  a  correct 
method  for  erecting  a  perpendicular  from  a  point  yi  in  a 
line  AB. 


With  -^  as  a  centre  describe  an  arc.  With  the  same  radius  and 
any  other  point,  B,  in  the  line  as  a  centre,  describe  a  second  arc  in- 
tersecting the  first  at  O.  With  6>  as  a  centre  and  the  same  radius 
describe  a  third  arc.  Join  BO  and  produce  to  meet  the  third  arc  at 
D.    Join  AD,  the  perpendicular  required. 

Hint, — Of  the  four  right  angles  of  the  two  triangles,  two  are  at  0,     Show 

that  half  the  remainder  are  at  A. 


>o 


72 


PLANE  GEOMETRY 


147.  Exercise, — Given  ABCy  any  triangle.  Produce  BC. 
Draw  CE  bisecting  angle  ACD,  and  BE  bisecting  angle  ABC. 
Prove  angle  E  equals  half  of  angle  A. 


148.  Exercise. — Given  any  angle  A  and  any  point  P 
within  it.  Show  a  method  of  drawing  a  line  through  P  to 
the  sides  of  the  angle  which  shall  be  bisected  at  P. 


149.  Exercise. — The  diagonals  of  a  rhombus  bisect  each 
other  at  right  angles,  and  also  bisect  the  angles  of  the  rhom- 
bus. 
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BOOK  II 

THE  CIRCLE 

150*  Def. — A  circle  is  a  plane  figure  bounded  by  a  line, 
all  points  of  which  are  equally  distant  from  a  point  within 
called  the  centre. 

ISl*  Defs, — The  line  which  bounds  the  circle  is  called 
its  circumference. 

An  arc  is  any  part  of  a  circumference. 

1S2*  Def. — Any  straight  line  from  the  centre  to  the  cir- 
cumference is  a  radius. 

By  the  definition  of  a  circle  all  its  radii  are  equal. 

IRS*  Def, — A  chord  is  a  straight  line  having  its  extrem- 
ities in  the  circumference. 

IS^.  Def, — A  diameter  is  a  chord  through  the  centre. 

AH  diameters  are  equal,  each  being  twice  a  radius. 

ISS.  Defs, — A  sector  is  that  portion  of  a  circle  bounded 
by  two  radii  and  the  intercepted  arc. 


SECTOR 


The  angle  between  the  radii  is  called  the  angle  of  the 
sector. 

^  *  These  definitions  are  repeated  from  §  20. 
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1S6*  Def. — Concentric  circles  are  circles  which  have  the 
same  centre. 


PROPOSITION   I.      THEOREM 

1S7.  The  diameter  of  a  circle  is  greater  than  any  other 
chord. 


Given— the  circle  ABC^caA  AC,  any  chord  not  a  diameter. 
To  PROVE  ^ C< diameter  ^^. 

Draw  the  radius  OC. 
AC<AO+OC. 
Substitute  for  OC  the  equal  radius  OB, 
Then  AC<AO-\-OB. 

That  is  AC<AB. 


§7 


Q.  B.  D. 


PROPOSITION   II.      THEOREM 


1S8.  Circles  which  have  equal  radii  are  equal,  and  if  their 
centres  be  made  to  coincide  they  will  coincide  throughout ; 
conversely y  equal  circles  have  equal  radii. 
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I.  Given— any  two  circles,  C  and  C  with  centres  O  and  O  and  equal 

radii. 

To  PROVE  the  circles  Cand  C  are  equal. 

Place  the  circles  so  that  O  falls  on  (y , 

Then  the  circumference  of  C  will  coincide  with  the  cir- 
cumference of  C , 

For,  if  any  portion  of  one  fell  without  the  other,  its  dis- 
tance from  the  centre  would  be  greater  than  the  distance  of 
the  other.  Hence  the  radii  would  be  unequal,  which  is  con- 
trary to  the  hypothesis.  Ax.  lo 

Therefore,  the  circumferences  coincide,  and  the  circles 
coincide  and  are  equal.  q.  b.  d. 

II.  Conversely: 

Given  two  equal  circles. 

To  PROVE  their  radii  equal. 

Since  the  circles  are  equal  they  can  be  made  to  coincide, 
and  therefore  their  radii  will  coincide,  and  are  equal,  q.  e.  d. 

1S9*  Cor.  I.  Hence,  if  a  circle  be  turned  about  its  centre 
as  a  pivot ^  its  circumference  will  continue  to  occupy  the  same 
position, 

160»  Cor.  II.  The  diameter  of  a  circle  bisects  the  circle 
and  the  circu  inference. 

Hint. — Fold  over  on  the  diameter  as  an  axis. 

IGl.  Defs. — The  halves  into  which  a  diameter  divides 
a  circle  are  called  semicircles,  and  the  halves  into  which 
it  divides  the  circumference  are  called  semicircumfer- 
ences. 


i 


Given — equal  circled  and  equal  angles  at  their  centre: 
To  PROVE  arc  AB^zsltc  A'B*. 

Apply  the  circles  making  the  angle  O  coincid 

I  a. 

A  will  coincide  with  A\  and  B  with  B\ 

[For  AO=A'0\  and  OB-0'B\  being  radii  of  equal  cir 

Then  the  arc  AB  will  coincide  with  the  arc  A 
lal  to  it. 


Conversely  : 

Given— equal  circles  having  equal  arcs  AB  and  A'B'. 
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163.  Exercise. — In  the  same  circle  or  equal  circles  equal 
angles  at  the  centre  include  equal  sectors,  and  conversely. 

The  proof  is  analogous  to  the  preceding,  requiring  "  sector "  in  place  of 


•'  arc." 


PROPOSITION  IV.      THEOREM 


164.  In  the  same  circle  or  equal  circles^  equal  chords  sub- 
tend equal  arcs;  conversely ^  equal  arcs  are  subtended  by 
equal  chords. 


Given— equal  circles,  O  and  (7,  and  equal  chords,  AB  and  AB. 
To  PROVE  arc  ^^=arc  A B , 


Hence 


Hence 


Therefore 


Draw  the  four  radii  OA,  OB,  0'A\  O' B\ 

In  the  triangles  AOB  and  A'O'B' 

AB=A'B'. 

AO=A'0\  and  0B=(7B\ 

[Being  radii  of  equal  circles.] 

triangle  ^0^= triangle  A'0'B\ 

[Having  three  sides  respectively  equal.] 

angle  (9= angle  0\ 

[Being  corresponding  angles  of  equal  triangles.] 

3LrcAB=^rcA'B\ 


Hyp. 

§158 

§89 
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Conversely  : 

Given — equal  circles  O  and  (7,  and  arc  ABz=,^xc  A'B', 

To  PROVE  chord -<4^  =  chord  ^'^. 

Since  the  arcs  are  equal,  angle  (9= angle  O',     §  162 

And  the  four  radii  are  equal.  §  158 

Hence  triangle  ^(9^= triangle  A'0'B\  §  79 

[Having  two  sides  and  the  included  angle  respectively  equal.] 

Therefore  chord  /i^=  chord  A'B\ 

[Being  corresponding  sides  of  equal  triangles.]  q.  b.  D. 


PROPOSITION  V.      THEOREM 


16S»  In  the  same  circle  or  equal  circles^  if  two  arcs  are  un- 
equal  and  each  is  less  than  half  a  circumference^  the  greater 
arc  is  subtended  by  the  greater  chord;  conversely y  the  greater 
chord  subtends  the  greater  arc. 
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Given         •  arc  CD  greater  than  arc  AB, 

To  PROVE  chord  CD  greater  than  chord  AB. 

Construct  upon  the  greater  arc  CD  an  arc  CE  equal  to 
arc  AB. 

Then  chord  C£= chord  AB.  %  164 

Draw  the  radii  OC,  OD,  OE. 

Angle  COE  is  less  than  angle  DOCy  being  included  with- 
in it.  Ax.  10 

Then  triangles  COE  and  DOC  have  two  sides  (the  radii) 
respectively  equal,  but  the  included  angles  unequal. 
Therefore  chord  C£<  chord  CD.  §  92 

Substituting  AB  for  CEy 

chord  ^^<chord  CD,  q.  k.  d. 

Conversely  : 

Given  chord  CD  greater  than  chord  AB. 

To  prove  arc  CD  greater  than  arc  AB. 

As  before,  construct  arc  CE  equal  to  arc  AB. 
Then  chord  C£'  =  chord  AB.  §  164 

But  chord  CZ>> chord  AB.  Hyp. 

Substituting  CE  for  AB^ 

chord  CZ>>  chord  CE. 

Then  the  triangles  COE  and  DOC  have  two  sides  respec- 
tively equal,  but  the  third  sides  unequal. 
Therefore  angle  C(7£<angle  COD.  §  93 

Hence  OE,  being  within  the  angle  DOCy  must  cut  off  the 
arc  CE  less  than  the  arc  CD. 
Substituting  arc  AB  for  arc  CEy 

arc  AB<dLVC  CD.  q.  k.  d. 
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PROPOSITION  VI.      THEOREM 

166.   The  perpendicular  bisector  of  a  chord  passes  through 
the  centre  of  the  circle. 


GlVEN^^ircIe  OAB,  chord  AB,  and  CD,  the  perpendicular  bisector 
oiAB, 

To  PROVE  that  CD  passes  through  the  centre  O, 

CD  contains  all  points  equally  distant  from  A  and  B,   §  103 

[Being  the  locus  of  such  points.] 

But  O  is  such  a  point,  being  the  centre. 

Therefore  CD  contains  O,  q.  e.  d. 

167 •  COR.  The  diameter  perpendicular  to  a  chord  bisects 
it  and  the  subtended  arc. 

Hint, — Prove  this  diameter  coincides  with  the   perpendicular   bisector. 
Then  draw  radii  OA  and  OB,  and  apply  §  162. 

168*  Exercise. — The  locus  of  the  middle  points  of  all 
chords  parallel  to  a  given  straight  line  is  a  diameter  per- 
pendicular to  the  chords. 

A 
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The  student  is  cautioned  in  this,  and  in  exercises  about  loci  in  gen- 
eral, not  to  regard  the  locus  found  and  proved  until  he  has  shown  two 
things : 

(i.)  That  every  point  in  the  proposed  locus  satisfies  the  proposed 
condition,  i.  e.,  is  the  middle  point  of  one  of  the  parallel  chords. 

(2.)  That  every  point  outside  of  the  proposed  locus  does  not  satis- 
fy the  required  condition,  i.  e.,  is  not  the  middle  point  of  any  of  the 
parallel  chords. 

Thus  the  radius  is  not  the  locus,  being  too  small  (i.  e..  requirement 
I  would  be  fulfilled,  but  not  2);  and  the  diameter  produced  is  not,  be- 
ing too  large  (i.  e.,  requirement  2  would  be  fulfilled,  but  not  i). 

Some  exercises  on  loci  are  more  easily  proved  by  showing : 

(i.)  That  every  point  in  the  proposed  locus  satisfies  the  proposed 
conditions. 

(2.)  That  every  point  that  satisfies  the  proposed  conditions  is  in 
the  proposed  locus. 

The  student  should  show  that  this  method  of  establishing  a  locus 
is  equivalent  to  the  previous  method. 

He  may  also  prove  by  this  method  §§  103  and  108. 

169.  Construction.  To  bisect  a  given  arc. 


Given 

To  CONSTRUCT 


1° 

the  arc  A£B. 
its  bisector. 


From  A  and  B  as  centres,  with  equal  radii  greater  than  a 
half  of  AB^  describe  arcs  intersecting  at  6*and  D.  Draw  CD. 
This  line  bisects  the  arc  at  £. 

Hint. — For  proof  apply  §  167. 


82 


PLANE  GEOMETRY 


PROPOSITION  VII.     THEOREM 


ItO.  In  the  same  circle  or  equal  circles ^  equal  chords  are 
equally  distant  from  the  centre ;  conversely ^  chords  equally 
distant  from  the  centre  are  equal. 


Given  CD  and  AB^  equal  chords. 

To  PROVE— they  are  at  equal  distances,  EO  and  HO,  from  the  centre. 


Construct  radii  OCand  OA, 
E  and  H  are  the  middle  points  of  CD  and  AB, 
In  the  right  triangles  OCE  and  OAH 

CE^AHy  being  halves  of  equals. 
OC=^OAy  being  radii. 
Hence  the  triangles  are  equal. 

[Having  a  side  and  hypotenuse  respectively  equal.] 

Therefore  0£  =  ON, 


§167 


Ax.  8 


§  101 


Q.  £.  D. 


Conversely  ; 
Given 


To   PROVE 


OE-OH. 
CD^AB, 
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In  the  right  triangles  OCE  and  OAH 

OE^OH, 
OC=OA,  being  radii. 

Hence  the  triangles  are  equal. 

Therefore  CE =AH, 

And  CD=:ABj  being  doubles  of  equals. 

PROPOSITION  VIII.      THEOREM 
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Hyp. 


101 


Ax.  7 

Q.  E.  D. 


17 !•  In  the  same  circle  or  equal  circles,  the  less  of  two 
chords  is  at  the  greater  distance  from  the  centre ;  conversely, 
the  chord  at  the  greater  distance  from  the  centre  is  the  less. 


Given 

To   PROVE 


chord  £"/?<  chord  BC, 
distance  C?i)/> distance  OH. 


Construct  from  B  chord  BA—ED, 
Then  its  distance  0K=  OM. 

And  AB<BC. 

Join  KH. 
K  and  H  are  the  middle  points  of  AB  and  BC. 
Hence  BK<BH. 

[Being  halves  of  unequals.] 


§167 

Ax,  8 


/ 
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Hence  angle  a<angle  b,  §  76 

[Being  opposite  unequal  sides.] 

Subtracting  the  unequal  angles  from  the  equal  right  an- 
gles at  H  and  AT, 

angle  rf>apgle  c.  Ax.  6 

Therefore                           OK>OH.  §78 

[Being  opposite  unequal  angles.] 

Substituting  OM  for  OK, 

0M>  OH.  Q.  E.  D. 

Summary:  ED<BC ;  BA<BC ;  BK<BH ;  a<b ;  d>c ;  OK>OH ; 
OM>OH. 


Conversely  : 
Given 

To   PROVE 


OM  >  OH, 
ED<BC. 


The  proof  is  left  to  the  student. 

Summary:  0M>0II;  OK^OH;  d^c ;  a<b ;  BK<BH ;  BA<BC; 
ED<BC. 


172*  De/s. — A  straight  line  is  tangent  to  a  circle  if, 
however  far  produced,  it  meets  its  circumference  in  but  one 
point. 

This  point  is  called  the  point  of  tangency. 
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PROPOSITION   IX.      THEOREM 


ni3.  A  straight  line  perpendicular  to  a  radius  at  its  ex- 
tremity is  tangent  to  the  circle  ;  conversely,  the  tangent  at  the 
extremity  of  a  radius  is  perpendicular  to  that  radius. 


Given — AB  perpendicular  to  the  radius  OP  at  its  extremity  P, 
To  PROVE  AB  is  tangent  to  the  circle. 


The  perpendicular  OP  is  less  than  any  other  line  OX 
from  O  to  AB,  §  96 

[Being  the  shortest  distance  from  a  point  to  a  line.] 

Hence,  OX  being  greater  than  a  radius,  X  lies  without  the 
circumference,  and  P  is  the  only  point  in  -^^  on  the  circum- 
ference.    Therefore  AB  is  tangent  to  the  circle.  q.  e.  d. 


Conversely  : 
Given 

To  prove 


AB  tangent  to  the  circle  at  P, 
OP  perpendicular  to  AB. 


Since  AB  is  touched  only  at  P,  any  other  point  in  AB,  as 
Xf  lies  without  the  circumference. 

Hence  OX  is  greater  than  a  radius  OP. 

Therefore  OPj  being  shorter  than  any  other  line  from  O 
to  AB,  is  perpendicular  to  AB.  §  96 

Q.  E.  D. 
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174.  Cor.  A  perpendicular  to  a  tangent  at  the  point  of 
tangency  passes  through  the  centre  of  the  circle. 

Hint. — Suppose  a  radius  to  be  drawn  to  the  point  of  tangency. 

175.  Construction.  At  a  point  P  in  the  circumference 
of  a  circle  to  draw  a  tangent  to  the  circle. 

Draw  the  radius  OP^  and  erect  PB  perpendicular  to  this 
radius  at  P.     By  §  173  PB  is  the  tangent  required. 

176*  Exercise, — The  two  tangents  to  a  circle  from  an 
exterior  point  are  equal. 

Hint. — Join  the  given  point  and  the  centre  ;  draw  radii  to  points  of  tan- 
gency. 

PROPOSITION  X.      THEOREM 

177*  If  two  circumferences  intersect^  the  straight  line  join- 
ing their  centres  bisects  their  common  chard  at  right  angles. 


Given  two  circumferences  intersecting  at  A  and  B. 

To  PROVE — 00'  joining  their  centres  is  perpendicular  to  AB  at  its 
middle  point. 


O  and  O'  are  each  equally  distant  from  A  and  B.       §  150 
Therefore  00'  bisects  AB  at  right  angles.  §  104 

[Two  points  equally  distant  from  the  extremities  of  a  straight  line  deter- 
mine its  perpendicular  bisector.]  Q.  E.  D. 
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MEASUREMENT 

178.  Be/, — The  ratio  of  one  quantity  to  another  of  the 
same  kind  is  the  number  of  times  the  first  contains  the  second. 

Thus  the  ratio  of  a  yard  to  a  foot  is  three  (3),  or  more  fully  f  • 

179*  Defs. — To  measure  a  quantity  is  to  find  its  ratio 
to  another  quantity  of  the  same  kind.  The  second  quantity 
is  called  the  unit  of  measure ;  the  ratio  is  called  the  nu- 
merical measure  of  the  first  quantity. 

Thus  we  measure  the  length  of  a  rope  by  finding  the  number  of  metres  in 
it ;  if  it  contains  6  metres,  we  say  the  numerical  measure  of  its  length  is  6, 
the  metre  being  the  unit  of  measure. 

180*  Remark, — If  the  length  of  one  rope  is  20  metres, 
and  the  length  of  another  5  metres,  the  ratio  of  their  lengths 
is  the  number  of  times  5  metres  is  contained  in  20  metres — 
that  is,  the  number  of  times  5  is  contained  in  20,  which  is 
written  ^.     We  may  accordingly  restate  §  178  as  follows: 

T/te  ratio  of  two  quantities  of  the  same  kind  is  the  ratio  of 
their  numerical  measures, 

181.  Defs, — Two  quantities  are  commensurable  if  there 
exists  a  third  quantity  which  is  contained  a  whole  number 
of  times  in  each. 

The  third  quantity  is  called  the  common  measure. 

Thus  a  yard  and  a  mile  are  commensurable,  each  containing  a  foot  a  whole 
number  of  times,  the  one  3  times,  the  other  5280  times.  Again,  a  yard  and 
a  rod  are  commensurable.  The  common  measure  is  not,  however,  a  foot,  as 
a  rod  contains  a  foot  i6jt  times,  which  is  not  a  whole  number  of  times. 
But  an  inch  is  a  common  measure,  since  the  yard  contains  it  36  times  and 
the  rod  198  times. 

182.  Def — Two  quantities  are  incommensurable  if  no 
third  quantity  exists  which  is  contained  a  whole  number  of 
times  in  each. 

Thus  it  can  be  proved  that  the  circumference  and  diameter  of  a  circle  are 
incommensurable  ;  also  the  side  and  diagonal  of  a  square. 
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LIMITS 

183.  Def. — A  constant  quantity  is  one  that  maintains 
the  same  value  throughout  the  same  discussion. 

184.  Def, — A  variable  is  a  quantity  which  has  different 
successive  values  during  the  same  discussion. 

185.  Def. — ^The  limit  of  a  variable  is  a  constant  from 
which  the  variable  can  be  made  to  differ  by  less  than  any 
assigned  quantity,  but  to  which  it  can  never  be  made  equal. 


P 

4- 


^ Y 


'B 


Thus  suppose  a  point  P  to  move  over  a  line  from  ^  to  ^  in  such  a  way 
that  in  the  first  second  it  passes  over  half  the  distance,  in  the  next  second 
half  the  remaining  distance,  in  the  third  half  the  new  remainder,  and  so  on. 

The  variable  is  the  distance  from  A  to  the  moving-point.  Its  successive 
values  are  A /^\  AP'\  AP"\  etc.  If  the  length  of  ^^  is  two  inches,  the 
value  of  the  variable  is  first  i  inch,  then  i)^,  i%,  i%,  etc. 

(i.)  P  will  nfver  reach  B,  for  there  is  always  half  of  some  distance  re- 
maining. 

(2.)  P  will  approach  nearer  to  B  than  any  quantity  we  may  assign. 

Suppose  we  assign  yxi^off  o^  *"  inch.  By  continually  bisecting  the  remain- 
der we  can  reduce  it  to  less  than  ^^^  of  an  inch.  Hence  the  distance  from 
P  to  A  is  a  variable  whose  limit  is  AB,  and  the  distance  from  Z'  to  .5  is  a 
variable  whose  limit  is  zero. 

186»  Theorem.  If  two  variables  approaching  limits  are 
always  equal,  their  limits  are  also  equal. 

For  two  variables  that  are  always  equal  may  be  consid- 
ered as  but  one  variable,  and  must  therefore  approach  the 
same  limit.  q.  e.  d. 
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1S7»  Lemma.    If  a  variable  x  can  be  made  smaller  than  any  assigned 

Quantity,  then  kx,  the  product  of  that  variable  by  any  constant  h,  can  also  be 

made  smaller  than  any  assigned  quantity. 

Suppose  we  assign  a  quantity  s,  no  matter  how  small. 

s 
We  then  choose  x,  so  that  x  <--r . 

Therefore,  multiplying,  kx  <s.  Ax.  7 

Q.  B.  D. 

1SS»  Cor.  If  a  variable  x  can  be  made  as  small  cu  we  please ^  so  also  can  x 
diinded  by  any  constant  k. 

For  —  is  simply  ( — )  Jf",  or  the  product  of  x  by  a  constant,  which  we  have 
just  proved  can  be  made  as  small  as  we  please. 

1S9*  Theorem.  The  limit  of  tlu  product  of  a  constant 
by  a  variable  is  the  product  of  that  constant  by  the  limit  of 
the  variable. 

Given  a  variable  v  approaching  a  limit  V, 

To  PROVE — the  variable  kv  approaches  the  limit  k  F,  where  k  is  any 
constant. 

I.  kv  can  never  quite  equal  kV, 
For  if  kv=hVy 

then  would  v=V,  Ax.  8 

which  is  impossible,  since  v  approaches  F  as  a  limit. 

II.  kv  can  be  made  to  differ  from  ^Fby  less  than  any 
assigned  quantity. 

For  their  difference,  kV—kv,  may  be  written  k{V—v). 
But  V — V  can  be  made  as  small  as  we  please. 
Therefore  ^F—z/)  can  be  made  as  small,  as  we  please.  §  187 
Therefore  by  definition  ^F  is  the  limit  of  kv,  q.  e.  d. 

190»  Cor.  The  limit  of  2.,  the  quotient  of  a  variable  di- 
inded by  a  constant y  is  K,  the  quotient  of  the  limit  of  the  vari- 
able divided  by  the  constant  k. 


90 


PLANE  GEOMETRY 


PROPOSITION   XL      THEOREM 


191*  In  the  same  circle  or  equal  circles^  two  angles  at  the 
centre  have  the  same  ratio  as  t/teir  intercepted  arcs. 


Given 

To   PROVE 


the  two  equal  circles  with  angles  O  and  O, 

angle  O     arc  A'B' 
angle  O      arc  AB 


1 80 


Case  I.   When  the  arcs  are  commensurable. 

Suppose  AD  \s  the  common  measure  of  the  arcs,  and  is 
contained  three  times  in  AB  and  five  times  in  A' B' . 

^,  arc  A'B'     5 

Then  • —  =  -• 

arc  AB       3 

Draw  radii  to  the  several  points  of  division. 

The  angles  O  and  O'  will  be  subdivided  into  3  and  5  parts, 

all  equal.  §162 

[Being  subtended  by  equal  arcs  in  the  same  or  equal  circles.] 

angle  O'  _  5 

§  180 


Hence 


Comparing, 


angle  O      3 

angle  O'     ^xqA'B' 

angle  O      rtc  AB 


Ax.  I 


Q.  E.  D. 
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Case  II.   When  the  arcs  are  iftcommensurable. 


Suppose  AB  to  be  divided  into  any  number  of  equal 
parts  and  apply  one  of  these  parts  to  A'B'  as  a  measure  as 
often  as  it  will  go. 

Since  AB  and  A'R  are  incommensurable,  there  will  be  a 
remainder  XB'  less  than  one  of  these  parts.  §  182 

Since  AB  and  ^'^are  constructed  commensurable, 

angle /I'O'^     arc  ^4'^ 

'^~^'^"^~~ ^  ^~~~^^^~~' '  Case  I 

dingle  A  OB       diXcAB 

Now  suppose  the  number  of  parts  into  which  AB  is  divid- 
ed to  be  indefinitely  increased. 

We  can  thus  make  each  part  as  small  as  we  please. 

But  the  remainder,  the  arc  XB'y  will  always  be  less  than 
one  of  these  parts. 

Therefore  we  can  make  the  arc  XB'  less  than  any  assigned 
quantity,  though  never  zero. 

Likewise  we  can  make  the  angle  XO' B'  less  than  any  as- 
signed quantity,  though  never  zero. 
Therefore        A' X  approaches  A' B'  as  a  limit. 


Hence 


A'X  .      A'B'  ..    .^ 

approaches  -r-zr  as  a  limit. 


AB 


AB 


§190 


--^v*^' 
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Also      angle  -^'O'-Y approaches  angle  A^ffB'  as  a  limit. 

an^le^'C?'^  ^     angleA'O'B'         ,.    .   ^ 

Hence  — ^, — approaches  — ^^ — ^  ,^^    as  a  limit.§  190 


angle  ^4  OB 


Since  the  variables  ^-^-   and 


angle  -^  C^jff 
angle  A'O'X 


AB 
equal,  so  also  are  their  limits. 

A'B'  _^ng\eA'aB' 
AB  '^dingle  A  OB 


angle  A  OB 


are   always 


That  is, 


§186 

Q.  B.  D. 


192 •  Exercise, — In  the  same  circle  or  equal  circles,  two 
sectors  have  the  same  ratio  as  their  angles. 

The  proof  is  analogous  to  the  preceding,  requiring  '*  sector"  in  place  of 


"arc." 


193.  Remark, — The  preceding  proposition  is  often  ex- 
pressed thus: 

An  angle  at  the  centre  is  measured  by  its  intercepted 
arc. 

This  means  simply  that  if  the  angle  is  doubled,  the  intercepted  arc  will  be 
doubled  ;  if  the  angle  is  halved,  the  intercepted  arc  will  be  halved  ;  if  the 
angle  is  tripled,  the  intercepted  arc  will  be  tripled  ;  and,  in  general,  if  the 
angle  is  increased  or  diminished  in  any  ratio,  the  intercepted  arc  will  be  in 
creased  or  diminished  in  the  same  ratio. 
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MEASUREMENT 

178.  Def, — The  ratio  of  one  quantity  to  another  of  the 
same  kind  is  the  number  of  times  the  first  contains  the  second. 

Thus  the  ratio  of  a  yard  to  a  foot  is  three  (3),  or  more  fully  }• 

11 9*  Defs, — To  measure  a  quantity  is  to  find  its  ratio 
to  another  quantity  of  the  same  kind.  The  second  quantity 
is  called  the  unit  of  measure ;  the  ratio  is  called  the  nu- 
merical measure  of  the  first  quantity. 

Thus  we  measure  the  length  of  a  rope  by  finding  the  number  of  metres  in 
it ;  if  it  contains  6  metres,  we  say  the  numerical  measure  of  its  length  is  6, 
the  metre  being  the  unit  of  measure. 

180m  Remark. — If  the  length  of  one  rope  is  20  metres, 
and  the  length  of  another  5  metres,  the  ratio  of  their  lengths 
is  the  number  of  times  5  metres  is  contained  in  20  metres — 
that  is,  the  number  of  times  5  is  contained  in  20,  which  is 
written  ^.     We  may  accordingly  restate  §  178  as  follows: 

The  ratio  of  two  quantities  of  the  same  kind  is  the  ratio  of 
their  numerical  measures, 

181*  jDefs. — Two  quantities  are  commensurable  if  there 
exists  a  third  quantity  which  is  contained  a  whole  number 
of  times  in  each. 

The  third  quantity  is  called  the  common  measure. 

Thus  a  yard  and  a  mile  are  commensurable,  each  containing  a  foot  a  whole 
number  of  times,  the  one  3  times,  the  other  5280  times.  Again,  a  yard  and 
a  rod  are  commensurable.  The  common  measure  is  not,  however,  a  foot,  as 
a  rod  contains  a  foot  16^  times,  which  is  not  a  whole  number  of  times. 
But  an  inch  is  a  common  measure,  since  the  yard  contains  it  36  times  and 
the  rod  198  times. 

182*  Dcf — Two  quantities  are  incommensurable  if  no 

third  quantity  exists  which  is  contained  a  whole  number  of 
times  in  each. 

Thus  it  can  be  proved  that  the  circumference  and  diameter  of  a  circle  are 
incommensurable  ;  also  the  side  and  diagonal  of  a  square. 


i 
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PROPOSITION   XII.      THEOREM 

191  •  An  inscribed  angle  is  measured  by  one-half  its  inter- 
cepted arc* 


Given  the  inscribed  angle  BAC, 

To  PROVE— angle  BAG  is  measured  by  one-half  of  arc  BG. 

Case  I.    When  one  side  AC  of  the  angle  is  a  diameter 

Draw  the  radius  OB. 

OA  =  OB.  §152 

[Being  radii.] 

Hence  angle  A  =  angle  B,  §  71 

[Being  base  angles  of  an  isosceles  triangle.] 

But  angle  «  =  angle  yl  4- angle  j5.  §59 

[The  exterior  angle  of  a  triangle  equals  the  sum  of  the  two  opposite  inte- 
rior angles.] 

Substituting^  (or  B,         n  =  2A. 

But  n  is  measured  by  arc  BC.  §  193 

Hence      half  of  «,  or  A,  is  measured  by  i  arc  BC»      q.  e.  d. 


*  This  proposition  is  first  found  proved  in  Euclid  (about  300  B.C.),  though  at 
least  one  case,  viz.,  Cor.  II.  was  stated  earlier  by  Thales  (about  600  B.C.),  the 
founder  of  Greek  mathematics  and  philosophy. 
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Case  II.   When  the  centre  O  is  within  the  angle  (Fig.  2). 

Construct  the  diameter  AX, 
Angle  XAC  is  measured  by  i  arc  XC.  Case  I 

Angle  XAB  is  measured  by  i  arc  XB,  Case  I 

Adding,  angle  BAC  is  measured  by  i  arc  XC+i  arc  XB, 

Ax.  2 
Or  by         ^  i(arc  XC-^  arc  A"^). 

That  is      •  by  i  arc  BC. 

Case  III.   IVhen  the  centre  is  without  the  angle  (Fig.  3). 

Construct  the  diameter  AX. 

Angle  XAB  is  measured  by  i  arc  XB,  Case  I 

Angle  XAC  is  measured  by  i  arc  XC,  Case  I 

Subtracting,  angle  BAC  is  measured  by  i  arc  BC.  Ax.  3 

Q.  B.  D. 

198»  Exercise. — If  the  inscribed  angle  is  37°  of  angle, 
how  many  degrees  of  arc  are  there  in  the  intercepted  arc  ? 
How  many  in  the  remainder  of  the  circumference?  If  the 
intercepted  arc  is  17°,  how  large  is  the  inscribed  angle? 

199*  Defs, — A  segment  of  a  circle  is  the  portion  of  a 
circle  included  between  an  arc  and  its  chord,  as  AKBM. 


200*  Def, — An  angle  is  inscribed  in  a  segment  of  a  circle 
when  its  vertex  is  in  the  arc  of  the  segment  and  its  sid 
pass  through  the  extremities  of  that  arc. 
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PIG.  I 


PIG.  9 


Fl(i.  3 


201.  Cor.  I.  All  angles  (A,  B,  C,  Fig.  i)  inscribed  in  the 
same  segment  are  equaL 

For  they  are  measured  by  one-half  the  same  arc  MN. 

202.  Cor.  II.  An  angle  (A^  By  Fig.  2)  inscribed  in  a  semi- 
circle is  a  right  angle. 

203.  Cor.  III.  An  angle  {A^  Fig.  3)  inscribed  in  a  segment 
greater  than  a  semicircle  is  an  acute  angle. 

204.  Cor.  IV.  An  angle  {Bj  Fig.  3)  ifiscribed  in  a  segment 
less  than  a  semicircle  is  an  obtuse  angle, 

proposition   XIII.      THEOREM 

205.  An  angle  formed  by  a  tangent  and  a  chord  is  jneas- 
ured  by  ofte-half  its  intercepted  arc. 


O 


Given— the  angle  ABCiovm^d.  by  the  tangent  AB  and  the  chord  BC. 
To  PROVE— angle  ABC  is  measured  by  one-half  the  arc  BC. 
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Construct  the  diameter  BX, 
Since  a  right  angle  is  measured  by  one-half  a  sem [circum- 
ference, 

angle  ABX  is  measured  by  \  arc  BCX, 

But  angle  CBX  is  measured  by  \  arc  CX.       §  197 

Subtracting,  angle  ABC  is  measured  by  \  arc  BC,      q.  e.  d. 

206.  Exercise, — An  arc  contains  16°;  at  its  extremities 
tangents  are  drawn.  What  kind  of  a  triangle  do  they  form 
with  the  chord,  and  how  large  is  each  angle  ? 


PROPOSITION  XIV.      THEOREM 

207 •  The  angle  between  two  chords  which  intersect  within 
the  circumfereme  is  measured  by  one-half  the  sum  of  its  inter^ 
cepted  arc  and  tlie  arc  intercepted  by  its  vertical  angle 


Given  two  intersecting  chords  AB  and  CD, 

To  PROVE — angle  BXD  is  measured  by  one-half  the  sum  of  the  arcs 
BD  and  AC, 

Join  AD. 
Now  ;«=j+w.  §  59 

[An  extesior  angle  of  a  triangle  equals  the  sum  of  the  opposite  interior 
angles.] 

But 

And 

Hence 


angle  s  is  measured  by  \  arc  BD. 

angle  w  is  measured  by  \  arc  AC. 

m  is  measured  by  \  (arc  BD+dsc  AC), 


§197 

§197 
Ax.  2 

•Q*  B*  D. 
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208.  Exercise, — One  angle  of  two  intersecting  chords 
subtends  30°  of  arc ;  its  vertical  angle  subtends  40°.  How 
large  is  the  angle?  If  an  angle  of  two  intersecting  chords 
is  15°,  and  its  intercepted  arc  is  20°,  how  large  is  the  oppo- 
site arc? 

209.  Def, — A  secant  of  a  circle  is  a  straight  line  which 
cuts  the  circle. 

It  is  therefore  a  chord  produced. 

PROPOSITION   XV.      THEOREM 

210.  The  angle  between  two  secants  intersecting  without 
the  circumference^  the  aftgle  between  a  tangent  and  a  secant, 
and  the  angle  between  two  tangents^  are  each  measured  by  one- 
half  the  difference  of  the  intercepted  arcs. 


VIG.  I 


FIG.  3 


FIG.  3 


Case  I.   Two  secants  (Fig.  i). 


Given 


two  secants,  AC  and  AE. 


To  PROVE — angle  m  is  measured  by  ^  (arc  CE—^sc  BD), 

Join  CD, 
Then  m-\'W=s,  §  59 

[An  exterior  angle  of  a  triangle  is  equal  to  the  sum  of  the  two  opposite 
interior  angles.] 
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Hence 
But 
And 
Hence 


m—s—w. 
s  is  measured  by  \  arc  CE, 
w  is  measured  by  \  arc  BD, 
m  is  measured  by  i  (arc  Clfi"— arc  BD). 


Ax.  3 

§197 

§197 
Ax.  3 

Q.  B.  D. 


Case  H.  A  tangent  and  a  secant  (Fig.  2). 

Given  tangent  AD  and  secant  AC. 

To  PROVE        m  is  measured  by  \  (arc  Z>C— arc  BD). 

Join  CZ?. 

5  is  measured  by  \  arc  -DC. 

tt/  is  measured  by  \  arc  j5Z?. 

Hence         m  is  measured  by  \  (arc  DC—dsc  BD), 


§59 
§205 

§197 
Ax.  3 

Q.  B.  D. 


Case  HI.   Two  tangents  (Fig.  3). 

;«=j— ze/. 
J  is  measured  by  i  arc  BXD, 
w  is  measured  by  i  arc  B  YD, 
Hence     m  is  measured  by  i  (arc  BXD— dire  BYD), 


§59 
§205 
§205 
Ax.  3 

Q.  B.  D. 


211.  Exercises, — In  Fig.  i,  if  CE  is  50°  and  BD  is  10°, 
what  is  ;;/  ? 

In  Fig.  lyU  m  is  16°  and  BD  is  15°,  what  is  CE? 

In  Fig.  2,  if  /;/  is  31°  and  arc  Z?C  is  150*^,  what  is  arc 
BD?  and  what  is  arc  BC ? 

In  Fig.  3,  if  arc  BD  is  47°,  what  is  BXD,  and  what  is  i»  f 

In  Fig.  3,  if  m  is  33®,  what  are  the  arcs  BXD  and  -ff  1^ 


ICX> 


PLANE  GEOMETRY 


212.  Construction.  At  a  given  point  in  a  straight  line 
to  erect  a  perpendicular, 

[Three  methods  have  been  already  given,  §§  21,  146.] 


Given 

To  CONSTRUCT 


the  straight  line  AB. 
a  perpendicular  to  AB  at  B. 


With  any  convenient  point  (?  as  a  centre,  and  OB  as  a 
radius,  describe  a  circumference  cutting  AB  at  A  and  B, 

Join  OA  and  produce  to  meet  the  circumference  at  X. 

BXis  the  perpendicular  required. 

Proof, — Angle  ABX  is  inscribed  in  a  semicircle,  and 
therefore  a  right  angle.  §  202 

Q.  B.  D. 

213.  Remark, — The  foregoing  method  is  especially  con- 
venient when  the  given  point  B  is  near  the  edge  of  the 
paper. 

214:.  Def, — A  circle  is  said  to  be  inscribed  in  a  polygon, 
if  it  be  tangent  to  every  side  of  the  polygon.  In  the  same 
case,  the  polygon  is  said  to  be  circumscribed  about  the 
circle. 
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^ZIS.  Construction.   To  inscribe  a  circle  in  a  given  tri- 
angle. 


y< 


Given 

To  CONSTRUCT 


the  triangle  ABC, 
an  inscribed  circle. 


Bisect  two  of  the  angles,  as  A  and  B, 

With  O^  the  intersection  of  these  bisectors,  as  a  centre 
and  the  distance  to  any  side  as  a  radius,  describe  a  circum- 
ference.    This  gives  the  circle  required. 

Proof. — O  lies  in  AO,  and  is  therefore  equally  distant 
from  y^Cand  AB. 

O  lies  in  BO,  and  is  therefore  equally  distant  from  BC 
and  BA.  §  io8 

[The  bisector  of  an  angle  is  the  locus  of  points  equally  distant  from  its 
sides.] 

Therefore  O  is  equally  distant  from  all  sides. 

Hence  the  circle  described  with  6^  as  a  centre,  and  with 
this  distance  as  a  radius,  will  be  tangent  to  the  three 
sides.  §  173 

Q.  E.  D. 


> 
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216»  Dcf. — Escribed  circles  are  circles  which  are  tan- 
gent to  one  side  of  a  triangle  and  the  other  two  sides  pro- 
duced. 

Thus,  for  the  triangle  ABC^  M,  JV,  and  0  are  escribed  circles. 


217»  Exercise, — Construct  the  three  escribed  circles  of  a 
given  triangle. 

I/int. — Find  centres,  as  in  §  215. 

218.  Def. — A  circle  is  said  to  be  circumscribed  about  a 
polygon,  if  the  circumference  of  the  circle  passes  through 
every  vertex  of  the  polygon.  In  the  same  case,  the  poly- 
gon is  said  to  be  inscribed  in  the  circle. 
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219.  Construction.   To  circumscribe  a  circle  about  a 
given  triangle. 


Given 

To  CONSTRUCT 


the  triangle  ABC^ 
a  circumscribed  circle. 


Draw  the  perpendicular  bisectors  of  two  of  the  sides  BC 
and  AC. 

With  O  their  intersection  as  a  centre,  and  the  distance  to 
any  vertex  as  a  radius,  describe  a  circumference. 

This  gives  the  circle  required. 


5! 


§103 


Proof, — O  is  equally  distant  from  B  and  C. 
O  is  equally  distant  from  A  and  C. 

[The  perpendicular  bisector  is  the  locus  of  points  equally  distant  from  the 
extremities  of  a  straight  line.] 

Therefore  O  is  equally  distant  from  all  vertices,  and  the 
circle  described  as  above  is  the  required  circle.  q.  e. 


^1 


^mm 
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220*  Remark. — The  foregoing  construction  also  enables 
us  to  draw  a  circumference  through  three  points  not  in  the 
same  straight  line  or  to  find  the  centre  of  a  given  circumfer- 
ence or  arc.  §  166 

221.  Construction.  To  cotistruct  a  tangent  to  a  given 
circle  from  a  given  point  without. 


Given  the  circle  0  and  the  point  A  without. 

To  CONSTRUCT        from  A  a  tangent  to  the  circle. 


Upon  AO  3LS  a,  diameter  construct  a  circumference  inter- 
secting the  given  circumference  at  X  and  X. 
]omAXaxidAX, 
These  lines  are  the  required  tangents. 


Proof. — Angle  AXO  is  a  right  angle. 

[Being  inscribed  in  a  semicircle.] 

Hence  AX  is  a  tangent  to  the  circle  O, 

[Being  perpendicular  to  a  radius  at  its  extremity.] 

Likewise  AX'  is  tangent. 


§202 
§173 


Q.  E.  D. 
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222.  Construction.  Upon  a  given  straight  line  to  con- 
struct a  segment  which  shall  contain  a  given  angle. 


Given  the  straight  line  AB  and  the  angle  m. 

To  CONSTRUCT — a  segment  upon  AB  which  shall  contain  an  angle 
equal  to  m. 

At  A  construct  tn*  equal  to  w,  and  having  AB  3iS  one  of 
its  sides.  §  80 

Draw  AO  perpendicular  to  AC,  and  DO  perpendicularly 
bisecting  AB, 

With  (9,  the  intersection  of  these  two  lines,  as  a  centre, 
and  OA  or  OB  as  a  radius,  construct  a  segment  APB.  This 
is  the  segment  required. 

Proof, — CA  is  tangent  to  the  circle.  §  173 

[Being  perpendicular  to  a  radius  at  its  extremity.] 

Therefore  m'  is  measured  by  \  arc  AB  §  205 

But  m*'  (any  angle  inscribed  in  the  segment)  is  also  meas- 

§197 
Ax.  1 

Cons. 

Ax.  I 
Q.  B.  a 


ured  by  i  arc  AB, 

Therefore 

m'  = ;«". 

But 

m  =»«'. 

Therefore 

tn  ^^^tn 
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PROBLEMS  OF  DEMONSTRATION 

223.  Defs. — Two  circles  are  tangent  which  touch  at  but 
one  point.  They  may  be  tangent  internally,  so  that  one 
circle  is  within  the  other;  or  externally,  so  that  each  is 
without  the  other. 

224:.  Exercise, — The  straight  line  joining  the  centres  of 
two  circles  tangent  externally  passes  through  the  point  of 
tangency. 


Hint. — Suppose  OCy  not  through  7",  and  prove  OCy  greater  than  and  ako 
less  than  the  sum  of  the  radii. 

225.  Exercise, — The  straight  line  joining  the  centres  of 
two  circles  internally  tangent  passes  through  the  point  of 
tangency. 


Sii/. — If  not,  prove  the  distance  between  centres  greater  than  and  also 
than  the  difference  of  the  radii. 
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226.  Defs, — If  each  of  two  circles  is  entirely,  without 
the  other,  four  common  tangents  can  be  drawn.  Two  of 
these  are  called  external,  and  two  internal.  An  external 
tangent  is  one  such  that  the  two  circles  lie  on  the  same 
side  of  it ;  an  internal  tangent  is  one  such  that  the  two 
circles  lie  on  opposite  sides  of  it. 


Question. — In  case  the  two  circles  are  themselves  tangent  externally,  how 
many  common  tangents  of  each  kind  can  be  drawn  ?  In  case  the  two  circles 
overlap  ?  In  case  they  are  tangent  internally  ?  In  case  one  is  within  the 
other  ? 


227*  Exercise. — The  two  common  external  tangents  to 
two  circles  meet  the  line  joining  their  centres  in  the  same 
point.  Also  the  two  common  internal  tangents  meet  the 
line  of  centres  in  the  same  point. 

228.  Exercise, — The  sum  of  two  opposite  sides  of  a  quad- 
rilateral circumscribed  about  a  circle  is  equal  to  the  sum  of 
the  other  two  sides  (§  1 76). 

229.  Exercise. — The  sum  of  two  opposite  angles  of  a 
quadrilateral  inscribed  in  a  circle  is  equal  to  the  sum  of  the 
other  two  angles,  and  is  equal  to  two  right  angles. 
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230.  Exercise, — Two  circles  are  tangent  externally  at  A, 
The  line  of  centres  contains  ^,  by  §  224.  Prove  (i)  that  the 
perpendicular  to  the  line  of  centres  at  -^  is  a  common  tan- 
gent;  (2)  that  it  bisects  the  other  two  common  tangents; 
and  (3)  that  it  is  the  locus  of  all  points  from  which  tan- 
gents drawn  to  the  two  circles  are  equal. 

231.  Exercise, — Find  the  locus  of  the  middle  points  of  all 
chords  of  a  given  length. 

232.  Exercise, — If  a  straight  line  be  drawn  through  the 
point  of  contact  of  two  tangent  circles  forming  chords,  the 
radii  drawn  to  the  remaining  extremities  of  these  chords 
are  parallel.  Also,  the  tangents  at  these  extremities  are 
parallel.     What  two  cases  are  possible  ? 


PROBLEMS   OF  CONSTRUCTION 

233.  Exercise, — Draw  a  straight  line  tangent  to  a  given 
circle  and  parallel  to  a  given  straight  line. 

234:.  Exercise. — Construct  a  right  triangle,  given  the  hy- 
potenuse and  an  acute  angle. 

235.  Exercise, — Construct  a  right  triangle,  given  the  hy- 
potenuse and  a  side. 

236.  Exercise, — Construct  a  right  triangle,  given  the  hy- 
potenuse and  the  distance  of  the  hypotenuse  from  the  ver- 
tex of  the  right  angle. 

231.  Exercise, — Construct  a  circle  tangent  to  a  given 
straight  line  and  having  its  centre  in  a  given  point. 

238.  Exercise, — Construct  a  circumference  having  its 
centre  in  a  given  line  and  passing  through  two  given  points. 

23fi.  Exercise, — Find  the  locus  of  the  centres  of  all  cir- 
cles of  given  radius  tangent  to  a  given  straight  line. 
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24:0.  Exercise. — Construct  a  circle  of  given  radius  tan- 
gent to  two  given  straight  lines. 

24:1*  Exercise, — Construct  a  circle  of  given  radius  tan- 
gent to  two  given  circles. 

24:2.  Exercise. — Construct  all  the  common  tangents  to. 
two  given  circles. 


Hint. — For  the  external  tangents  draw  a  circle  with  radius  equal  to  the 
difference  of  the  radii' of  the  given  circles  and  its  centre  at  the  centre  of  the 
larger  circle.  Draw  tangents  to  this  circle  from  the  centre  of  the  smaller 
circle. 
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BOOK   III 

PROPORTION  AND   SIMILAR  FIGURES 

24S.  Dcf, — A  proportion  is  an  equality  of  ratios. 

A  C 

Thus,  if  the  ratio  —  is  equal  to  the  ratio  — ,  then  the 

B  D 

A     C 
equality  —=—  constitutes  a  proportion. 

This  may  also  be  written 

A.B=C\D,QxA\B\\C\D, 
and  is  read,  ^4  is  to  ^  as  C  is  to  D. 

244»  Dcf\ — The  four  magnitudes  A,  By  C^  D  are  called 
the  terms  of  the  proportion. 

245.  Defs. — The  first  and  last  terms  are  the  extremes, 
the  second  and  third,  the  means. 

246.  Defs, — The  first  and  third  terms  are  called  the  an- 
tecedents, and  the  second  and  fourth,  the  consequents. 

247.  Theorem.   If  four  quantities  are   in  proportion, 
their  numerical  measures  are  in  proportion  ;  and  conversely. 


r.  AC 

Given  —  =  — 

B     D 

To  prove:  7=-:'  where  a,  b,  c,  d  are  the  numerical   measures  of 
b      a 

A,  B,  C,  D,  respectively. 
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XT  A     a       ,  C      c  ^    ^ 

Now  — =-  and  —  =  -•  §  i8o 

Bind  ^ 

[The  ratio  of  two  quantities  is  equal  to  the  ratio  of  their  numerical  meas- 
ures. ] 

Whence  7=~>-  Ax.  i 

*      ^  Q.E.D. 

Conversely:  If -  =  -,  then  —  =  — .     This  can  be  proved  in  like 

b     d  B     D  ^ 

manner. 

248.  Remark. — In  order  that  the  preceding  theorems  shall  hold 
true,  A  and  B  must  be  quantities  of  the  same  kind,  as  two  straight 
lines,  or  two  angles,  and  C  and  D  also  of  the  same  kind  ;  but  it  is  not 
necessary  that  A  and  B  shall  be  of  the  same  kind  as  C  and  D, 

249.  Def, — One  variable  quantity  is  said  to  be  propor- 
tional to  another,  when  any  two  values  of  the  first  have  the 
sanne  ratfo  as  two  corresponding  values  of  the  second. 

Thus,  Proposition  XL,  Book  II.,  may  be  expressed : 

An  angle  at  the  centre  of  a  circle  is  proportional  to  its  intercepted 

arc. 

By  this  we  mean  that  the  ratio  of  a  given  angle,  as  AOB,  to  some 

other  angle,  as  A'0'B\  is  equal  to  the  ratio  of  the  corresponding  arcs, 

AB  and  A'B\ 

TRANSFORMATION  OF  PROPORTIONS 

250.  Theorem.  If  four  numbers  are  in  proportion^  the 
product  of  the  extremes  equals  the  product  of  tlu  means. 

Given  -  =  -.     (i) 

b     d 

To  PROVE  ad=ibc,     (2) 

_  • 

Clear  (i)  of  fractions,  i.  e.,  multiply  both  sides  by  bd^  the 
product  of  the  denominators  of  (i). 

We  have  a^/=  be,     (2)  Ax.  7 

Q.  E.  D. 
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251.  Theorem.  Conversely,  if  the  product  of  two  num- 
bers  equals  the  product  of  two  others^  either  pair  may  be  made 
the  extremes  and  the  other  pair  the  means  of  a  proportion. 

Given  ad=idc,    (2) 

To  PROVE  -  =  f.     (i) 

d     d 

Divide  both  sides  of  (2)  by  bd,  the  product  of  the  denom- 
inators of  (1). 

We  have  ?=£.    (1)  Ax.  8 

b     d 

Q.  B.  D. 

Again, 
Given  bc-=zad.    (2) 

To  PROVE  i  =  ^.       (3) 

a     c 

Dividing  (2)  by  ac,  the  product  of  the  denominators  of  (3), 
we  obtain  (3).  q.  e.  d. 

Question.— ^y  dividing  the  equation  ad  ^  6c  by  the  product  of  two  of  the 
letters,  one  being  from  each  side,  how  many  proportions  in  all  can  be  ob- 
tained ?  Write  them.  If  the  equation  be  written  6c  =  ad,  how  many  can 
be  obtained,  and  how  do  they  differ  from  the  former  set  ? 

252»  Remark. — The  student  has  already  noticed  that  the  process 
by  which  equation  (i)  was  obtained  from  (2)  was  the  reverse  of  that  by 
which  (2)  was  obtained  from  (i).  Also  it  is  easy  to  see  that  (3)  was 
obtained  from  (2)  by  a  process  the  reverse  of  that  by  which  (2)  could 
have  been  obtained  from  (3).  Now  it  is  always  much  easier  to  see 
how  an  equation  can  be  reduced  to  ad^^bc  than  to  see  how  it  can  be 
deduced  from  ad-=.bc.  Since  the  latter  is  the  reverse  of  the  former, 
we  have  the  following  practical  guide  for  obtaining  a  required  equa- 
tion from  ad-=,bc :  First  see  what  processes  would  be  necessary  if  you 
wished  to  reduce  the  equation  to  ad^^bc\  reverse  these  steps  in  order, 
and  you  have  the  method  required. 


BOOK  III 


"3 


The  preceding  rule  will  be  better  understood  from  the  following 
example : 

253.  Uad=zd£  (2).  prove  -^  =  -^ .     (5) 

o  a 

As  it  is  not  at  first  evident  what  operations  to  perform  on  (2)  to 
obtain  (5),  let  us  see  what  would  be  necessary  in  the  reverse  proof. 
These  operations,  as  the  student  will  easily  see.  would  be : 

Step  I. — Clear  (5)  of  fractions,  i.  e.,  multiply  both  sides  by  bd. 

Step  ^.—Cancel  bd,  i.  e.,  subtract  bd  from  both  sides. 

By  the  rule  of  §  252  we  need  to  reverse  these  steps,  viz.: 

First,  add  bd  to  both  sides  of  (2). 
This  gives  ad-\-bd^=.bC'\-bd,  Ax.  2 

Secondly,  divide  both  sides  by  bd. 

This  gives  l±^  =  ^-±^.     (5)  Ax.  8 

b  d 

254:.  Theorem.  If  four  numbers  are  in  proportion^  they 
are  also  in  proportion  by  inversion. 

Given  -  =  -.    (0 

b     d 

To  PROVE  -  =  -.     (3) 

a     c 

Outline  proof. — Derive  from  (i)  equation  (2),  or  be  ^  ad,  and  from  (2) 
equation  (3)  by  the  rule  of  §  252. 

255.  Exercise. — Prove  §  254  otherwise. 

256.  Theorem.  If  four  numbers  are  in  proportion,  they 
arc  also  in  proportion  by  alternation. 


Given  i  =  i.     (0 

b      d 

To  prove  -  =  4-     (^) 

c      d 

//iM/.^?rocttd  as  in  §  254,  or  multiply  each  side  of  (f)  by  -. 
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257*  Theorem.  If  four  numbers  are  in  proportion,  they 
are  also  in  proportion  by  composition. 


Given  ^=-f.         (i) 

b     d 

To  PROVE  — ^  =  —I- —     (5) 

b  d 

Hint. — Proceed  as  in  §  254,  or  add  i  to  each  side  of  equation  (i). 


258.  Exercise, — If  t=->»  prove = 

0     a  a  c 


259*  Theorem.  If  four  numbers  are  in  proportion,  t/iey 
are  also  in  proportion  by  division. 

Given  ^  =  i.  (i) 

b     d 

To  PROVE  "Lzi^izA.    (6) 

b  d 

Hint. — Proceed  as  in  §  254,  or  subtract  i  from  each  side  of  equation  (i). 


260.  Exercise. — If  7=-,i  prove  = 

b    d  ^  a  c 


261*  Theorem.  If  four  numbers  are  in  proportion,  they 
are  also  in  proportion  by  composition  and  division. 


Given  £  =  i.  (i) 

b     d 

To  PROVE  a±b_^c±d      (7) 

a—b     c — d 


Hint — Divide  equation  (5)  by  (6),  or  proceed  as  in  §  254. 
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2G2.  Theorem.  If  four  numbers  are  in  proportion^  equi- 
multiples of  the  antecedents  will  be  in  proportion  with  equi- 
multiples of  the  consequents. 


Given 


To  PROVE 


(0 


fna     tnc      /o\ 
nd      nd 


m 


Hint. — This  is  proved  by  multiplying  each  side  of  (i)  by  - 

ft 


263*  Remark. — The  equations  so  far  considered  are 


a 
~b~ 

c 
'"d 

ad- 

-.be 

b 

d 

a' 

'  c 

a 
c 

b 
""d 

a-\b 

c-ifd 

b    ~ 

'   d 

a    b 

c-d 

b    " 

~    d 

a  +  b 
a-b~ 

c  +  d 
'c-d 

ma 
nb~ 

tnc 
'nd' 

(0 

(2) 

(3) 
(4) 
(5) 
(6) 
(7) 


=  —,■      (8) 


The  student  will  see  that,  if  any  one  of  these  equations  be  given, 
all  the  others  can  be  obtained.  For  the  given  equation  can  be  trans- 
formed into  (2),  and  (2)  into  any  other  by  the  method  of  §  252. 
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264:.  Def, — A  continued  proportion  is  an  equality  of 
three  or  more  ratios ;  as 

a ^  c _^  ^_^_ 

26S.  Theorem.  In  a  continued  proportion  the  sum  of  any 
number  of  antecedents  is  to  the  sum  of  the  corresponding  con- 
sequents as  any  antecedent  is  to  its  consequent. 


Given 


To  PROVE 


a      c     e      h 


a    c 


Call  each  one  of  the  equal  ratios  t»  ->»  etc.,  r. 

b    a 


Then 


a 


-=r,  or  a^br. 
o 


Ax.  7 


->=r,  or  c=dr. 
a 


-=r,  or  ^=/r. 
/ 

Adding  these  equations  together,  we  have 

a-^-c^e^^br-^cdr-^frz^r  {b-^-d^-f). 
Dividing  both  sides  by  ^4-^+/ gives 


b^d+f 


=  r. 


But 


Therefore 


a     c 

a-\-c-\-e  ^a_c  ^ 
bj^d-^-f  b^d^ 


Ax.  2 


Ax.  8 


Ax.  I 

Q.  B.  D. 


BOOK  III 


117 


26H.  Theorem.   The  products  of  the  corresponding  terms 
of  any  number  of  proportions  from  a  proportion. 


Given 


To  PROVE 


a       c 
b       d 

* 

a'      c' 

a"     c" 
bf'     d" 

etc. 

aa'a"      cc'd' 

bb 

'  b"      dd'd" 

Multiply  all  the  given  equations  together. 
The  result  is 


act  a        cc  c 


bb'b"    dd'd" 


Q.  B.  D. 


2Gt.  Theorem.  If  four  numbers  are  in  proportion^  like 
powers  of  these  numbers  are  in  proportion. 


Given 


To  PROVE 


a 

b 

d^'   b* 


c 
d 

d* 


b* 


— ;  etc. 

a 


This  is  proved  by  raising  the  two  sides  of  the  given  equation  to  the  re- 
quired  power. 


2G8.  Def — The  segments  of  a  straight  line  are  the  parts 
into  which  it  is  divided. 

269.  Def — Two  straight  lines  are  divided  proportion- 
ally, when  the  ratio  of  one  line  to  either  of  its  segments  is 
equal  to  the  ratio  of  the  other  line  to  its  corresponding  seg- 
ment. 
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PROPOSITION  I.      THEOREM 


2^0*  A  straight  line  parallel  to  one  side  of  a  triangle  di- 
vides the  other  two  sides  proportionally. 


FIG.  I 


FIG.  a 


Given— the  straight  lineZ?^  parallel  to  the  side-5Cof  the  triangle -^-5C. 

AB     AC 


To  PROVE 


AD     AE 


Case  I. —  When  A B  and  AD  are  commeftsur able  {F\g.  i). 

Let  AH  ht  the  unit  of  measure,  and  suppose  it  is  con- 
tained in  AB  five  times,  and  in  AD  three  times. 


Then 


^M-  (.) 


§i8o 


AD     3 
Through  the  several  points  of  division  on  AB  and  AD 

draw  lines  parallel  to  BC. 

These  lines  will  divide  AC  into  five  equal  parts,  of  which 

AE  contains  three.  §  127 

[If  any  number  of  parallels  intercept  equal  parts  on  one  cutting  line,  they 
will  intercept  equal  parts  on  every  other  cutting  line.] 


Therefore 
Comparing  (i)  and  (2), 


AE    I     ^  ' 


§180 


ABAC 
AD~AE 


Ax.  I 

Q.  B.  D. 
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Case  1 1.  When  AB  and  AD  are  incommensurable  (Fig.  2). 

Let  AD  he  divided  into  any  number  of  equal  parts,  and 
let  one  of  these  parts  be  applied  to  AB  as  a  measure. 

Since  AD  and  AB  are  incommensurable,  a  certain  num- 
ber of  these  parts  will  extend  from  A  to  B\  leaving  a  re- 
mainder BB'  less  than  one  of  these  parts. 

Through  B'  draw  B'C  parallel  to  BC. 

Since  AD  and  AB^  are  commensurable, 

AB'    AC  '  ^       ^ 

= •  Case  1 

AD     AE 

Now,  suppose  the  number  of  divisions  of  AD  to  be  in- 
definitely increased. 

Then  each  division,  either  of  AD  or  of  AE,  can  be  made 
as  small  as  we  please. 

Hence  B'B  and  CCy  being  always  less  than  one  of  these 
divisions,  can  be  made  as  small  as  we  please. 

Hence        AB'  approaches  AB  as  a  limit.  ) 

imit.  t  §  '^5 


A  C  approaches  AC  3ls  a,  limit. 

XT                AB'               u     AB         ,.    .^ 
Hence         approaches as  a  limit. 

AD 
AC'__ 


AE 
But  we  proved 

Hence 


ja\,xi\^ 

AD 

)ache 

s^^ 

AE 

AB' 

AC 

AD 

AE 

AB 

AC 

AD 

AE 

AD 

AE 

as  a  limit. 


§190 


§186 

Q.  B.  D. 


271.  Cor.  I. 

DB    EC 

Hint — This  is  proved  by  division  and  inversion. 
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ABADDB 

ac'^ae'^ec 

Hint, — This  is  proved  by  alternation. 


272.  Cor.  II. 


PROPOSITION   XL      THEOREM 


273*  If  a  straight  line  divides  two  sides  of  a  triangle  pro- 
portionally ^  it  is  parallel  to  the  third  side, 

[Converse  of  Proposition  I.] 


Given — the  straight  line  DE,  in  the  triangle  ABC,  so  drawn  that 

AB      AC 


To  PROVE 


AD     AE 
DE  parallel  to  BC 


From  D  draw  DE'  parallel  to  BC, 

AB    AC 


Then 


§270 


AD    AE' 

[A  straight  line  parallel  to  one  side  of  a  triangle  divides  the  other  two 
sides  proportionally.  ] 

AB    AC 
But  -TT:  =  -rT:-  Hyp. 


Hence 


AD    AE 
AC    AC 


Ax.  I 


AE    AE' 
The  numerators  of  these  equal  fractions  being  equal,  their 

denominators  must  also  be  equal.  §  254,  Ax.  7 

That  is,  AE=AE', 

Therefore  £  and  E'  coincide. 


BOOK  III 


121 


Hence  DE  and  DE'  coincide.  Ax.  a 

But  DE'  is  parallel  to  BC  by  construction. 

Therefore  DE,  which  coincides  with  DE\  is  parallel  to  BC, 

Q.  B.  D. 

^74.  Dcf, — Similar  polygons  are  polygons  which  have 
the  angles  of  one  equal  to  the  angles  of  the  other,  each  to 
each,  .and  the  corresponding,  or  homologous,  sides  propor- 
tional.* 

As  we  shall  see,  if  the  polygons  are  triangles,  neither  of  these  two  condi- 
tions can  be  true  without  the  other ;  but,  if  the  polygons  have  four  or  more 
sides,  either  can  be  true  without  the  other. 


PROPOSITION   III.      THEOREM 

275.   Tzvo  triayiglcs  which  are  mutually  equiangular  are 
similar. 


Given— in  the  triangles  ABC  and  A'B'C\  the  angles  A,  B,  and  C, 
equal  respectively  to  the  angles  A',  B',  C 

To  PROVE  the  triangle  ABC  s\m\\2s  to  A'B'C, 


*  There  is  some  evidence  that  the  ^arly  Egyptians  knew  of  the  properties  of 
similar  figures.  But  the  first  philosopher  who  is  mentioned  as  employing  them 
is  Thales  (600  B.C.).  One  of  his  simplest  calculations  was  to  find  the  height  of 
a  building  by  measuring  its  shadow  at  that  hour  of  the  day  when  a  man's  shad- 
ow is  of  the  same  length  as  himself. 
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Apply  the  triangle  A'B'C  to  ABC  so  that  the  angle  A* 

shall  fall  on  A, 

Then  the  triangle  A' B'C  will  take  the  position  Abe, 
Since  the  angle  Abe  (or  the  angle  B')  is  given  equal  to  B^ 

be  is  parallel  to  BC.  §  44 

[If  two  straight  lines  are  cut  by  a  third,  so  that  corresponding  angles  are 
equal,  the  straight  lines  are  parallel.] 

AB    AC  „ 

Hence  -^^=-1— •  §270 


Ab     Ae 
AB      AC 


or 


A'B'    A'C 

By  applying  the  triangle  A'B'C  to  ABC  so  that  B'  shall 
coincide  with  its  equal  B,  it  may  be  shown  in  the  same  man- 
ner that  ^^  _  ^C 


Therefore 


A'B''  B'C 
AB      AC      BC 


Ax.  I 


A'B'    A'C    B'C 
Hence  the  homologous  sides  are  proportional  and  the  tri- 
angles are  similar.  §  274 

Q.  E.  D. 

J2y6«  Cor.  I.  If  two  triangles  have  two  angles  of  one  equal 
to  tzuo  angles  of  the  other ^  they  are  similar, 

27 7 •  Cor.  11.  If  two  straight  lines  are  eut  by  a  series  of 
parallels y  the  corresponding  segments  of  the  two  lines  are  pro- 
ortionaL 


BOOK  III 


123 


5«        M' 


^i«/.— Let  MN  QXi^  M'N'  be  cut  by  the  parallels  AA\  BB\  CC ,  and 
DD. 
Draw  Ab,  Be,  and  C^  parallel  to  M' N\ 
Prove  the  triangles  ABb,  BCc,  and  CZ>^  similar. 

278*  Construction.  To  divide  a  given  straight  line  into 
parts  proportional  to  given  straight  lines. 


Required. — To  divide  AB  into  parts  proportional  to  w,  «, 
and/. 

From  A  draw  an  indefinite  straight  line  AX^  upon  which 
lay  off  AC=my  CDz=,n,  and  DF=.p. 

Join  FB  and  draw  Dd  and  Cc  parallel  to  FB. 

Ac,  cd,  and  rf^  will  then  be  proportional  to  w, «,  and/.  §  277 

Q.  E;  P. 
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279*  Remark. — If  the  lines  m,  n,  and  p  are  equal  to  each 
other,  the  line  AB  will  be  divided  into  equal  parts.  (See 
also  §  127.) 

280»  Def, — A  fourth  proportional  to  three  given  quan- 
tities is  the  fourth  term  of  a  proportion  whose  first  three 
terms  are  the  three  given  quantities  taken  in  order. 

281*  De/s, — When  the  two  means  of  a  proportion  are 
equal,  either  of  them  is  said  to  be  a  mean  proportional  be- 
tween the  other  two  terms.  The  fourth  term  in  this  case  is 
called  a  third  proportional  to  the  other  two. 

282.  Construction.  To  find  a  fourth  proportional  to 
three  givefi  straight  lines. 


m 


n 


Required. — To  find  a  fourth  proportional  to  m,  n,  and/. 

Draw  from  A  the  two  indefinite  lines  AX  and  A  Y, 

Lay  off  AB  =  my  AD=n,  arid  AC— p. 

Join  BDy  and  through  Cdraw  CE  parallel  to  BD. 

Then  AE  will  be  the  fourth  proportional. 

AB      AC  ' 

For  = — --•  §272 

AD    {AE)  "    ^ 

283*  Remark.  —  If   ;/   and  p  are   equal,  then   also   AC 

and  AD  are  equal,  and  -^£'  is  a  third  proportional  to  AB 

and  AD. 


'\ 
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PROPOSITION  IV.      THEOREM 


2H^»   Two  triangles  are  similar  when  their  homologous 
sides  are  proportional. 


Given— in  the  two  triangles  ABC  and  A'B'C\ 

AB       AC       BC 


To  PROVE 


A'B'     A'C     B'C 
the  triangle  ABC  similar  to  A'B'C\ 


On  AB  lay  off  Ab=A'B\  and  on  AC  lay  off  Ac=A'C\ 
and  join  be. 

Then  by  substituting  Ab  and  Ac  for  their  equals  yi'^'  and 
A^C^  in  the  given  proportion,  we  have 

AB^AC 
Ab^Ac' 
Therefore  the  line  be  is  parallel  to  BC.  %  273 

[If  a  straight  line  divides  two  sides  of  a  triangle  proportionally,  it  is  par- 
allel to  the  third  side.] 

And  the  angle  Abc^^tht  angle  B,  and  Acb-=C.  %  49 

Hence  the  triangles  ABC  and  AbCy  being  mutually  equi- 
angular, are  similar.  §  275 
It  remains  to  show  that  the  triangle  Abe  equals  the  trian- 
gle A' B'C,     Since  two  of  their  sides  are  given  equal,  we 
only  need  to  show  that  the  third  sides  be  and  B'C  are  equal. 
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Now 


be      Ab     A'B 


But 


Hence 


BC    AB    AB 
B'C  ^A'B' 
BC"  ab' 
be     B'C 


§274 


Hyp. 


Ax.  I 


BC     BC 

Hence  be^B'C.  §  254,  Ax.  7 

Therefore  the  triangles  Abe  and  A'B*C  are  equal.       §  89 
But  the  triangle  Abe  has  been  proved  similar  to  ABC 
Hence  A ' B'C y  the  equal  oiAbe,  is  similar  to  ABC         q.  e.  d. 


PROPOSITION  V.      THEOREM 

28Sm  Two  triangles  are  similar  when  an  angle  of  the  one 
is  equal  to  an  angle  of  the  other ^  and  the  sides  including  these 
angles  are  proportional. 


Given — in  the  triangles  ABC  ^ndi  A'B'C\  the  angle  A— A'  and 

AB       AC 


A'B'     A'C 


mt 


To  PROVE 


the  triangles  similar. 
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Place  the  triangle  A'B'C  on  ABC  so  that  the  angle  A' 
shall  coincide  with  A^  and  B'  fall  at  b,  and  C  at  c, 
Tu  AB_AC 

Therefore  ^r  is  parallel  to  BC,  §  273 

[If  a  straight  line  divides  two  sides  of  a  triangle  proportionally,  it  is  par- 
allel to  the  third  side.] 

and  the  angles  b  and  c  are  equal  respectively  to  B  and  C.   §  49 
Hence  the  triangles  ABC  and  Abe  are  similar.  §  275 

[Two  triangles  which  are  mutually  equiangular  are  similar.] 

But  Abe  is  equal  to  A'B'C. 
Therefore  the  triangle  A  'B'C  is  also  similar  to  ABC     q.  e.  d. 


PROPOSITION  VI.      THEOREM 


28Q*  Two  triangles  whieh  have  their  sides  parallel  each  to 
eachy  or  perpendicular  each  to  eachy  are  similar. 


PIG.  I 


Given— in  the  triangles  A'ffC  and  ABC,  that  the  sides  A'B\  A'C, 
and  B'C\  are  respectively  parallel  to  AB,  AC,  and  BC  in  Fig.  i, 
and  perpendicular  in  Fig.  2. 

To  PROVE  the  triangles  similar. 


_       -'"^'-- 


■■ft 


J^aC^i^BCiMMiL^  ■■  ■  I ■  ■'  •»■! 
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Pin.  I 


Since  the  sides  of  the  two  triangles  in  Fig.  i  are  parallel, 
and  in  Fig.  2  are  perpendicular  each  to  each,  the  included 
angles  formed  by  each  pair  of  sides  are  in  both  cases  either 
equal  or  supplementary.  §§  51,  53 

Hence,  in  both  cases,  we  can  make  three  hypotheses,  as 
follows : 

1st  hypothesis,  ^ -f-yi'  =  2  right  angles;  -5 +  5' =  2  right 
angles ;  C+  C  =  2  right  angles. 

2d  hypothesis,  A^A'  \  B  +  B'=^2  right  angles;  C4-C  =  2 
right  angles. 

3d  hypothesis,  ^=^4';  B-=B' \  and  hence  also  C=C  §  61 

Neither  the  first  nor  the  second  of  these  hypotheses  can 
be  true,  for  then  the  sum  of  the  angles  of  a  triangle  would 
be  more  than  two  right  angles.  §  58 

Therefore  the  third  is  the  only  one  admissible. 

Hence  the  two  triangles  are  similar.  q.  e.  d. 

2811  •  Remark, — The  student  will  observe  that  ABC  and 
abc  can  be  proved  similar  in  the  same  manner. 

2S8.  Remark. — The  homologous  sides  in  the  two  trian- 
gles are  any  two  parallel  sides  (Fig.  i)  or  any  two  perpendic- 
ular sides  (Fig.  2). 
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289*  Defs, — The  base  of  a  triangle  is  that  side  upon 
which  the  triangle  is  supposed  to  stand.  The  altitude  is 
the  perpendicular  to  the  base  from  the  opposite  vertex. 

PROPOSITION  VII.      THEOREM 

290.  In  two  similar  triangles,  corresponding  altitudes  have 
the  same  ratio  as  any  two  homologous  sides. 


Given— two  similar  triangles  ABC  and  A^B'C\  AD  and  A'jy  being 
their  corresponding  altitudes. 

AD       AB       AC       BC 


To  PROVE 


A'D'     A'B'     A'C     B'C 


The  two  right  triangles  ABD  and  A'B'D'  are  similar, 
since  B  and  B'  are  equal  angles,  and  ADB  and  A'D'B'  are 
both  right  angles.  §  276 

[If  two  triangles  have  two  angles  of  one  equal  to  two  angles  of  the  other, 
they  are  similar.] 

AD      AB 
^*''"  'ad'^A^''  §'74 

But,  since  the  triangles  ABC  and  A' B'C  are  similar,  we 
have  AB      AC      BC 


Hence 


A'B'    A'C    B'C 
AD      AB      AC      BC 


A'ly    A'B'    A'C    B'C 


§274 


Ax.  I 


Q.  B.  D. 
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PROPOSITION   VIII.      THEOREM 

291*  If  three  or  mare  straight  lines  drawn  through  a  com- 
mon point  intersect  two  parallels^  the  corresponding  segments 
of  the  parallels  are  proportional. 


d    c 

h 

a 

61 

.d 

/ 

T 

B 


Given— the  lines  OA,  OB,  OC  OD,  drawn  through  a  common  point 
O  and  intersecting  the  parallels  AD  and  ad  in  the  points  A,  B,  C\ 
A  and  a,  b,  c,  d, 

AB__BC__CD 
ah        be        cd 


To  PROVE 


Since  ad  is  parallel  to  AD^ 
angle  (9^^  =  angle  OAB,  sixid  angle  (?^/i= angle  OB  A.  §§48,49 
Therefore  the  triangle  aOd  is  similar  to  A  OB,  §  276 

[If  two  triangles  have  two  angles  of  one  equal  to  two  angles  of  the  other, 
they  are  similar.] 

In  the  same  way  the  triangles  bOc  and  cOd  are  similar  re- 
spectively to  BOC  and  COD. 

\0B/     BC     \0C)     ^"  ^    ^^ 

ab       be      cd 


Therefore 


AB 


CD 


Whence 


AB    BC    CD 


Ax..  I 


Q.  B.  D. 
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29^.  Cor.  If  AB-BC-  CD,  then  ab-bc  =  cd.  There- 
fore the  lines,  drawn  from  the  vertex  of  a  triangle  dividing 
the  base  into  equal  parts,  divide  a  parallel  to  the  base  into 
equal  parts  also, 

293.  Exercise, — Two  men,  on  opposite  sides  of  a  street, 
walk  in  opposite  directions,  and  so  that  a  tree  between  them 
always  hides  each  from  the  other.  Prove  that,  if  one  man 
walks  uniformly,  the  other  must  also,  and  show  the  connec- 
tion between  the  position  of  the  tree  and  the  ratio  of  their 
speeds. 

PROPOSITION   IX.      THEOREM 

294L.  Tzvo  polygons  similar  to  a  third  are  similar  to  each 
other. 


Given  the  polygons  X  and  K,  both  similar  to  Z. 

To  PROVE        that  X  and  Y  are  similar  to  each  other. 


Angles  A  and  F  are  each  equal  to  K,  Hyp, 

Therefore  they  are  equal  to  each  other.  Ax.  i 

In  like  manner  the  angles  B,  C,  D,  E  ol  X  are  equal  to 

the  corresponding  angles  of  G,  H,  /,  J  of  K 

AB     BC     CD       ^ 
Agam  -rrr  =  t-:-_=  T^n=  etc.. 


and 


KL 
FG 


LM 
GH 


MN 
HI 


KL    LM    MN 


=  etc. 


§274 


/ 
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Dividing  the  first  set  of  equations  by  the  second, 

FG"  GH^ Hl"^  ^' 
Therefore  X  and  Y  are  similar.  §  274 

[Having  their  angtes  respectively  equal  and  their  homologous  sides  pro- 
portional.] Q.  B.  D. 

295*  Def. — The  ratio  of  similitude  of  any  two  similar 
polygons  is  the  ratio  of  any  two  homologous  sides. 

[Thus  in  §  294  the  ratio  of  ^^  to  FG  is  the  ratio  of  similitude  of  X  and  K] 


PROPOSITION  X.      THEOREM 

296»  Two  similar  polygons  are  equal  if  their  ratio  of 
similitude  is  unity. 


Given — ^the  similar  polygons  X  and  Y,  whose  ratio  of  similitude  is 
unity. 

To  PROVE  X  and  Y  equal. 
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The  angles  of  X  and  Y  are  respectively  equal. 
Again  —  =  i. 

PQ 


§274 

Hyp. 


Therefore  ^^=/^j2;  likewise  ^C=  j2^ ;  etc. 

That  is,  the  sides  of  -A^and  Fare  respectively  equal. 

Hence  the  polygons,  having  their  corresponding  angles 
and  sides  respectively  equal,  can  be  made  to  coincide  and 
are  equal.  q.  b.  d. 

2911  •  Defs. — If  the  vertices  Ay  By  C,  Dy  etc.,  of  a  polygon 
are  joined  by  straight  lines  to  a  point  (?,  and  the  lines  OAy 
OBy  OCy  ODy  etc,  are  divided  in  a  given  ratio  at  the  points 
A'y  B'y  Cy  D'y  etc,  the  polygon  A'B'CD'  etc.,  is  said  to  be 
radially  situated  with  respect  to  the  polygon  ABCDy  etc. 

The  ratio  of  the  lines  OA'  and  OA  is  called  the  determin- 
ing ratio  of  the  two  polygons. 

The  point  O  is  called  the  ray  centre. 


In  each  of  the  figures  the  vertices  A  and  A\  B  and  B ,  Cand  C,  etc.,  lie 
on  the  rays  OA^  OB,  OC,  etc.,  making 

OA  __0B  _0C  _  ^^^ 

OA"  OB'"  OC'"^^' 
The  two  polygons,  ABODE  and  A'B'C'D'E',  are  therefore  radially  situated. 

The  points  A\  B'y  C\  U  are  homologous  to  the  points 
Ay  By  Cy  D  respectively. 

Straight  lines  determined  by  homologous  points  are  ho- 
mologous. 

Angles  formed  by  homologous  lines  are  homologous. 
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PROPOSITION   XL      THEOREM 


Z98*  Two  polygons  radially  situated  are  similar  and  their 
ratio  of  similitude  is  equal  to  the  determining  ratio. 


Given— the  polygons  ABCDE  and  A'B'CjyE'  radially  situated,  0 
being  the  ray  centre. 

To  PROVE — they  are  similar,  and  that  the  determining  ratio  is  their 
ratio  of  similitude. 

AB  is  parallel  to  A'B\  EC  to  B'C\  etc.         §  273 

[If  a  straight  line  divide  two  sides  of  a  triangle  proportionally,  it  is  par- 
allel to  the  third  side.] 

Hence  angle  ABC=^A'B'C\  angle  BCD^B'C'D\  etc.  §  5 1 

[Having  their  sides  respectively  parallel  and  in  the  same  right-and-left 
order.] 

Again,  triangle  OAB  is  similar  to  OA'B\  OB C  to  OB'C\ 

etc.  §  285 

AB      [0B\      BC      (0C\^^^^ 

A'B'     \0B')     B'C  "  \0C) "  ^  ^*       ^  ^^^ 

AB      BC 

Ax.  I 


Therefore 


Whence 


=etc. 


A'B'    B'C 

Since  the  polygons  have  their  angles  respectively  equal 
and  their  homologous  sides  proportional,  they  are  similar. 

§274 
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AB 
Also,  their  ratio  of  similitude =  determining  ratio 

A'B' 
OB 

OB'  Q.  E.  D. 

299*  Def, — The  ray  centre  is  also  called  the  centre  of 
similitude. 

PROPOSITION   XII.      THEOREM 

300 •  Any  two  similar  polygons  can  be  radially  placed,  the 
determining  ratio  being  equal  to  tlie  ratio  of  similitude. 


B     c 


Given  the  similar  polygons  P  and  p. 

To  PROVE — that  they  can  be  radially  placed,  the  determining  ratio 
being  the  ratio  of  sijnilitude. 

With  any  point  O  as  ray  centre  form  a  polygon  /'  radially 
situated  with   regard  to  P,  having  the  determining  ratio 

equal  to  the  ratio  of  simiutude  -— -  01  p  and  P, 

OA    ^  AB      ^ 

Then  /'  and  P  will  be  similar,  the  ratio  of  similitude  being 

AB    OA  ^    ^ 

But  /  and  P  are  given  similar,  and  their  ratio  of  similitude 

ab 

is  tt;' 

AB 

Therefore  p'  and  /  are  similar.  §  294 
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T,T                      a'b'     Oa'        ^    Oa'      ab 
Now,  since      —  =  —   and   =  — 

ab  oa        oa   ab 
ab'' ab' 


By  alternation 


a'b'^AB__ 


Ax.  I 


§256 


ab     AB 

That  is,  the  ratio  of  similitude  of/'  and/  is  unity. 
Therefore  /  can  be  made  to  coincide  with  p'.  §  296 

In  other  words,  P  and  /  can  be  radially  placed,  the  deter- 
mining ratio  being  the  ratio  of  similitude.  q.  e.  d. 


301.  Construction.  To  draw  a  polygon  similar  to  a 
given  polygon^  having  given  the  ratio  of  similitude. 


Given  the  polygon  ABODE. 

To  CONSTRUCT— similar  to  ABCDE,  a  polygon  A'B'CD'E\  the  ratio 


tn 


of  similitude  beins"  — 

n 


BOOK  III  \yi 

From  any  point  O  draw  lines  to  all  the  vertices  A^  B,  C, 

Construct  OA'  a  fourth  proportional  to  m,  «,  and  OA, 

§282 
Likewise  find  B\  C\  D\  E\  so  that : 

mOA  _0B  _0C  _ 

fT  0A~  OB'^  OC'^^  ^' 

Then  the  polygons  ABCDE  and  A'B'CD'E'  are  similar, 

and  their  ratio  of  similitude  is  ^ .  §  298 

n 

Q.  E.  p. 

302.  Exercise. — To  draw  a  polygon  similar  to  a  given 

polygon,  having  a  given  line  as  a  side  homologous  to  a  given 

side  of  the  given  polygon. 

Hint, — Find  the  ratio  of  similitude.  Then  by  §  301  construct  a  polygon 
similar  to  the  given  polygon  having  this  ratio  of  similitude.  Lastly,  upon 
the  given  line  as  a  side  draw  a  polygon  having  its  angles  and  sides  equal  to 
those  of  the  second  polygon. 

303*  Def. — A  diagonal  of  a  polygon  is  a  straight  line 
joining  two  vertices  not  in  the  same  side. 

304.  Exercise. — In  two  similar  polygons,  homologous 
diagonals  have  the  same  ratio  as  any  two  homologous 
sides. 

Hint. — Place  the  polygons  in  a  radial  position. 

305.  Exercise, — In  two  similar  polygons,  the  straight 
lines  joining  the  middle  points  of  any  two  pairs  of  homolo- 
gous sides  are  proportional  to  the  sides. 

306.  Exercise. — State  and  prove  a  general  proposition 
which  includes  §  305  as  a  special  case. 

307.  Def. — The  perimeter  of  a  polygon  is  the  sum 

sides.   ^ 
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PROPOSITION  XIII.      THEOREM 

308.  The  perimeters  of  two  similar  polygons  have  the  same 
ratio  as  any  two  homologous  sides.  ' 


Given— the  penmeters  P  and  P"  of  the  two  polygons  ABCDE  and 
A'B'CD'E\ 


To  PROVE 


-=^i^=—  =—  =etc 
P'^ A'B'" B'C^ Cjy~^  ^ 


Since  the  two  polygons  are  similar,  we  have 

AB      BC      CD 


t  r\i 


A'B'    B'C     CD 


=  etc. 


§274 


^.         AB -^  BC -{-  CD -{-etc.     AB      BC       ^      ^    ,^ 
Then   = = =  etc.   §265 

A'B'  +  B'C-hCD'  +  etc.    A'B'    B'C  ^ 

^,    ,  .            P     AB      BC      CD       ^ 
That  IS,         — = = = =etc. 


P"    A'B'    EC     CD 


Q.  B.  D. 


309*  Remark. — A  pantograph*  is  a  machine  for  drawing  a  plane 
figure  similar  to  a  given  plane  figure. 


VIG.  z 


no.  a 


Fia  3 


»•• 


*  The  pantograph  was  invented  in  1603  by  Christopher  Scheiner.     It  is  very 
enlarging  and  reducing  maps  and  drawings. 
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The  pantograph,  shown  in  Figs,  i  and  2,  consists  of  four  bars,  par- 
allel in  pairs  and  jointed  at  B,  C  D,  and  E,  At  D  and  F  are  pencils 
and  A  turns  upon  a  fixed  pivot.    BD  and  DE  may  be  so  adjusted  as 

to  form  a  parallelogram  BCED  cutting  AC  and  CF  in  any  required 

.    AB     CE 

ratio  —  = 

AC     CF 

Then  (see  §  310)  Z>  will  always  be  in  the  same  straight  line  with  A 


AD 
AF 


will  remain  constant  and  equal  to  the  given 


and  F  and  the  ratio 

.    AB 

ratio 

AC 

Hence,  if  the  pencil  F  traces  a  given  figure,  the  pencil  D  will 

trace  a  similar  figure,  the  ratio  of  similitude  being  the  fixed  ratio 

AD 

af' 

In  Fig.  3  the  principle  is  similar;  as  also  in  Fig.  4,  where  the  two 
figures  are  on  opposite  sides  of  A, 


FIG.  4 


310.  Exercise. — Prove  the  principles  stated   in  §  309,  viz.,  that 

AD 

A,  A  F  remain  always  in  the  same  straight  line,  and  that  remains 

AB  ^^ 

constant  and  equal  to  . 

AC 

Hint. — In  — = —   substitute  BD  for  CE  and  prove  the  tri 

AC      CF  ^ 

ABD  and  ^C/"  similar. 
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PROPOSITION  XIV.      THEOREM 

311.  In  a  right  triangle,  if  a  perpendicular  is  drawn  frofn 
the  vertex  of  the  right  angle  to  the  hypotenuse  : 

I.  The  triangles  on  each  side  of  the  perpendicular  are  similar  to 

the  whole  triangle  and  to  each  other, 
II.  The  perpendicular  is  a  mean  proportional  between  the  seg- 
ments of  the  hypotenuse. 
III.  Each  side  about  the  right  angle  is  a  mean  proportional  be* 
tween  the  hypotenuse  and  the  adjacent  segment. 


Given — the  right  triangle  ABC  and  the  perpendicular  AD  from 
the  vertex  of  the  right  angle  A  on  BC. 

I.  To  PROVE— the  triangles  DBA,  DAC,  and  ABC  similar  to  each 
other. 

The  right  triangles  DBA  and  ABC  each  have  the  angle  B 
common  ;  hence  they  are  mutually  equiangular.  §  6i 

Also,  the  right  triangles  DA C  and  ABCy  having  the  angle 
C  common,  are  mutually  equiangular.  §  6i 

Hence  the  three  triangles  DBA,  DAC,  and  ABC  ^lxq  mu- 
tually equiangular. 

They  are  therefore  similar.  §  275 

Q.  E.  D. 
Note. — The  angles  thus  proved  equal  are  B  =  DA  C,  both  of  which  are 
marked  jr,  and  C=  DAB,  both  marked  y. 
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II.  To  PROVE — AD  a  mean  proportional  between  Z>C  and  BD, 

Since  the  two  right  triangles  DBA  and  DAC  zx^  similar, 
their  homologous  sides  (that  is,  the  sides  opposite  equal  an- 
gles) are  proportional.  §  274 

Hence  BD^  opposite^  in  triangle  DBA  :  AD,  opposite/ 
in  DAC: :  AD,  opposite  x  in  first :  DC,  opposite  x  in  second. 

That  is,-^Z>  is  a  mean  proportional  between  BD  and  DC, 

§281 

Q.  B.  D. 

III.  To  PROVE — AB  a  mean  proportional  between  ^Cand  BD. 

In  the  similar  triangles  ABC  and  DBA, 

BC,  opposite  right  angle  in  the  large  triangle :  BA,  oppo- 
site right  angle  in  small : :  BA,  opposite  y  in  first :  BD,  op- 
posite y  in  second.  §  274 

That  is,  BA  is  a  mean  proportional  between  BC  and  BD. 

In  like  manner  it  may  be  shown  that  AC  is  a  mean  pro- 
portional between  BC  and  DC.  q.  e.  d. 


312.  Cor.  I. 
we  have 
and  from  III., 
and 


From  II.  of  the  preceding  proposition 
AD'z=BDxDC,   (i)  §250 

'BA"  =  BCxBD,   (2) 
AC'^BCxDC.    (3) 


313.  Cor,  II.  Dividing  (2)  by  (3) 

ba"_bd 
aT^dc 

Hence,  in  a  right  triangle,  the  squares  of  the  sides  about  the 
right  angle  are  proportional  to  the  segments  of  the  hypotenmsi 
made  by  a  perpendicular  let  fall  from  the  vertex  of  the 

angle. 
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314.  Remark. — By  AD^  is  understood  the  square  of  the 
numerical  measure  of  AD. 

3  IS*  Cor.  III.  If  from  a  point  A  in  the  circumference  of 
a  circle  chords  AB  and  AC  be  drawn  to  the  extremities  of  a 
diameter  BCy  and  AD  be  drawn  from  A  perpendicular  to  BC^ 


AD  will  be  a  mean  proportional  between  BD  and  DC ;  AB 
will  be  a  mean  proportional  between  BC  and  BD ;  and  AC 
will  be  a  mean  proportional  between  BC  and  DC 

316.  Construction.   To  find  a  mean  proportional  be- 
tween two  given  lines y  m  and  n. 


m 


n 


On  the  indefinite  straight  line  BE  lay  off  BD=m  and 
DC=n. 

On  BC  as  a  diameter  describe  a  semicircle. 

At  D  erect  DA  perpendicular  to  BC,  to  meet  the  semi- 
circle. 

DAynll  be  a  mean  proportional  between  m  and  n.    §  315. 
^''^^V  Q.  E.  p. 
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PROPOSITION   XV.      THEOREM 


317.   The  square  of  the  hypotenuse  of  a  right  triangle  is 
equal  to  the  sum  of  the  squares  of  the  other  two  sides J^ 


Given — the  right  triangle  ABC  right  angled  at  A,  with  sides  a,  b,  c. 

To  PROVE  ^-|-r«  =  rt». 


§312 


Draw  AD  perpendicular  to  the  hypotenuse  BC, 
Then  S'^axBD) 

c'=axDC) 

Adding  6*'^c*  =  ax{BD+DC)=zaxa.  Ax.  2 

Or  6*'\'C'=za*,  q.  b.  d. 

318*  Cor.  I.  The  square  of  either  side  about  the  right 
angle  is  equal  to  the  difference  of  the  squares  of  the  other  two 
sides. 


*  This  proposition  was  first  discovered  by  Pythagoras  in  the  form  given  in 
Book  IV.,  Proposition  XI.  But  the  Egyptians  are  supposed  to  have  known  as 
early  as  2000  B.C.  how  to  make  a  right  angle  by  stretching  around  three  pegs  a 
cord  measured  of!  into  3,  4,  and  5  units.  The  ai\cient  Hindoos  and  Chinese 
also  used  this  method.  It  is  doubtful,  however,  whether  the  fact  that  3'  4-  45j 
was  ever  observed  by  them.  It  may  be  noted  that  essentially  this 
forming  a  right  angle  is  still  used  by  carpenters.  Sticks  of  6  feet  ipAj 
two  sides,  and  a  '*  ten-foot  pole  "  completes  the  triangle. 
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319.  Cor.  II.   The  diagonal  of  a  square  is  equal  to  the 
side  multiplied  by  the  square  root  of  two. 


Outline  proof:  AC  =  VaB^-^  BC^  =  V2AB^^ABV^. 
PROPOSITION   XVI.      THEOREM 

320*  If  through  a  fixed  point  within  a  circle  two  chords 
are  drawn,  the  product  of  the  two  segmetits  of  one  is  equal  to 
the  product  of  the  two  segments  of  tlie  other. 


Given — P,  a  fixed  point  in  a  circle,  and  AB'  and  A'B  any  two  chorda 
drawn  through  P. 

To  PROVE  PA  X  PB' =PBX  PA'. 


]oinAB2LndA'B\ 
In  triangles  APB,  A'PB'  angles  at  P  are  equal. 

.    [Being  vertical.  ] 

Also  the  angles  at  A  and  A'  are  equal. 

[Being  inscribed  in  the  same  segment.] 

Hence  the  triangles  are  similar. 


§30 

§  197 
§276 
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Therefore  /M,  opposite  B :  PA\  opposite  B' : 
site  A  :  PB\  opposite  A\ 
Whence  PA  x  PB'  =  PBxPA '. 


PBy      OPPO- 

§274 
§250 

Q.  B.  D. 


PROPOSITION  XVII.      THEOREM 

321*  If  from  a  point  wittiout  a  circle  a  tangent  and  a  se- 
cant be  drawny  the  tangent  is  a  mean  proportional  between  the 
whole  secant  and  its  external  segment. 


via  I 


Given— a  fixed  point  P  outside  of  a  circle,  PC  a  tangent,  and  PB 
a  secant  (Fig.  i). 

PB_PC 
PC     PA 


To  PROVE 


Join  AC  zx\A  BC.  The  triangles  PAC  dLr\A  PCB  have  the 
angle  at  P  common,  and  the  angles  PCA  and  PBC  (both 
marked  x)  equal,  each  being  measured  by  one-half  the  arc 
AC.  ^  §§I97»20S 

Therefore  the  triangles  are  similar.  §  276 
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FIG.  I 


Hence  PB,  opposite  y  in  large  triangle  :  PC,  opposite  y  in 
small : :  PC,  opposite  x  in  large  :  PA,  opposite  x  in  small. 

Q.  B.  D. 

322.  Cor.  Hence,  in  Fig.  2, 

PBxPA=PC', 
and  PB'xPA'^PC 

Therefore  PB' xPA'^PBxPA,  Ax.  i 

Hence,  if  from  a  point  without  a  circle  two  secants  be 
drawn^  the  product  of  one  secant  and  its  external  segment  is 
equal  to  the  product  of  the  other  and  its  external  segment, 

323.  Exercise.— VrovQ  §  322  by  drawing  A'B  and  AB\ 

324.  Def — The  projection  of  a  straight  line  AB,  upon 
another  straight  line  MN,  is  the  portion  of  MN  included 
bet\yeen  the  perpendiculars  let  fall  from  the  extremities  of 
AB  upon  the  line  MN. 


N     Ml 


B 


B' 


>N 


PIG.  I 


PIC.  • 


III  Fig.  \  A'B  \&  the  projection  oLAB,     In  Fig.  2,  where  one  extremity 
of  AB  is  on  MN,  AS  is  the  projection. 
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PROPOSITION  XVIII.      THEOREM 

3iS.  In  any  triangle^  the  square  of  the  side  opposite  an 
acute  angle  is  equal  to  the  sum  of  the  squares  of  the  other  two 
sides,  minus  twice  the  product  of  one  of  these  sides  and  the 
projection  of  the  other  side  upon  it. 


FIO.  • 


Given 


the  triangle  ABC  and  C,  an  acute  angle. 


Draw  AD  perpendicular  to  CB  or  CB  produced,  making  CD  the  projec- 
tion of  ^Con  C^,  and  call  ^^  =  f;  AC^b\  BC=a\  AD=y  \  BD=.m\ 
CD=n. 


To  PROVE 


^=<l'  +  ^— 2ii«. 


In  the  right  triangle  ABD. 

^ =;«•+/.     (I) 

In  Fig.  I,  w=tf— «;  and  in  Fig.  2,  m^n-^a. 
In  both  cases  »«"=tf*— 2tf«-h«*. 

Substituting  this  value  in  (i), 

<^  =  ^— 2tf«  +  /l'+J^(2> — 

But  in  the  triangle  A  CD,    «"+/=^. 
Substituting  this  value  in  (2), 

Summary:  ^=»i*+y=fl*— aan+n'+ysstf*— 


§317 
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PROPOSITION  XIX.     THEOREM 

32Q.  In  an  obtuse -angled  triangle  the  square  of  the  side 
opposite  the  obtuse  angle  is  equal  to  the  sum  of  the  squares  of 
the  other  two  sides,  plus  twice  the  product  of  one  of  these  sides 
and  the  projection  of  the  other  side  upon  it. 


Given — the  obtuse-angled  triangle  ABC  with  B  the  obtuse  angle. 

Draw  AD  perpendicular  to  CB  produced,  making  BD  the  projection  of 
AB  on  CB,  and  call  AB^c\  AC=^d\  BC=:a;  AD:=y\  BDz=m; 
CD  —  n. 


To  PROVE 


^=a«  +  ^«  +  2<i«. 


In  the  right  triangle  ACD 

*•=«•+/.  (I)  §317 

But  n^a-^-m. 

And  «* = a*  +  2am  +  fn*. 

Substituting  this  value  of  n*  in  (i), 

b*  =  a*  +  2am  -h  m*  +/ .     (2) 
But  in  the  triangle  ABD,    /«'+/=^".  §  317 

Substituting  this  value  in  (2), 
^^/^^^  b^  =  a^-¥'C*  +  2am.  q.  e.  d. 

M/I^r  ^  :  ^  =  «*+/  =  ri«  +  2am  +  m*  +/  =  fl«  -|-  2am  -f  A 


BOOK  III 


149 


PROPOSITION  XX.      THEOREM 

3211.  The  bisector  of  a7i  angle  of  a  triangle  divides  the  op- 
posite side  into  segments  which  are  proportional  to  the  other 
two  sides. 


Given — in  the  triangle  ABC,  AD  the  bisector  of  the  angle  A. 

DC  _AC 

db~~ab' 


To  PROVE 


Draw  BM  parallel  to  AD  and   meeting  AC  produced 
at  M. 
Then  in  the  triangle  BMC,  since  AD  is  parallel  to  BM, 

DC    AC 


Also, 


(0 

DB    AM 
since  AD  is  parallel  to  MB, 
angle  M=DAC 

[Being  corresponding  angles  of  parallel  lines.] 

Single  MBA  =  BAD, 

[Being  alt. -int.  angles  of  parallel  lines.] 

angle  DAC=BAD. 

angle  Mz=MBA. 

AM=AB. 

DC    AC 
Substituting  in  (i),       f^^'J^B 


And 

But 

Therefore 

And 


§271 


§49 
§48 

Hyp. 
Ax.  I 


ISO 
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328.  Cor.  Conversely,  if  AD  divides  BC  into  two  seg- 
ments which  are  proportional  to  the  adjacent  sides,  it  bisects 
the  angle  BAC. 

PROPOSITION  XXI.      THEOREM 

329.  The  bisector  of  an  exterior  angle  of  a  triangle  meets 
the  opposite  side  produced  in  a  point  whose  distances  from  the 
extremities  of  that  side  are  proportional  to  the  other  two  sides. 


Given — in  the  triangle  ABC,  AD  the  bisector  of  the  exterior  an- 
gle CAN. 

DB     AB 


To  PROVE 


DC     AC 


Draw  CM  parallel  to  AD,  meeting  AB  2X  M, 
Then  in  the  triangle  BAD,  since  CM  is  parallel  to  AD, 

DB    AB 


(0 

DC    AM 
since  CM  is  parallel  to  AD, 
angle  A MC=  NAD, 
Single  ACM=  CAD. 
angle  NAD= CAD, 
angle  AMC=ACM, 

AM=AC, 

DB    AB 

Substituting  in  (i),  dC^AC ' 


Also, 

And 
Hut 

Therefore 
And 


§272 

§49 

§48 

Hyp. 

Ax.  I 

Q.  B.  D. 
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330.  Cor.  Conversely,  if  AD  meets  BC produced  so  that 

DR     AR 

= ,  then  it  bisects  the  ans^le  CAN. 

DC    AC 

331*  Defs, — The  line  AB  is  divided  internally  at  C,  when 
this  point  is  between  the  extremities  of  the  line ;  CA  and 
CB  are  the  segments  into  which  it  is  divided. 


^ 


4 


9 


AB  is  divided  externally  at  C\  when  this  point  is  on  the 
line  produced.    The  segments  are  CA  andC-ff. 

In  each  case  the  segments  are  the  distances  from  the 
point  of  division  to  the  extremities  of  the  line.  The  line  is 
the  sutn  of  the  internal  segments,  and  the  difference  of  the 
external  segments. 

332.  A  line  is  divided  harmonically,  when  it  is  divided 
internally  and  externally  in  the  same  ratio. 

CA      C'A 
Thus,  if  7r^  =  7;r^»  then  ^^  is  divided  harmonically  at  Cand  C. 
CB      C  B 

333.  Exercise, — Prove  that  the  bisectors  of  the  interior 
and  exterior  angles  at  one  of  the  vertices  of  a  triangle  divide 
the  opposite  side  harmonically  (see  figure  below). 

334z.  Exercise. — If  AD  and  AE  bisect  the  angles  at  Ay 
prove  also  that  ED  is  divided  harmonically  at  C  and  B. 


Hint. — Alternate  the  proportion  found  in  §  333. 
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335.  Def. — A  straight  line  is  divided  in  extreme  and 
mean  ratio  when  one  of  its  segments  is  a  mean  proportional 
between  the  whole  line  and  the  other  segment. 

336.  Construction.  To  divide  a  given  straight  line  in 
extreme  and  mean  ratio. 


Given  the  straight  line  AB, 

Required        to  divide  it  in  extreme  and  mean  ratio. 

At  B  draw  the  perpendicular  BO  equal  to  one  half  AB, 

With  the  centre  O  and  radius  OB  describe  a  circumfer- 
ence, and  draw  AO,  cutting  the  circumference  in  D  and  D', 

On  AB  lay  off  AC=AD,  and  extend  BA  to  C\  making 
AC=AD\ 

Then  AB  is  divided  in  extreme  and  mean  ratio,  internally 
at  C,  and  externally  at  C\ 

AD'     AB       ^  ^ 

''  7^=Zd'     ^^)  §321 

By  division  and  inversion 

AB  AD 


(2) 


§§  254.  259 
Cons. 


AD'-AB    AB-AD 
But  AB=20B=DD',  and  AD=AC. 

Therefore, 
AD'-AB=AD'-DD'=AD=AC,  and  AB-AD=BC. 
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Substituting  these  values  in  (2), 

AByiC 

AC"  BC 
Hence  AB  is  divided  internally  at  C  in  extreme  and  mean 
ratio.  Q.  E.  F. 

II.  By  composition  and  inversion  of  (i), 

JFVTb^T^^d    ^3)     §§254,257 

But  AD'z=:AC\  and  AB=DD\ 

Therefore  Aiy-hAB=zAC-^AB=:BC\ 

And  AB+AD=DD'-^AD=AD'=AC. 

Substituting  these  values  in  (3), 

,     .  AB     AC 

we  obt ai  n  --— = — —  • 

AC    BC 

Hence  AB  is  divided  externally  at  C  in  extreme  and 
mean  ratio.  q.  e.  f. 

337 •  Remark. — AC  and  AC  may  be  computed  in  terms 
of  AB  as  follows : 

AB 


AC=^AD=AO^OD=AO- 


Likewise  AC=AD'=:AO^OD'=AO-\' 


AB 
2 


(0 

(2) 


But       -W^Aff+i^^A^+A^.-^AF.^- 

Whence,  extracting  the  square  root, 

AO=AB,^^ 

2 

Substituting  in  (i)  and  (2), 

AC^AB.^ — —=AB.-^^ —  • 


§317 


And 


AC=AB,  ^-\-^=AB,       ^ 

22  2 


2 
v/54-i 
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PROBLEMS   OF  DEMONSTRATION 

338.  Exercise, — The  point  of  intersection  of  the  internal 
tangents  to  two  circles  divides  the  line  of  centres  internally 
into  parts  whose  ratio  equals  the  ratio  of  the  radii. 

339.  Exercise, — The  point  of  intersection  of  the  external 
tangents  to  two  circles  divides  the  line  of  centres  externally 
into  parts  whose  ratio  equals  the  ratio  of  the  radii. 

-  340*  Exercise, — The  points  of  intersection  of  the  inter- 
nal and  external  tangents  to  two  circles  divide  the  line  of 
centres  harmonically. 

34^1.  Exercise, — If  through  the  centres  of  two  circles  two 
parallel  radii  are  drawn  in  the  same  direction,  the  straight 
line  joining  their  extremities  will  pass  through  the  intersec- 
tion of  the  external  tangents. 


342.  Exercise, — If  through  the  centres  of  two  circles  two 
parallel  radii  are  drawn  in  opposite  directions,  the  straight 
line  joining  their  extremities  will  pass  through  the  intersec- 
tion of  the  internal  tangents. 

343.  Exercise, — If  through  the  intersection  of  the  exter- 
nal or  of  the  internal  tangents  to  two  circles  a  secant  is 
drawn,  the  radii  to  the  points  of  intersection  will  be  parallel 
in  pairs. 

344.  Exercise, — Give  methods  for  drawing  the  common 
tangents  to  two  circles  depending  on  §§  341,  342. 
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34zS.  Exercise. — A  triangle  ABC  is  inscribed  in  a  circle 
to  which  a  second  circle  is  externally  tangent  at  A.  If  AB 
and  ^  Care  produced  till  they  meet  the  second  circumfer- 
ence at  M  and  Ny  the  triangles  ABC  and  AMN  are  similar. 

§§  205,  275 

34:3.  Exercise — The  perpendiculars  from  any  two  vertices 
of  a  triangle  on  the  opposite  sides  are  inversely  proportional 
to  those  sides.  §  276 

34:1.  Exercise, — If  two  circles  are  tangent  internally,  all 
chords  of  the  greater  drawn  from  the  point  of  contact  are 
divided  proportionally  by  the  circumference  of  the  smaller. 

/^m/.— Apply  §§  202,  225,  276. 

348.  Exercise, — If  from  P,  a  point  in  a  circumference, 
any  chords,  PA,  PB,  PC,  are  drawn,  and  these  chords  are 
cut  in  a,  b,  c,  respectively,  by  any  straight  line  parallel  to 
the  tangent  at  P,  then  PA  xPa  =  PBxPb=:PCxPc, 

Hint, — Let  one  chord  pass  through  centre.     Join  its  extremity  to  any  other 
chord  and  apply  §§  202,  276. 

349.  Exercise, — On  a  common  base  AB  are  two  triangles, 
ABC  and  ABC\  whose  vertices  Cand  C  lie  in  a  straight  line 
parallel  to  AB.     If  a  second  parallel  to  AB  cuts  -^C  and  BC 
in  M  and  N,  and  A  C  and  BC  in  M'  and  N\  then  J/A^= 
M'N\  §  275 

350.  Exercise. — If  at  the  extremities  of  BC,  the  hypote- 
nuse of  a  right  triangle  ABC,  perpendiculars  to  the  hypote- 
nuse are  drawn  intersecting^^  produced  in  iW  and -Repro- 
duced in  N,  then  AB  _AM 

'an~"ac' 

351.  Exercise. — The  difference  of  the  squares  of  two 
sides  of  any  triangle  is  equal  to  the  difference  of  the  squares 
of  the  projections  of  these  sides  on  the  third  side.         §  317 
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3S2.  Exercise, — If  from  one  of  the  acute  angles  of  a 
right-angled  triangle  a  straight  line  be  drawn  bisecting  the 
opposite  side,  the  square  of  that  line  will  be  less  than  the 
square  of  the  hypotenuse  by  three  times  the  square  of  half 
the  side  bisected. 

3S3*  Exercise. — If  two  circles  intersect  each  other,  the 
tangents  drawn  from  any  point  of  their  common  chord  pro- 
duced are  equal.  §321 

354L*  Exercise, — If  two  circles  intersect  each  other,  their 
common  chord  if  produced  will  bisect  their  common  tangent. 

§321 

3S5.  Exercise, — I.  The  sum  of  the  squares  of  two  sides 
of  a  triangle  is  equal  to  twice  the  square  of  half  the  third 
side,  plus  twice  the  square  of  the  median  drawn  to  the  third 
side. 

II.  The  difference  of  the  squares  of  two  sides  of  a  triangle 
is  equal  to  twice  the  product  of  the  third  side  by  the  pro- 
jection of  the  median  upon  the  third  side. 


M   D 


Hint. — The  median  BD  divides  ABC  into  two  triangles,  one  acute  an- 
gled and  the  other  obtuse  angled  (provided  AB  and  BC  are  not  equal). 

Apply  g§  325.  326. 

356*  Exercise,  —  In  any  quadrilateral  the  sum  of  the 
squares  of  the  four  sides  is  equal  to  the  sum  of  the  squares 
of  the  diagonals  plus  four  times  the  square  of  the  line  join- 
ing the  middle  points  of  the  diagonals. 


BOOK  III 


157 


Hint—K^^y  §  355.  I.  to  the  triangles  ABC,  ADC,  and  BED,  and  com- 
bine equations  thus  obtained. 

SSTl.  Exercise. — The  product  of  two  sides  of  a  triangle  is 
equal  to  the  product  of  the  diameter  of  the  circumscribed 
circle  and  the  altitude  upon  the  third  side. 


Hint, — Let  ABC  be  the  triangle.     Draw  the  altitude  BD  and  the  diame- 
ter BM,     Prove  the  triangles  BAM  zxi^  j5/>C  similar.        §g  261,  202,  276 

358.  Exercise, — In  an  inscribed  quadrilateral,  ABCD^  if 
F  is  the  intersection  of  the  diagonals  ^C  and  BD^  then 

ABxAD^AF 
CBxCD^FC' 


Hint.-^ln  the  triangles  ABD  and  CBD,  draw  the  altitudes  AM  and  CN 
and  apply  §  357.     Then  compare  triangles  AFM  and  CFN, 
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3S9*  Exercise. — The  product  of  two  sides  of  a  triangle 
is  equal  to  the  square  of  the  bisector  of  their  included  angle 
plus  the  product  of  the  segments  of  the  third  side  formed 
by  the  bisector. 


Hint. — Circumscribe  a  circle  about  ABC  and  produce  the  bisector  to  cut 
the  circumference  in  M.  Prove  the  triangles  ABD  and  MBC  similar. 
Apply  §  320. 


PROBLEMS   OF  CONSTRUCTION 

3G0.  Exercise. — To  produce  a  given  straight  line  J/A^to 
a  point  X,  such  that  MNiMX—^  :  7. 

361*  Exercise, — To  construct  two  straight  lines  having 
given  their  sum  and  ratio. 

362.  Exercise, — Having  given  the  lesser  segment  of  a 
straight  line  divided  in  extreme  and  mean  ratio,  to  con- 
struct the  whole  line. 

363.  Exercise, — To  construct  a  triangle  having  a  given 
perimeter  and  similar  to  a  given  triangle. 

364^*  Exercise. — To  construct  a  right  triangle  having 
given  an  acute  angle  and  the  perimeter. 

305*  Exercise, — To  divide  one  side  of  a  given  triangle 
into  segments  proportional  to  the  other  two  sides. 
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SGQ.  Exercise, — In  a  given  circle  to  inscribe  a  triangle 
similar  to  a  given  triangle. 

3Cy.  Exercise, — About  a  given  circle  to  circumscribe  a 
triangle  similar  to  a  given  triangle. 

3G8.  Exercise, — To  inscribe  a  square  in  a  semicircle. 


Hint, — At  B  draw  CB  equal  and  perpendicular  to  the  diameter.  Join 
OC  cutting  the  circumference  in  M,  and  draw  MD  parallel  to  CB.  Prove 
MD  the  side  of  the  required  square  by  §  275. 

3Q9.  Exercise, — To  inscribe  a  square  in  a  given  triangle. 


B 


^/ 

\ 

^ 

A 

\ 

I 

) 

h4     C 

Hint. — On  the  altitude  AD  construct  the  square  ADFE  and  draw  BE 
cutting  the  side  ^  C  at  M.  From  M  draw  MN  and  MP  parallel  to  EF  and 
AE  respectively.     Prove  these  lines  equal  and  sides  of  the  required  square. 

310*  Exercise, — To  inscribe  in  a  given  triangle  a  rectan- 
gle similar  to  a  given  rectangle. 

371.  Exercise, — To  inscribe  in  a  given  triangle  a  parallel- 
ogram similar  to  a  given  parallelogram. 


i 


■nwg- 
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372.  Exercise. — ^To  construct  a  circumference  which  shall 
pass  through  two  given  points  and  be  tangent  to  a  given 
straight  line. 


Hint. — Let  ABh^  the  given  line,  P  and  P  the  points.  If  the  straight 
line  PP  is  parallel  to  AB,  the  solution  is  simple.  If  PP  is  not  parallel  to 
AB^  it  will  cut  it  at  some  point  X^  and  the  distance  from  X  to  K,  the  re- 
quired point  of  tangency,  may  be  determined  by  g  321. 


PROBLEMS  FOR  COMPUTATION 


373.  (i.)  In  the  triangle  ABC,  DE  is  drawn  parallel  to 
EC. 


AD     A 
If  l!il=:i,  5C=56,  and  ^£=24,  find  i4Cand  DE. 
DB     I 


(2.)  The  sides  of  a  triangle  are  3,  5,  and  7.  In  a  similar 
triangle  the  side  homologous  to  5  is  equal  to  65.  Find  the 
other  two  sides  of  the  second  triangle. 

(3.)  The  shadow  cast  upon  level  ground  by  a  certain 
church  steeple  is  27  yds.  long,  while  at  the  same  time  that 
of  a  vertical  rod  5  ft.  high  is  3  ft.  long.  Find  the  height  of 
the  steeple. 
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(4.)  The  footpaths  on  the  opposite  sides  of  a  street  are 
30  ft.  apart.  On  one  of  them  a  bicycle  rider  is  moving  uni- 
formly at  the  rate  of  15  miles  per  hour.  If  a  man  on  the 
other  side,  walking  in  the  opposite  direction,  so  regulates  his 
pace  that  a  tree  5  ft.  from  his  path  continually  hides  him 
from  the  rider,  does  he  walk  uniformly,  and,  if  so,  at  what 
rate  does  he  walk  ? 

(5.)  If  from  the  top  of  a  telegraph-pole  standing  upon  the 
brink  of  a  stream  23  m.  wide  a  wire  30  m.  long  reaches  to 
the  opposite  side  of  the  stream,  how  high  is  the  pole  ? 

(6.)  Given  the  two  perpendicular  sjdes  of  a  right  triangle 
equal  to  8  and  6  in.  respectively  to  (iompute  the  length  of 
the  perpendicular  from  the  vertex  of  the  right  angle  to  the 
hypotenuse. 

(7.)  If  in  a  right  triangle  the  two  perpendicular  sides  are  a 
and  by  compute  the  altitude  upon  the  hypotenuse. 

(8.)  If,  in  the  above  example,  ^1=  137^3  dkm.,  and  ^= 
213.19  m.,  find  the  altitude. 

(9.)  If  in  a  right  triangle  one  of  the  sides  about  the  right 
angle  is  double  the  other,  what  is  the  ratio  of  the  segments 
of  the  hypotenuse  formed  by  the  altitude  upon  the  hypote- 
nuse? 

(10.)  There  are  two  telegraph-poles  standing  upon  the 
same  level  in  a  city  street,  one  59  ft.  high,  the  other  45  ft. 
high,  while  between  them,  and  in  a  straight  line  with  their 
bases,  is  a  hitching-post  3  ft.  high.  If  the  distance  from  the 
top  of  the  post  to  the  top  of  the  higher  pole  is  100  ft.,  and 
from  the  top  of  the  post  to  that  of  the  lower  pole  80  ft., 
how  far  apart  are  the  poles  ? 

(11.)  If  the  chord  of  an  arc  is  720  ft.  and  the  chord  of  its 
half  is  369  ft.,  what  is  the  diameter  of  the  circle? 
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(i2.)  A  chord  of  a  circle  is  divided  into  two  segments  of 
73.162  dcm.  and  96.758  dcm.  respectively  by  another  chord, 
one  of  whose  segments  is  3.1527  m.  What  is  the  length  of 
the  second  chord  ? 

(13.)  If  a  chord  of  a  circle  is  cut  by  another  chord  into  two 
segments,  a  and  by  and  one  segment  of  the  second  chord  is 
equal  to  c,  find  the  other  segment. 

(14.)  If  from  a  point  without  a  circle  two  secants  are  drawn 
whose  external  segments  are  8  in.  and  7  in.,  while  the  inter- 
nal segment  of  the  latter  is  17  in.,  what  is  the  length  of  the 
internal  segment  of  the  former? 

(15.)  From  a  point  without  a  circle  are  drawn  a  tangent 
and  a  secant,  the  secant  passing  through  the  centre.  If  the 
length  of  the  tangent  is  a,  and  the  external  segment  of  the 
secant  is  b,  find  the  radius  of  the  circle. 

(16.)  In  a  triangle  whose  sides  are  respectively  25.136  pm., 
31.298  cm.,  and  37.563  cm.  in  length,  find  the  segments  of 
the  longest  side  formed  by  the  bisector  of  the  opposite 
angle. 

(17.)  In  a  triangle  whose  sides  are  a,  i,  and  ^,  find  the  seg- 
ments of  the  side  b  formed  by  the  bisector  of  the  opposite 
angle. 

(18.)  If  the  base  of  an  isosceles  triangle  is  60  cm.,  and 
each  of  its  sides  is  50  cm.,  find  the  length  of  its  altitude  in 
inches. 

(19.)  If  the  base  of  an  isosceles  triangle  is  *,  and  its  alti- 
tude //,  find  the  sides. 

(20.)  Find  the  altitude  of  an  equilateral  triangle  whose 
side  is  5  in. 

(21.)  Show  that,  if  a  is  the  side  of  an  equilateral  triangle, 
the  altitude  is  \a^. 
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(22.)  Find  in  feet  the  side  of  an  equilateral  triangle  having 
an  altitude  of  793.57  m. 

(23.)  Show  that,  in  a  right  triangle,  one  of  whose  acute 
angles  is  30°,  and  whose  hypotenuse  is  <?,  the  side  opposite 
30°  is  \a,  and  the  other  side  is  \a  y/^, 

(24.)  One  acute  angle  of  a  right  triangle  is  30*^  and  the 
hypotenuse  is  4.3791  cm.     Find  the  other  sides. 

(25.)  Find  the  side  of  an  isosceles  right  triangle  whose  hy- 
potenuse is  3  ft. 

(26.)  \{  a\s  the  hypotenuse  of  an  isosceles  right  triangle, 
the  side  is  ^^y^. 

(27.)  Find  the  side  of  an  isosceles  right  triangle  whose  hy- 
potenuse is  32.174  dkm. 

(28.)  Find  the  base  of  an  isosceles  triangle  whose  side  is 
4  ft.  and  whose  vertex  angle  is  30°. 

(29.)  If  one  of  the  equal  sides  of  an  isosceles  triangle  is  R 
and  the  vertex  angle  is  30°,  show  that  the  base  is  R  V2— y^^. 


Hint, 


h- 


\RVz 

R  —  x, 


[ 


§  373(23) 


J 
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(30.)  Having  given  a  triangle  whose  sides  are  6,  8,  and  12, 
find  its  altitude  upon  the  side  12. 


D    X? 


Solution.— \xi  the  triangle  ^^Z>,y+;r"=36.  §  317 

In  the  triangle  ^Z?Cy  +  (i2— ;ir)'=64. 
Combine  the  two  equations  and  eliminate  y. 

y+^=36  (I) 

y  — 24;r-|-;ir'=:— 80     (2) 
24;r=ll6 

Substituting  this  value  in  (i), 

y+(w=36 

36/ =455 
6>'=\/4SS  =  2i.33  + 
-^=3.55  + 

(31.)  In  a  triangle  whose  sides  are  ^,  ^,  and  c,  find  the  three 
altitudes. 


O    c 


Solution.— In  the  triangle  C5C>,  ;r*+y =a».    (i) 

In  the  triangle  CA  O,  {c-xf  +/ = 6\    (2) 


/^ 


[§317 
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Simplifying  and  combining, 


x= 


2C 


Substituting  value  of  x  in  (i), 


{ 


2C 


)  +/=' 


2C 


■) 


This  result  may  be  factored  and  arranged  for  logarithmic 
computation  as  follows: 

=v'K'^')(^- 

Multiplying  each  fraction  by  f ,  and  factoring, 


Let 


Then 


Whence 


<?4-^+r 


=j. 


tf+*4-^: 


^b-=iS^b. 


Ax.  3 


^4-r— ^ 


=S'^b. 


In  same  manner =s—Cy  and  — — =j— a. 

2  2 
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O    c 


Substituting  these  values  under  radical  and  extracting 
root, 


y  =  -  V«(«-a)(«-6X»-<?). 

C/ 


The  other  altitudes  are 


and 


(32.)  Having  given  the  sides  of  a  triangle  equal  to  375.49, 
289.63,  and  231.19,  find  its  three  altitudes. 

(33.)  If  the  sides  of  a  triangle  are  27.931  m.,  2175.4  c^i., 
and  296.53  dcm.,  what  are  the  lengths  in  feet  of  (i)  the  alti- 
tude upon  the  greatest  side,  and  (2)  the  segments  into  which 
it  divides  that  side  ? 

Hint — After  finding  the  altitude,  the  segments  can  easily  be  found  by 
logarithms,  since  (§  318)  jr  =  V^TIy  =  ^/{a-yia^-y), 

(34.)  Compute  the  medians  of  a  triangle  whose  sides  are 
a,  b^  and  c. 


R  p  c 


Solution. — In  the  triangle  CRP,  w"=;r"-hy. 
In  the  triangle  CRA,  f^-i^^-x^ ^b\    (2) 


gib  Ci5ie,y+(^-;ry=^'.    (3) 


(01 


§317 
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Simplifying,  y-}---}-^jr+;r'=^\     (2) 

4 

y+---^^+;r*  =  a\     (3) 
4 

Adding,  2/  +  -  4-  2;r" = a:' + **. 

Transposing,  2(;r'+y)=a'4-^ — =-^^ — • — - — 

^        2(a^+*V:f:. 

4 
x'+y^nf.     (i) 

2(a'  +  ^)-^ 


But 
Therefore 


i«  = 


The  other  medians  are  i\/2(^'4-^)— «'  and  i  V2(r'  +  a!*)  — *•. 

(35.)  Having  given  the  three  sides  of  a  triangle  equal  to 
3,  5,  and  7,  find  its  three  medians. 

(36.)  If  two  sides  and  one  of  the  diagonals  of  a  parallelo- 
gram are  respectively  24,  31,  and  28,  what  is  the  length  of 
the  other  diagonal  ? 

(37.)  In  a  triangle  whose  sides  are  a,  by  and  Cy  compute  the 
bisector  of  the  angle  opposite  c. 

C 


Solution, — Circumscribe  a  circle  about  the  triangle,  pro- 
duce the  bisector  to  meet  the  circumference,  and  draw  BR, 
Then,  in  the  triangles  BCR  zx\A  CPA,  the  angle  R  equals 
the  angle  O  and  angle  BCR  equals  the  angle  PC  A,       §  201 
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Therefore 
Whence 
But 
Whence 


y-^z    a 
b       y 

§274 

y-i^yz  —  ab,     (l) 

§250 

a       X 

b     c—x 

§327 

bx^ac-axj 

§250 

ac 


be 


x= r»  (2);  and  t— ;r= ;•  (3) 

But  {c—x)xx=j'xz. 

Substituting  values  for  x  and  {c—x)  from  (2)  and  (3) 


§320 


J>2  = 


{^+dy 


(4) 


Subtracting  (4)  from  (i)  y=a*-^^^=a^^i_^-— ^^ 

This  result  may  be  factored  and  arranged  for  logarithmic 
computation  as  follows : 

n/''*('-(^)=x/''K'+s^)('-jt*) 

Multiplying  both  fractions  by  f ,  and  extracting  root, 
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(38.)  If  the  sides  of  a  triangle  are  219.57, 178.35,  and  153.94 
ft.,  find  the  length  of  the  bisector  of  the  angle  opposite  the 
greatest  side. 

(39.)  If  the  sides  of  a  triangle  are  a,  ^,  and  ^,  find  the  radi- 
us of  the  circumscribed  circle. 


Solution. — Suppose  the  diameter  CS  of  the  circle  to  be 
drawn  from  C.     Draw  SA  and  the  altitude  CP, 

Then  in  the  right  triangles  CSA  and  CBP\.\i^  angle  CAS 
is  equal  to  the  angle  P  (§  202),  and  the  angle  5  is  equal  to 
the  angle  B.  §  201 

Therefore  the  triangles  are  similar,  and 

2r    b 
a     y 

2ry=ab. 


ah 
r=  — 

2y 


y='-  Vs{s — a){s — b){s — c). 


Hence 
And 

But  by  Problem  (31) 
Substituting  this  value, 

~  4\/«(»-oX»-W(»-c) 
(40.)  If  the  sides  of  a  triangle  are  125.76, 1 19.53,  and  98.991 
ft.  in  length,  find  the  radius  of  the  circumscribing  circle  ex- 
pressed in  meters. 

6» 
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AREAS   OF  POLYGONS 

374.  Def, — The  area  of  a  surface  is  the  ratio  of  that  sur- 
face to  another  surface  taken  as  the  unit. 

The  unit  surface  may  have  any  size  or  shape,  but  the  most  common  and 
convenient  unit  is  a  square  having  its  side  equal  to  the  unit  of  length,  as  a 
square  inch,  a  square  mile,  etc. 

31[S.  Def, — Equivalent  figures  are  figures  having  equal 
areas. 

We  may  observe  (i)  figures  of  the  same  shape  are  similar. 

(2)  figures  of  the  same  size  are  equivalent. 

(3)  figures  of  the  same  shafte  and  size  are  equal. 

376.  Defs. — The  bases  of  a  parallelogram  are  the  side 
upon  which  it  is  supposed  to  stand  and  the  opposite 
side. 

The  altitude  is  the  perpendicular  distance  between  the 
bases. 

PROPOSITION   I.      THEOREM 

37 7 •  Two  rectangles  having  equal  bases  and  equal  alti- 
tudes are  equal. 
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B 


B 


Given— two  rectangles.  AC  and  A'C,  having  equal  bases,  AD  and 
AU,  and  equal  altitudes,  AB  and  AB\ 

To  PROVE  the  rectangles  equal. 


Make 
Then 
And 
That  is, 
Similarly 


AD  coincide  with  its  equal  A'U , 

AB  will  take  the  direction  of  A'B\  §  18 

B  will  fall  on  B\  Hyp. 

AB  will  coincide  with  A'B', 

DC  will  coincide  with  D'C. 

And  therefore  5C  will  coincide  with  B'C.  Ax.  a 

Hence  the  rectangles  coincide  throughout  and  are  equal.  §  1 5 

Q.  B.  D. 
PROPOSITION  II.      THEOREM 

3118.   Two  rectangles  having  equal  bases  are  to  each  other 
as  their  altitudes. 


Given — ^two  rectangles  AC  stud  A*C,  having  equal  bases,  AD  and  A'U, 

rect.  AC       AB 


To  PROVE 


rect.  A'C     A'B' 
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Case  I.  When  the  altitudes,  AB  and  A'B\  are  commen- 
surable. 

Suppose  AO,  the  common  measure  of  the  altitudes,  is 
contained  in  AB  three  times  and  in  A'B'  twice. 

Then  A^^l.  §i8o 

A'B'    2 

Through  the  several  points  of  division  draw  parallels  to 
the  bases. 

The  rectangle  AC  will  be  divided  into  three  rectangles 
and  A'C  into  two,  all  five  of  which  will  be  equal.  §  377 

Hence  rect.^C      3. 


Therefore 


rect^'C     2 
rect.^C       AB 


rect^'C    A'B 


§180 


Ax.  I 


Case  II.  When  the  altitudes,  AB  and  A'B\  are  incommen- 
surable. 


B 
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Suppose  A^B^  to  be  divided  into  any  number  of  equal 
parts  and  apply  one  of  these  parts  to  AB  as  a  measure  as 
often  as  it  will  be  exactly  contained. 

Since  AB  and  A'B'  are  incommensurable,  there  will  be  a 
remainder  XB,  less  than  one  of  these  parts. 

Draw  XY  parallel  to  the  base. 

Since  AX ^nA  A'B'  are  constructed  commensurable, 

rect^K      AX 

= •  Case  I 

rect.A'C    A'B' 

Now  suppose  the  number  of  parts  into  which  A'B'  is  di- 
vided to  be  indefinitely  increased. 

We  can  thus  make  each  part  as  small  as  we  please. 

But  the  remainder  XB  will  always  be  less  than  one  of 
these  parts. 

Therefore  we  can  make  XB  less  than  any  assigned  quan- 
tity, though  never  zero. 
That  is,  AX  approaches  AB  as  its  limit. 

Likewise  rect.  A  K approaches  rect.  AC  ^s  its  limit. 

AX  ,  AB 

approaches 


§i8S 


Hence 


A'B' 


as  its  limit. 


A'B' 

TGCt.AV                -       red,  AC         .     ,.    . 
Also ttt:,  approaches   rrzr:  as  its  limit. 


rect.^'C' 
But  since 

then 


rect  A' C 
rect.  A  Y  _AX 
rect.  A' C"  A'B'' 
rect.  AC      AB 


§190 


§186 
rect^'C'     A'B' 

[If  two  variables  are  always  equal  and  each  approaches  a  limit,  the  limits 
are  equal]  Q.  B.  D. 

37 9.  Cor.   Two  rectangles  having  equal  altitudes  are  to 
each  other  as  their  bases. 

Hint, — AD  and  A' D'  may  be  regarded  as  the  altitudes,  and  AB  and 
A'B'  as  the  bases. 
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PROPOSITION  III.      THEOREM 

380 •  Any  two  rectangles  are  to  each  other  as  the  products 
of  their  bases  and  altitudes. 


Given— any  two  rectangles,  R  and  R\  their  bases  being  b  and  b',  and 
altitudes  a  and  a'. 


To  PROVE 


R  _aXb 
R'^'a'Xb' 


Then 


§379 


Construct  rectangle  JT,  having  the  same  base  as  R'  and 
altitude  as  R, 

X'b'' 

[Two  rectangles  haying  equal  altitudes  are  to  each  other  as  their  bases.] 

R'^a'' 
[Two  rectengles  having  equal  bases  are  to  each  other  as  their  altitudes.] 


And 


§378 


Multiplying, 


or 


R    X    b     a 
—  X  — =— X  — , 

X  R!  b'  a' 
R__axb_ 
R'~a'xb'' 


Q.  B.  D. 
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PROPOSITION  IV.      THEOREM 

381*  The  area  of  a  rectangle  equals  the  product  of  its  base 
and  altitude y  provided  the  unit  of  area  is  a  square  whose  side 
is  the  linear  uftit. 


m 


Given — the  rectangle  R  and  a  square  U  with  each  side  a  linear  unit. 
To  PROVE — area  oi  R  =  aX  d,  provided  C/  is  the  unit  of  area. 


R     axd 


=axd. 


§380 


U    ixi 

[Two  rectangles  are  to  each  other  as  the  products  of  their  bases  by  their 
altitudes.] 


But 


— =area  of  R. 
U 


§374 


[The  area  of  a  surface  is  the  ratio  of  that  surface  to  the  unit  surface.] 

Therefore  area  of  i? = ^  x  ^, 

provided  U  is  the  unit  of  area.  Ax.  i 

Q.  £.  D. 

382.  Remark, — Hereafter  it  is  to  be  understood  without 
any  express  proviso  that  we  take  as  the  unit  of  area  a  square 
whose  side  is  the  linear  unit. 
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383*  Cor.  The  area  of  any  square  equals  the  second  power 
of  its  side. 

This  fact  is  the  origin  of  the  custom  of  calling  the  second  power  of  a  num- 
ber its  *•  square." 

384t.  Remark, — When  the  base  and  altitude  of  a  rectan- 
gle each  contain  the  linear  unit  an  exact  number  of  times, 
Proposition  IV.  becomes  evident  to  the  eye.  Thus,  if  the 
base  contain  four  and  the  altitude  three  linear  units,  the 
figure  may  be  divided  into  twelve  unit  squares. 


PROPOSITION  V.      THEOREM 

385.   The  area  of  a  parallelogram  equals  the  product  of 
its  base  and  altitude. 


Given— the  parallel(^ram  ABCD,  with  base  b  and  altitude  a. 
To  PROVE  the  area  of  ABCD  :=aXb, 
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Draw  AX  and  Z?  K  perpendiculars  between  the  parallels 
AD  and  BC. 

Then  ADYX  is  a  rectangle,  having  the  same  base  and 
altitude  as  the  parallelogram. 

Right  triangle  AXB=  right  triangle  D  YC.     (Why  ?) 

Take  away  the  right  triangle  DYC  from  the  whole  figure, 
and  we  have  left  the  rectangle  ADYX, 

Take  away  the  right  triangle  AXB  from  the  whole  figure, 
and  we  have  left  the  parallelogram  ABCD. 
Therefore  area  ADYX=zSirca  ABCD,  Ax.  3 

But  arQRADYX=axd.  §381 

[The  area  of  a  rectangle  equals  the  product  of  its  base  by  its  altitude.] 

Therefore  aireai  ABCD=axd.  Ax.  i 

Q.  E.  D. 

386*  Cor.  I.  Parallelograms  having  equal  bases  and  equal 
altitudes  are  equivalent, 

387*  Cor.  II. — Au}^  two  parallelograms  are  to  each  other 
as  the  products  of  their  bases  and  altitudes. 

Hint, — Let  the  areas  of  the  parallelograms  be  P  and  P\  their  bases  b  and 
b\  and  altitudes  /i  and  a'. 

Then  P-ab  and  />'=  a'l/, 

P      ab 


388.  Cor.  III.   Tivo  parallelograms  having  equal  bases 
are  to  each  other  as  their  altitudes, 

P      axb 


(P  _aX b _a   \ 
P'"  a'Xb'^a') 


389*  Cor.  IV.   Two  parallelograms  having  equal  altitudes 
are  to  each  other  as  their  bases, 

P      axb      b 


/P  _aXb  _b  \ 
\P'     aXV     b'  ) 
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PROPOSITION  VI.      THEOREM 


390*   The  area  of  a  triangle  equals  one-half  the  product 
of  its  base  and  altitude. 


Given  the  triangle  ABC  with  base  b  and  altitude  a. 

To  PROVE  area  ABC  =  J  a  X  ^. 

From  C  draw  CX  parallel  to  AB, 
From  A  draw  AX  parallel  to  BC. 

Then  the  figure  ABCX  is  a  parallelogram.  §  114 

and  the  triangle  ABC=^\  the  parallelogram  ABCX,     §  116 

[The  diagonal  of  a  parallelogram  divides  it  into  two  equal  triangles.] 

But  area  paral.  ABCX^a  xb,  §  385 

[The  area  of  a  parallelc^ram  equals  the  product  of  its  base  and  altitude.] 

Therefore  area  triangle  ABC  =^  axb.  Ax.  8 

Q.  £.  D. 

391.  Cor.  I.   Triangles  having  equal  bases  and  equal  alti- 
tudes are  equivalent, 

392.  Cor.  II.  Any  two  triaitgles  are  to  each  other  as  the 
products  of  their  bases  and  altitudes. 

P  _\ab  _ab 


(P  _^ab  _ab    \ 
P'^ha'b'^  a'b'  ) 


4 

393.  Cor.  III.   Two  triangles  having  equal  bases  are  to 
each  other  as  their  altitudes. 

394.  Cor.  IV.   Two  triangles  having  equal  altitudes  are 
to  each  other  as  their  bases. 
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395.  Def. — 1  he  altitude  of  a  trapezoid  is  the  perpen- 
dicular distance  between  its  bases. 

PROPOSITION  VII.     THEOREM 

396.  The  area  of  a  trapezoid  equals  the  product  of  its  al- 
titude and  one-half  the  sum  of  its  bases.* 


Given — the  trapezoid  A  BCD  with  altitude  a  and  bases  b  and  3'. 
To  PROVE  the  area  of  ABCD  =  K^  +  ^0«- 

Draw  the  diagonal  A  C. 
Then  area  triangle -<4Z?C=irtd,  \ 

area  triangle  ABC=^\  ab\  \  ^  ^^ 

[The  area  of  a  triangle  equals  one-half  the  product  of  its  base  and  alti- 
tude.] 

Adding,         area  trapezoid  ABCD—\ab->t\ab',         Ax.  11 

-\{b-\'b')a,  Q.  E.D. 

3911  •  Cor.  The  area  of  a  trapezoid  equals  the  product  of 
its  altitude  and  the  line  joining  the  middle  points  of  the  non- 
parallel  sides. 

Hint. — Combine  §  135  with  the  above  proposition. 


'  *  The  ancient  Egyptians  attempted  to  find  the  area  of  a  field  in  the  form  of 
a  trapezoid,  in  which  AS  =  CD,  by  multiplying  half  the  sum  of  its  paralleltidM 


by  one  of  its  othtr  sides^  an  incorrect  method. 


d 
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PROPOSITION  VIII.      THEOREM 

398.  The  areas  of  two  triangles  which  have  an  angle  of 
one  equal  to  an  angle  of  the  other  are  to  each  other  as  the 
products  of  the  sides  including  those  angles. 


Given — the  triangles  ADEsLnd  ABC  placed  so  that  their  equal  an- 
gles coincide  at  A. 

area  ADE     AD  X  AE 


To  PROVE 


area  ABC      AB  x  AC 


Draw  BE  and  denote  the  triangle  ABE  by  X, 
Then,  regarding  the  bases  of  X  and  ADE  as  AB  and  AD, 
they  will  have  a  common  altitude,  the  perpendicular  from 
E  to  AB.     Likewise  X  and  ABC  have  bases  AE  and  AC 
and  a  common  altitude,  the  perpendicular  from  B  to  AC 

area  ADE    AD 


Therefore 


and 


area -AT 
area  Jf 


AB 
AE 


§394 


diresi  ABC     AC 

[Triangles  having  equal  altitudes  are  to  each  other  as  their  bases.] 

3LreaiADE_ADxAE 

area  ABC '' ABxAC  Q.  e.  d. 


Multiplying, 
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PROPOSITION  IX.      THEOREM 


399.  The  areas  of  two  similar  triangles  are  to  each  other 
as  the  squares  of  any  two  homologous  sides. 


Given— -two  similar  triangles  ABC  and  A'B'C\  b  and  V  being  homo- 
logous sides. 

area  ABC    _^ 

area^'iff'C'"^' 


To  PROVE 


Draw  the  altitudes  a  and  a' , 

area  ABC       a  xb 


Then 


a      b 


§392 


But 


aredi  A'B'C    a'xb'    a'    b' 

[Two  triangles  are  to  each  other  as  the  products  of  their  bases  and  alti- 
tudes.] 

a       b  o 

-=-•  §290 

a     b 

[Homologous  altitudes  of  similar  triangles  have  the  same  ratio  as  homolo- 
gous sides.] 

6         a 
Substitute,  in  the  previous  equation,  7;  for  •—  • 


Then 


area  ABC 


Summary  : 


area^'^T'"*'^*'"*"* 

area^^C    =fjii=:f.x -  =  — x -  =  ~ 
area^'^'C'~*a'x3'~*a'      *'""*'      ?""*'•" 


Q.  B.  D. 


400*  Exercise. — Prove  the  last  proposition  by  means  o| 
Proposition  VIII. 
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PROPOSITION  X.      THEOREM 


4:01.   The  areas  of  two  similar  polygons  are  to  each  other 
as  tfie  squares  of  any  two  homologous  sides. 


Given— the  similar  polygons  ABCDE  and  A'B'CD'E',  with  sides 
a,  b,  c,  d,  e,  and  a\  ^,  c",  d\  e',  and  areas  M  and  M'  respectively. 


To  PROVE 


If  ABCDE  and  A'B'CUE'  are  radially  placed  so  that  O, 
the  centre  of  similitude,  is  within  the  two  polygons,  the  tri- 
angles OAB,  OBC,  OCD,  etc.,  are  respectively  similar  to 
OA'B',  OB'C\  OCD\  etc.  §  285 

area    OAB      a^     area  OBC      b^     area   OCD      c^ 
1  hen — ^= — r»  =  —  >  = — » 

area  OA'B'     a'      area  OB'C     b''     area  OCn     c" 
etc.  §  399 

[The  areas  of  two  similar  triangles  are  to  each  other  as  the  squares  of  any 
two  homologous  sides.] 

a*     H"     (^ 


But 


Hence 


^/.— ^/.— ^.— etc. 


§274 


area  OAB  _area  OBC  _area  OCD  _       _a* 

area  (?^7g'~area  C>i5'C'~area  OC'iy'^  ^'~V^' 

Ax.  I 
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Therefore 


area  OAB  4- area  OBC  -f  area  OCD  H-etc.     a^ 


area  OA  'B'  +  area  OB'  C  4-  area  OCD'  +  etc.    a'* 

.§265 
But  area  OAB-{-  area  OBC-^  area  (9CZ> + etc. = M,  Ax.  1 1 
and  area  OA  'B'  4-  area  OB'  C + area  OCD' + et c. = J/'. 


Therefore 


Q.  B.  D. 


a 


402.  Cor.  Since  —  =  ratio  of  similitude,  the  ratio  of  the 

areas  of  two  similar  polygons  equals  the  square  of  their  ratio 
of  similitude, 

PROPOSITION   XI.      THEOREM 

403.  Tlie  square  described  on  the  hypotenuse  of  a  right 

triangle  is  equivalent  to  the  sum  of  the  squares  on  the  other 

two  sides.* 

S 


A         )     ' 

^^ R 


N 


Given — the  right  triangle  ABC  and  the  squares  described  on  its  three 
sides. 

To  PROVE — ^area  of  square  AQ  =  area  of  square  BN+  area  of  square 
BM. 

*  Proposition  XI.  was  discovered  by  Pythagoras  (about  550  B.C.)  and  is  usu- 
ally known  as  the  Pythagorean  theorem.     The  proof  here  given  is  however 
to  Euclid  (about  300  B.C.),  that  of  Pythagoras  being  unknown. 
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Now  ABTsLud  CBS  are  straight  lines.  §  29 

Join  MC  and  BPsLud  draw  BR  parallel  to  AR 

Triangle*  ^il/C=  triangle  ABP,  §  79 

[Having  two  sides  and  the  included  angle  equal,  vii.,  AM  ■=!  AB^  being 
sides  of  a  square  ;  likewise  /4C=  AP^  and  angle  CAM  ■=•  angle  PAB,  since 
each  consists  of  a  right  angle  and  the  common  angle  BAC] 

But  rectangle  ^/^otwice  triangle  ABP.  §§  381,  390 

[Having  the  same  base  AP  and  the  same  altitude,  the  distance  between 
the  parallels  AP  and  PP.] 

>twice  triangle  AMC. 
>  square  BM. 


Likewise  square  BAT 
Therefore  rectangle  AR 
Likewise  we  may  prove 

rectangle  CR 
Adding, 

rect.  ^^-f  rect.  CR 
Or  sq.AQ 


Ax.  7 


square  BN, 


>sq,  BAT -^sq,BN. 

>sq.  BM-\-  sq.  BN.  q.  e.  d. 

404.  Cor.  T/te  square  on  either  side  about  the  right  angle 
is  equivalent  to  the  difference  of  the  squares  on  the  hypotenuse 
and  on  the  other  side. 


he  eye  will  interpret  this  equality  by  conceiving  the  triangle  AMC  to 
nd  yl  as  a  pivot  until  AAf  falls  on  AB. 
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4iOS.  Remark. — Proposition  XV.,  Book  III.,  differs  from 
the  preceding  proposition  in  that  the  squares  of  the  sides 
in  the  former  referred  to  the  algebraic  squares,  that  is,  the 
second  power  of  the  numbers  representing  the  sides,  where- 
as in  the  latter  case  the  squares  2S^  geometric.  Inasmuch  as 
the  algebraic  square  measures  the  geometric  square  (§  383), 
the  truth  of  either  of  the  two  propositions  involves  the  truth 
of  the  other. 

406.  Construction.  To  construct  a  square  equivalent 
to  the  sum  of  two  given  squares. 


1  «  °V  X 


B 


Given  two  squares  P  and  Q, 

To  CONSTRUCT       a  squafc  equivalent  to  /*  -f  2- 

Construct  a  right  angle  A  and  on  its  sides  lay  off  AB  and 
-/4C  equal  respectively  to  the  sides  of  Q  and  P.     Join  BC. 

Construct  the  square  X  having  its  side  equal  to  BC. 

X  is  the  required  square.     (Why?)  q.  e.  p. 

407,  Construction.  To  construct  a  square  equivalent 
to  the  difference  of  two  given  squares. 
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Given     two  squares,  P  and  Q,  of  which  P  is  the  smaller. 
To  CONSTRUCT        a  square  equivalent  to  2  —  /*. 

Construct  a  right  angle  A^  and  on  one  side  lay  o^  AC 
equal  to  the  side  of  P. 

Then  from  C  as  a  centre,  with  the  side  of  (2  as  a  radius, 
describe  an  arc  cutting  AE  at  B, 

Construct  the  square  X  having  its  side  equal  to  AB- 

X  is  the  required  square.     (Why?)  q.  e.  f. 

4i08.  Construction.  To  construct  a  square  equivalent  to 
the  sum  of  any  number  of  given  squares. 


c. 


a< 


Given  a,  b,  c,  d,  the  sides  of  given  squares. 

To  CONSTRUCT  —  a  square  equivalent  to  the  sum  of  these  given 


uares. 
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Draw  AB  equal  to  a. 

At  B  draw  BC  perpendicular  to  AB  and  equal  to  b ;  join 
AC. 

At  C  draw  CD  perpendicular  to  -^Cand  equal  to  c\  join 
AD. 

At  D  draw  /?-£  perpendicular  to  AD  and  equal  to  rf;  join 
AE. 

The  square  constructed  on  AE  as  a  side  is  the  square 
required. 

Proof.— 

Sq.  on  AEos^,  on  rf+sq.  on  -4Z>. 

Osq.  on  ^+sq.  on  ^+sq.  on  AC. 

=0=sq.  on  ^-f  sq.  on  ^+sq.  on  d-hsq.  on  a. 

Q.  B.  p. 

409.  Remark.  —  The  foregoing  construction  enables  a 
draughtsman  to  construct  a  line  whose  length  is  equal  to 
any  square  root. 

Thus  suppose  we  wish  to  construct  a  line  equal  to  -/3 
inches.    Lay  off  ^ ,  by  c,  one  inch  each  ;  then  AD  =  -v/3  inches. 

410.  Construction.  To  construct  a  triangle  equivalent 
to  a  given  polygon. 


Given 

To  CONSTRUCT 


the  polygon  ABCDE. 
a  triangle  equivalent  to  it. 
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Join  any  two  alternate  vertices  as  A  and  D, 

Draw  EX  parallel  to  AD  and  meeting  CD  produced  at  X. 
Join  AX, 

The  polygon  ABCX  has  one  less  side  than  the  original 
polygon,  but  is  equivalent  to  it. 

For  the  part  ABCD  is  common, 
and  triangle  ^Z>£'=0=  triangle  ADX.  §  391 

[Having  the  same  base  AD  and  the  same  altitude,  the  distance  between 
the  parallels  AD  and  £X,'\ 

In  like  manner  reduce  the  number  of  sides  of  the  new 
polygon  ABCX  J  and  thus  continue  until  the  required  tri- 
angle AXY  is  obtained.  q.  e.  p. 

411.  Construction.  To  construct  a  square  which  shall 
have  a  given  ratio  to  a  given  square. 


a 


m 


n 


B      'A     C 


Given — a  the  side  of  a  given  square  and  —  the  given  ratio. 


m 


n 


To  CONSTRUCT — a  square  which  shall  have  the  ratio  —  to  the  given 
square. 
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Draw  the  straight  line  AB  equal  to  ni  and  produce  it 
making  BC  equal  to  n. 

Upon  AC  Sis  a.  diameter  construct  a  semicircle. 
Erect  the  perpendicular  BD  meeting  the  circumference  at 
A  and  join  DA  and  DC. 

On  DA  lay  off  D£  equal  to  a  and  draw  £F  parallel  to  A  C. 
Then  DF,  or  ;r,  is  the  side  of  the  square  required. 

square  on  x^x* 
square  on  a~~ a* 


Proof: 


§383 


=(f)"=(f)"-^-^-^ 


DA'     AB 


§§272,313 


;/ 


fn  Q.  B.  D. 

4il2.  Construction.  To  construct  a  polygon  similar  to  a 
given  polygon  and  having  a  given  ratio  to  it. 


m< 


n< 


Given 


the  polygon  P^  and  the  ratio  — . 


m 


To  CONSTRUCT — a  polygon  similar  to  P,  and  which  shall  be  to  /'  as 
n  is  to  m. 

Find  a  line  A'B'  such  that  the  square  upon  it  shall  be  to 
the  square  upon  AB  as  n  is  to  ;//.  §  41 1 

Upon  A'B\  as  the  homologous  side  to  ABy  construct  the 
required  similar  polygon  X.  §  302 


Proof: 


P    AB       ^ 


Q.  B.  D. 
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413.  Construction.  To  construct  a  square  equivalent  to 
a  given  parallelogram. 


KD 


Given  a  parallelogram  P  with  base  b  and  altitude  a. 

To  CONSTRUCT  a  square  equivalent  to  P, 

Construct  x  a  mean  proportional  between  a  and  b,     §  316 
Upon  X  construct  the  required  square  S, 

Proof. — By  construction  ~=— . 

X    b 


Hence 
That  is, 


x'^  —  aYsb. 
area  5=  area  P. 


§250 
§§  383, 385 

Q.  E.  D. 

414.  Exercise, — Show  that  a  square  can  be  constructed 
equivalent  to  a  given  triangle  by  taking  for  its  side  a  mean 
proportional  between  the  altitude  and  half  the  base. 

415.  Exercise, — Show  that  a  square  can  be  constructed 
equivalent  to  a  given  polygon  by  first  reducing  the  polygon 
to  an  equivalent  triangle  and  then  constructing  a  square 
equivalent  to  the  triangle. 

416.  Construction.  To  construct  a  rectangle  equivalent 
to  a  given  square^  and  having  the  sum  of  its  base  and  altitude 
equal  to  a  given  line. 
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Given — a,  the  side  of  the  given  square  R,  and  AB,  the  given  line. 

To  CONSTRUCT — a  rectangle  equivalent  to  R  and  having  its  base  and 
altitude  together  equal  to  AB. 

Upon  AB  dj&z.  diameter  construct  a  semicircle. 

Draw  CD  parallel  to  AB  and  at  a  distance  from  it  equal 
to  a. 

From  D  the  intersection  of  CD  with  the  circumference 
draw  DX  perpendicular  to  AB. 

The  rectangle  having  AX  for  its  altitude  and  XB  for  its 
base  is  the  required  rectangle. 

AX    DX 


Proof: 


§315 


Hence 
That  is, 
Also 


§250 
§§  381,  383 


DX    XB 
AXxXB^DX". 
area  rectangle = area  square. 

AX-^-XB^AB.  Q.  E.  F. 

417*  Remark. — §  416  may  be  stated  :  To  find  two  straight 
lines  of  which  the  sum  and  product  are  given. 

418.  Construction.  To  construct  a  rectangle  equivalent 
to  a  given  square^  and  having  the  difference  of  its  base  and 
altitude  equal  to  a  given  line. 


Given  a,  the  side  of  the  square  R,  and  the  line  AB, 

To  CONSTRUCT— a  rectangle  equivalent  to  /?,  and  having  the  differ- 
ence of  its  base  and  altitude  equal  to  AB, 


i| 
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Upon  AB  as  a  diameter  construct  a  circumference. 

At  A  draw  the  tangent  A  C  equal  to  a. 

Draw  CVF  through  the  centre  meeting  the  circumference 
in  X  and  K 

Then  the  rectangle  having  its  base  equal  to  CK  and  its 
altitude  equal  to  CX  is  the  required  rectangle.   ^ 

Proof:  ^^A.  .  §  321 

^       CY 

Whence  CXy.CYz^a\  §250 

Or,  area  rectangle  =  area  square.  §§381,  383 

Also  XY^  the  difference  between  CY  and  CX,  is  a  diame- 
ter of  the  circle,  and  therefore  equal  to  AB.  q.  e.  f. 

4id.  Remark. — §  418  may  be  stated :  To  find  two  straight 
lines  of  which  the  difference  and  product  are  given. 

420.  Construction.  To  construct  a  polygon  similar  to  a 
given  polygon  and  equivalent  to  another  given  polygon.'^ 


m. 


n- 


♦  Pythagoras  (about  550  B.C.)  first  solved  this  problem. 
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Given  the  polygons  P  and  Q, 

To  CONSTRUCT — a  polygon  similar  to  P  and  equivalent  to  Q, 

Construct  squares  equivalent  to  Pand  Q.  §  415 

Let  n  and  m  be  the  sides  of  these  squares. 

From  any  point  O  draw  two  lines  OM  and  ON,  and  on 
these  lay  off  OC  equal  to  m  and  OD  equal  to  «.  On  £?Z? 
lay  off  OS  equal  to  a,  a  side  of  /I 

Draw  parallels  giving  the  fourth  proportional  OT.     §  282 

Upon  OTy  or  x,  as  a  side  homologous  to  a,  construct  a 
polygon  X  similar  to  P,     It  will  also  be  equivalent  to  Q. 

Proof: 

f     a-      n 

Therefore  X  is  equivalent  to  Q  and  is  similar  to  P  by  con- 
struction. Q.  E.  F. 


-  =  -=— =?9l^5^  =  ^.      (Why?) 
P     a       n      sq.  on  «     P 


PROBLEMS  OF  DEMONSTRATION 

4:21.  The  square  on  the  base  of  an  isosceles  triangle, 
whose  vertical  angle  is  a  right  angle,  is  equivalent  to  four 
times  the  triangle. 

4:22.  A  quadrilateral  is  divided  into  two  equivalent  tri- 
angles by  one  of  its  diagonals,  if  the  other  diagonal  is  bi- 
sected by  the  first. 

4:23.  The  four  triangles  formed  by  drawing  the  diagonals 
of  a  parallelogram  are  all  equivalent. 
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4:24:.  If  from  the  middle  point  of  one  of  the  diagonals  of 
a  quadrilateral  straight  lines  are  drawn  to  the  opposite  ver- 
tices, these  two  lines  divide  the  figure  into  two  equivalent 
parts. 

425.  If  the  sides  of  any  quadrilateral  are  bisected  and 
the  points  of  bisection  successively  joined,  the  included  fig- 
ure will  be  a  parallelogram  equal  in  area  to  half  the  original 
figure. 

426.  A  trapezoid  is  divided  into  two  equivalent  parts  by 
the  straight  line  joining  the  middle  points  of  its  parallel 
sides. 

427.  The  triangle  formed  by  joining  the  middle  point  of 
one  of  the  non-parallel  sides  of  a  trapezoid  to  the  extremi- 
ties of  the  opposite  side  is  equivalent  to  one-half  the  trape- 
zoid. 

428.  If  the  three  sides  of  a  right  triangle  are  the  homo- 
logous sides  of  similar  polygons  described  upon  them,  then 
the  polygon  described  upon  the  hypotenuse  is  equivalent 
to  the  sum  of  the  polygons  described  upon  the  other  two 
sides. 

429*  If  M  is  the  intersection  of  the  medians  of  a  trian- 
gle ABCj  the  triangle  AMB  is  one-third  of  ABC. 

430.  If  from  the  middle  point  of  the  base  of  a  triangle 
lines  parallel  to  the  sides  are  drawn,  the  parallelogram  thus 
formed  is  equivalent  to  one-half  the  triangle. 

431.  Any  straight  line  drawn  through  the  intersection 
of  the  diagonals  of  a  parallelogram  divides  the  parallelo- 
gram into  two  equivalent  parts. 

432.  The  square  described  upon  the  sum  of  two  straight 
lines  is  equivalent  to  the  sum  of  the  squares  described  upon 
tj^g  t\vo  lines  plus  twice  their  rectangle. 


/) 
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M 


H 


B 


Hint. — Let  AB  and  -ff C  be  the  given  lines. 

4:33.  The  square  described  upon  the  difference  of  two 
straight  lines  is  equivalent  to  the  sum  of  the  squares  de- 
scribed upon  the  two  lines  minus  twice  their  rectangle. 


c     B 


Hint. — Let  AB  and  BC  be  the  given  lines. 

4:34:.  The  rectangle  whose  sides  are  the  sum  and  the  dif- 
ference of  two  straight  lines  is  equivalent  to  the  difference 
of  the  squares  described  upon  the  two  lines. 


A 

E 

\     C 

Hint, — Let  AB  and  ^Cbe  the  given  lines. 

Question. — To  what  three  formulas  of  algebra*  do  the  last  three  problems 

correspond  ? 

*  Euclid  gave  the  geometric  proofs  of  §§  432-4 ;  bat  thou^  he 
translated  them  into  algebra,  he  was  probably  not  acquainted  witli 
proof.     To-day  we  find  it  easier  to  obtain  the  algebraic  fonnulM 
give  them  the  geometric  interpretation.     This  is  true  in  a       ^ 
where  the  opposite  was  true  among  the  Greeks. 
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PROBLEMS  OF  CONSTRUCTION 

435.  To  divide  a  triangle  into  three  equivalent  triangles 
by  straight  lines  from  one  of  the  vertices  to  the  side  oppo- 
site. 

4t3Q.  To  construct  an  isosceles  triangle  equivalent  to  any 
given  triangle,  and  having  the  same  base.  • 

4^31  •  On  a  given  side,  to  construct  a  triangle  equivalent 
to  any  given  triangle. 

4:38.  Having  given  an  angle  and  one  of  the  including 
sides,  to  construct  a  triangle  equivalent  to  a  given  triangle. 

439.  To  construct  a  right  triangle  equivalent  to  a  given 
triangle. 

440.  To  construct  a  right  triangle  equivalent  to  a  given 
triangle,  and  having  its  base  equal  to  a  given  line. 

441.  On  a  given  hypotenuse  to  construct  a  right  triangle 
equivalent  to  a  given  triangle.  When  is  the  problem  im- 
possible ? 

442.  To  draw  a  straight  line  through  the  vertex  of  a 
given  triangle  so  as  to  divide  it  into  two  parts  having  the 
ratio  2  to  5. 

443.  To  bisect  a  triangle  by  a  straight  line  drawn  from  a 
given  point  in  one  of  its  sides.  §  398 

444.  On  a  given  side  to  construct  a  rectangle  equivalent 
to  a  given  square. 

445.  To  construct  a  square  equivalent  to  a  given  tri- 
angle. 

44Q.  To  construct  a  square  equivalent  to  the  sum  of  two 
given  triangles. 

441.  On  a  given  side  to  construct  a  rectangle  equivalent 
to  the  sum  of  two  given  squares. 
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4t4:8.  To  construct  a  square  which  shall  have  a  given 
ratio  to  a  given  hexagon. 

449.  Through  a  given  point  within  any  parallelogram  to 
draw  a  straight  line  dividing  it  into  two  equivalent  parts. 

PROBLEMS   FOR  COMPUTATION 

4^0.  (i.)  Find  the  area  of  a  parallelogram  one  of  whose 
sides  is  37.53  m.,  if  the  perpendicular  distance  between  it 
and  the  opposite  side  is  2.95  dkm. 

(2.)  Required  the  area  of  a  rhombus  if  its  diagonals  are  in 
the  ratio  of  4  to  7,  and  their  sum  is  16. 

(3.)  In  a  right  triangle  the  perpendicular  from  the  vertex 
of  the  right  angle  to  the  hypotenuse  divides  the  hypotenuse 
into  the  segments  m  and  n.     Find  the  area  of  the  triangle. 

(4.)  If  the  hypotenuse  of  an  isosceles  right  triangle  is 
30  ft.,  find  the  number  of  ares  in  its  area. 

(5.)  Find  the  area  of  an  isosceles  right  triangle  if  the  hy- 
potenuse is  equal  to  a, 

(6.)  If  one  of  the  equal  sides  of  an  isosceles  triangle  is 
17  dkm.  in  length  and  its  base  is  30  m.,  find  the  area  of  the 
triangle. 

(7.)  Find  the  area  of  an  isosceles  triangle  if  one  of  the 
equal  sides  is  a  and  its  base  is  b. 

(8.)  If  in  the  above  example  a=  17.163  hm.  and  ^=27.395 
hm.,  how  many  acres  are  there  in  the  triangle? 

(9.)  Find  the  area  of  an  equilateral  triangle  if  one  of  the 

sides  equals  16  m. 

I 

(10.)  If  the  side  of  an  equilateral  triangle  is  m% 
area. 

(11.)  If  each  side  of  a  triangular  park 
rds.,  how  many  hectares  does  it  contain  ? 
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(12.)  If  the  perimeter  of  an  equilateral  triangle  is  523.65 
ft.,  find  its  area. 

(13.)  Find  the  area  of  a  triangle,  if  two  of  its  sides  are  6 
in.  and  7  in.  and  the  included  angle  is  30°. 

(14.)  Show  that,  if  a  and  b  are  the  sides  of  a  triangle,  the 
area  is  \  ab,  when  the  included  angle  is  30°  or  150° ;  i  abV2y 
when  the  included  angle  is  45°  or  135^;  i  tf^V^3,  when  the 
included  angle  is  60°  or  120®. 

(15.)  Find  the  area  of  a  triangle,  if  two  of  its  sides  are 
43.746  mm.  and  15.691  mm.,  and  the  included  angle  is  I20^ 

(16.)  How  many  square  feet  are  there  in  the  entire  sur- 
face of  a  house  50  ft.  long,  40  ft.  wide,  30  ft.  high  at  the  cor- 
ners, and  40  ft.  high  at  the  ridge-pole  ? 

(17.)  Find  the  area  of  a  triangle  whose  sides  are  a,  6,  and  c. 


Solution, — The  area  of  the  triangle  ABC^—^^' 


But 


h  =^s{s^a){s-b){s^c). 


§  373(31) 


Whence  area  =  -  x  -yys{S'-a){s—b){s—c) 

z=\/  8(8-a%8'-h){8-C). 

(18.)  Find  the  area  of  a  triangle  whose  sides  are  119.3  m., 

147.35  ^-y  ^"^  7  dkm. 

(19.)  Required  the  area  of  the  quadrilateral  ABCD,  if  the 
four  sides  AB^  BCy  CDy  and  DA  measure  respectively  63.57, 
113.29,  39.637,  and  156  ft.,  and  the  diagonal  -^C=  150.26  ft. 
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(20.)  If  the  bases  of  a  trapezoid  are  respectively  97  m. 
and  133  m.,  and  its  area  is  46  ares,  find  its  altitude. 

(21.)  Find  the  area  of  a  trapezoid  of  which  the  bases  are 
73  ft.  and  57  ft.,  and  each  of  the  other  sides  is  17  ft. 

(22.)  Find  the  area  of  a  trapezoid  of  which  the  bases  are 
a  and  b  and  the  other  sides  are  each  equal  to  d, 

(23.)  If  in  the  triangle  ABC 2,  line  J/A^is  drawn  parallel  to 
the  side  AC  so  that  the  smaller  triangle  which  it  cuts  off  equals 
one-third  of  the  whole  triangle,  find  MN  in  terms  of  AC 

(24.)  Through  a  triangular  field  a  path  runs  from  one  cor- 
ner to  a  point  in  the  opposite  side  204  yds.  from  one  end, 
and  357  yds.  from  the  other.  What  is  the  ratio  of  the  two 
parts  into  which  the  field  is  divided  ? 

(25.)  If  a  square  and  a  rhombus  have  equal  perimeters, 
and  the  altitude  of  the  rhombus  is  four-fifths  its  side,  com- 
pare the  areas  of  the  two  figures. 

(26.)  The  altitude  upon  the  hypotenuse  of  an  isosceles 
right  triangle  is  3.1572  m.  Find  the  side  of  an  equivalent 
square. 

(27.)  If  the  areas  of  two  triangles  of  equal  altitude  are 
9  hectares  and  324  ares  respectively,  what  is  the  ratio  of 
their  bases  ? 

(28.)  A  triangle  and  a  rectangle  are  equivalent.  («.)  If 
their  bases  are  equal  find  the  ratio  of  their  altitudes.  (^.) 
Compare  their  bases  if  their  altitudes  are  equal. 

(29.)  Two  homologous  sides  of  two  similar  polygons  are 
respectively  12  m.  and  36  m.  in  length,  and  the  area  of  the 
first  is  180  sq.  m.     What  is  the  area  of  the  second? 

(30.)  Two  similar  fields  together  contain  579  hectares. 
What  is  the  area  of  each  if  their  homologous  sides  arc  in 
the  ratio  of  7  to  12? 
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(31.)  In  a  triangle  having  its  base  equal  to  24  in.  and  an 
area  of  216  sq.  in.,  a  line  is  drawn  parallel  to  the  base  through 
a  point  6  in.  from  the  opposite  vertex.  Find  the  area  of 
the  smaller  triangle  thus  formed. 

(32.)  The  altitude  of  a  triangle  is  a  and  its  base  is  b\  the 
altitude,  homologous  to  a^  of  another  triangle,  similar  to  the 
first,  is  c.  Find  the  altitude,  base,  and  area  of  a  triangle 
similar  to  the  given  triangles  and  equivalent  to  their  sum. 

(33.)  Construct  a  square  equivalent  to  the  sum  of  the 
squares  whose  sides  are  20,  16,  9,  and  5  cm. 

(34.)  If  the  sides  of  a  triangle  are  1 13.61  cm.,  97.329  cm., 
and  82.52  cm.,  find  the  areas  of  the  parts  into  which  it  is  di- 
vided by  the  bisector  of  the  angle  opposite  the  first  side. 

(35.)  If  to  the  base  *  of  a  triangle  the  line  d  is  added,  how 
much  must  be  taken  from  its  altitude  h  that  its  area  may  re- 
main unchanged  ? 

(36.)  If  the  sides  of  a  triangle  are  «,  b,  and  c,  find  the  ra- 
dius of  the  inscribed  circle. 


Solution. — The  area  of  the  triangle  CBP=-xr. 


The  area  of  the  triangle  CAP=-xr. 


The  area  of  the  triangle  BAP=-xr. 


\     I 
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The  sum  of  these  areas,  or  the  area  of  the  triangle  ABCy 


2or 


xr=sr. 


But  by  (i  7)  the  area  of 

Therefore  sr=  Vs{s—'a){s^i>){s^c) 

(37.)  If  the  sides  of  a  triangle  are  173.52  cm.,  125.3  cm., 
and  96.357  cm.,  find  the  radius  of  the  inscribed  circle. 
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BOOK  V 

REGULAR  POLYGONS  AND  CIRCLES.      SYMMETRY   WITH   RE- 
SPECT  TO  A   POINT 

4L51*  Defs, — A  figure  turns  half-way  round  a  point,  if  a 
;traight  line  of  the  figure  passing  through  the  point  turns 
:hrough  i8o°,  i.  e.,  half  of  360°. 

A  figure  turns  one-third-way  round  a  point,  if  a  straight 
ine  of  the  figure  passing  through  the  point  turns  through 
t20°,  i.  e.,  one-third  of  360*^. 

In  general,  a  figure  turns  one-n*  way  round  a  point  if  a 
straight  line  of  the  figure  passing  through  the  point  turns 
through  one-«^**  of  360*^. 

4LB2.  Exercise, — If  a  figure  is  turned  half-way  round  on  a 
point  as  a  pivot,  i.  e.,  so  that  one  straight  line  of  the  figure 
passing  through  that  point  turns  through  180°,  prove  that 
fvery  other  straight  line  of  the  figure  passing  through  that 
point  turns  through  180*^. 

4:53.  Exercise, — In  the  same  case,  prove  that  every  straight 
line  not  passing  through  the  pivot  makes  after  the  rotation 
an  angle  of  180°  with  its  original  position. 

4:54:.  Exercise, — If  a  figure  turns  one -third  way  round, 
prove  that  every  straight  line,  whether  passing  through  the 
pivot  or  not,  makes  after  the  rotation  an  angle  of  120°  with 
►riginal  position. 
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4:55.  Exercise, — If  a  figure  turns  one-«*  way  round,  prove 
that  every  straight  h'ne  of  the  figure  makes  after  the  rotation 

an  angle  equal  to  -  of  360^  with  its  original  position. 


n 


4S6.  Remark, — Hence  we  see  the  propriety  of  saying 
that  when  one  straight  line  of  the  figure  turns  through  an 
angle,  the  whole  figure  turns  through  the  same  angle. 

4:511.  Defs, — A  figure  was  defined  to  be  symmetrical  with 
respect  to  a  point,  called  the  centre  of  symmetry  (§  40),  if, 
on  being  turned  half-way  round  on  that  point  as  a  pivot,  the 
figure  coincides  with  its  original  position  or  impression. 

To  distinguish  this  kind  of  symmetry  from  those  which 
follow,  it  may  be  called  two-fold  symmetry  with  respect  to 
a  point. 

4:58.  Def, — A  figure  has  three-fold  symmetry  with  re- 
spect to  a  point,  if,  on  being  turned  one-third  way  round  on 
that  point  as  a  pivot,  it  coincides  with  its  original  impression. 


FIGURBS  POSSESSING  THKBB-FOLD  SYMMBTRY  WITH  RBSPBCT  TO  A  POINT 


A  figure  which  coincides  with  its  original  when  turned  one-t] 
round  must  also  coincide  when  turned  /2£/i7-thirds.     For,  since  it 
after  the  first  third,  it  may  then  be  regarded  as  the  original  figun^j 
therefore  coincide  when  turned  one-third  again.     When  ti 
third  the  figure  has  completed  one  revolution,  and  each  part  ts^ 
position.     It  is  easy  to  copy  one  of  the  above  figures  on 
card-board,  cut  it  out,  fit  it  again  to  the  page,  stick  a  pin 
and  turn  the  figure  one-third  way  round.     In  Pro] 
convenient  to  think  of  the  original  diagram  as  fixed 
other  diagram,  as  the  card-board,  revolves  upon  it. 
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REGULAR  POLYGONS  AND  CIRCLES.      SYMMETRY   WITH   RE- 
SPECT TO  A   POINT 

451.  Defs. — A  figure  turns  half-way  round  a  point,  if  a 
straight  line  of  the  figure  passing  through  the  point  turns 
through  1 80°,  i.  e.,  half  of  360°. 

A  figure  turns  one-third-way  round  a  point,  if  a  straight 
line  of  the  figure  passing  through  the  point  turns  through 
120°,  i.  e.,  one-third  of  360*^. 

In  general,  a  figure  turns  one-n*  way  round  a  point  if  a 
straight  line  of  the  figure  passing  through  the  point  turns 
through  one-«^  of  360*^. 

452.  Exercise, — If  a  figure  is  turned  half-way  round  on  a 
point  as  a  pivot,  i.  e.,  so  that  one  straight  line  of  the  figure 
passing  through  that  point  turns  through  180°,  prove  that 
every  other  straight  line  of  the  figure  passing  through  that 
point  turns  through  180°. 

4:53.  Exercise, — In  the  same  case,  prove  that  every  straight 
line  not  passing  through  the  pivot  makes  after  the  rotation 
an  angle  of  180°  with  its  original  position. 

4t54.  Exercise, — If  a  figure  turns  one -third  way  round, 
prove  that  every  straight  line,  whether  passing  through  the 
pivot  or  not,  makes  after  the  rotation  an  angle  of  1 20°  with 
its  original  position. 
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4:55*  Exercise, — If  a  figure  turns  on^-n^  way  round,  prove 
that  every  straight  line  of  the  figure  makes  after  the  rotation 

an  angle  equal  to  -  of  360^  with  its  original  position. 


n 


456 •  Remark, — Hence  we  see  the  propriety  of  saying 
that  when  one  straight  line  of  the  figure  turns  through  an 
angle,  the  whole  figure  turns  through  the  same  angle. 

4:511  •  Defs, — A  figure  was  defined  to  be  symmetrical  with 
respect  to  a  point,  called  the  centre  of  symmetry  (§  40),  if, 
on  being  turned  half-way  round  on  that  point  as  a  pivot,  the 
figure  coincides  with  its  original  position  or  impression. 

To  distinguish  this  kind  of  symmetry  from  those  which 
follow,  it  may  be  called  two-fold  symmetry  with  respect  to 
a  point. 

458.  Def, — A  figure  has  three-fold  symmetry  with  re- 
spect to  a  point,  if,  on  being  turned  one-third  way  round  on 
that  point  as  a  pivot,  it  coincides  with  its  original  impression. 


PIGURBS  POSSBSSING  THKBB-FOLD  SYMMBTRY  WITH  RBSPBCT  TO  A  POINT 


A  6gure  which  coincides  with  its  original  when  turned  one-third  way 
round  must  also  coincide  when  turned  /w^-thirds.  For,  since  it  coincides 
after  the  first  third,  it  may  then  be  regarded  as  the  original  figure,  and  will 
therefore  coincide  when  turned  one-third  again.  When  turned  the  third 
third  the  figure  has  completed  one  revolution,  and  each  part  is  in  its  original 
position.  It  is  easy  to  copy  one  of  the  above  figures  on  tracing-paper  or 
card-board,  cut  it  out,  fit  it  again  to  the  page,  stick  a  pin  through  its  centre, 
and  turn  the  figure  one-third  way  round.  In  Propositions  I.  and  II.  it  is 
convenient  to  think  of  the  original  diagram  as  fixed  on  the  page,  while  an- 
other diagram,  as  the  card-board,  revolves  upon  it. 
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BOOK  V 

REGULAR  POLYGONS  AND  CIRCLES.      SYMMETRY  WITH   RE- 
SPECT  TO  A   POINT 

4:51*  Defs. — A  figure  turns  half-way  round  a  point,  if  a 
straight  line  of  the  figure  passing  through  the  point  turns 
through  1 80°,  i.  e.,  half  of  360°. 

A  figure  turns  one-third-way  round  a  point,  if  a  straight 
line  of  the  figure  passing  through  the  point  turns  through 
120°,  i.  e.,  one-third  of  360*^. 

In  general,  a  figure  turns  one-n**>  way  round  a  point  if  a 
straight  line  of  the  figure  passing  through  the  point  turns 
through  one-n^  of  360°. 

4Ji2*  Exercise. — If  a  figure  is  turned  half-way  round  on  a 
point  as  a  pivot,  i.  e.,  so  that  one  straight  line  of  the  figure 
passing  through  that  point  turns  through  180°,  prove  that 
eifery  other  straight  line  of  the  figure  passing  through  that 
point  turns  through  180°. 

4:53.  Exercise, — In  the  same  case,  prove  that  every  straight 
line  not  passing  through  the  pivot  makes  after  the  rotation 
an  angle  of  180°  with  its  original  position. 

454.  Exercise, — If  a  figure  turns  one-third  way  round, 
prove  that  every  straight  line,  whether  passing  through  the 
pivot  or  not,  makes  after  the  rotation  an  angle  of  120°  with 
its  original  position. 
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4:55*  Exercise. — If  a  figure  turns  one-«**»  way  round,  prove 
that  every  straight  line  of  the  figure  makes  after  the  rotation 

an  angle  equal  to  -  of  360^  with  its  original  position. 


n 


4SG.  Remark. — Hence  we  see  the  propriety  of  saying 
that  when  one  straight  line  of  the  figure  turns  through  an 
angle,  the  whole  figure  turns  through  the  same  angle. 

4:511  •  Defs, — A  figure  was  defined  to  be  symmetrical  with 
respect  to  a  point,  called  the  centre  of  symmetry  (§  40),  if, 
on  being  turned  half-way  round  on  that  point  as  a  pivot,  the 
figure  coincides  with  its  original  position  or  impression. 

To  distinguish  this  kind  of  symmetry  from  those  which 
follow,  it  may  be  called  two-fold  symmetry  with  respect  to 
a  point. 

458.  Def. — A  figure  has  three-fold  symmetry  with  re- 
spect to  a  point,  if,  on  being  turned  one-third  way  round  on 
that  point  as  a  pivot,  it  coincides  with  its  original  impression. 


PICURIS  POSSESSING  THKBI-POLD  SYMIIBTRY  WITH  RBSPBCT  TO  A  POIlfT 


A  figure  which  coincides  with  its  original  when  turned  one-third  way 
round  must  also  coincide  when  turned  /w^-thirds.  For,  since  it  coincicUs 
after  the  first  third,  it  may  then  be  regarded  as  the  original  figure,  and  will 
therefore  coincide  when  turned  one-third  again.  When  turned  the  third 
third  the  figure  has  completed  one  revolution,  and  each  part  is  in  its  original 
position.  It  is  easy  to  copy  one  of  the  above  figures  on  tracing-paper  or 
card-board,  cut  it  out,  fit  it  again  to  the  page,  stick  a  pin  through  its  centre, 
and  turn  the  figure  one-third  way  round.  In  Propositions  I.  and  II.  it  is 
convenient  to  think  of  the  original  diagram  as  fixed  on  the  page,  while  an- 
other diagram,  as  the  card-board,  revolves  upon  it. 
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REGULAR  POLYGONS  AND  CIRCLES.      SYMMETRY  WITH   RE- 

SPECT   TO   A   POINT 

451.  Defs. — A  figure  turns  half-way  round  a  point,  if  a 
straight  line  of  the  figure  passing  through  the  point  turns 
through  1 80°,  i.  e.,  half  of  360°. 

A  figure  turns  one-third-way  round  a  point,  if  a  straight 
line  of  the  figure  passing  through  the  point  turns  through 
120°,  i.  e.,  one-third  of  360°. 

In  general,  a  figure  turns  one-n*  way  round  a  point  if  a 
straight  line  of  the  figure  passing  through  the  point  turns 
through  one-ffi^  of  360**. 

4Ji2*  Exercise. — If  a  figure  is  turned  half-way  round  on  a 
point  as  a  pivot,  i.  e.,  so  that  one  straight  line  of  the  figure 
passing  through  that  point  turns  through  180°,  prove  that 
every  other  straight  line  of  the  figure  passing  through  that 
point  turns  through  180°. 

4:53*  Exercise. — In  the  same  case,  prove  that  every  straight 
line  not  passing  through  the  pivot  makes  after  the  rotation 
an  angle  of  180°  with  its  original  position. 

4:54:.  Exercise, — If  a  figure  turns  one -third  way  round, 
prove  that  every  straight  line,  whether  passing  through  the 
pivot  or  not,  makes  after  the  rotation  an  angle  of  1 20°  with 
its  original  position. 
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4:55*  Exercise, — If  a  figure  turns  one-«***  way  round,  prove 
that  every  straight  line  of  the  figure  makes  after  the  rotation 

an  angle  equal  to  -  of  360^  with  its  original  position. 


n 


4S6*  Remark. — Hence  we  see  the  propriety  of  saying 
that  when  one  straight  line  of  the  figure  turns  through  an 
angle,  the  whole  figure  turns  through  the  same  angle. 

4^7*  Defs, — A  figure  was  defined  to  be  symmetrical  with 
respect  to  a  point,  called  the  centre  of  symmetry  (§  40),  if, 
on  being  turned  half-way  round  on  that  point  as  a  pivot,  the 
figure  coincides  with  its  original  position  or  impression. 

To  distinguish  this  kind  of  symmetry  from  those  which 
follow,  it  may  be  called  two-fold  symmetry  with  respect  to 
a  point. 

4:58.  Def, — A  figure  has  three-fold  symmetry  with  re- 
spect to  a  point,  if,  on  being  turned  one-tkird  way  round  on 
that  point  as  a  pivot,  it  coincides  with  its  original  impression. 


PIGURBS  POSSESSING  THKBB-POLD  SYIUCBTRY  WITH  RBSPBCT  TO  A  POINT 


A  figure  which  coincides  with  its  original  when  turned  one-third  way 
round  must  also  coincide  when  turned  two-ihixAs.  For,  since  it  coincides 
after  the  first  third,  it  may  then  be  regarded  as  the  original  figure,  and  will 
therefore  coincide  when  turned  one-third  again.  When  turned  the  third 
third  the  figure  has  completed  one  revolution,  and  each  part  is  in  its  original 
position.  It  is  easy  to  copy  one  of  the  above  figures  on  tracing-paper  or 
card-board,  cut  it  out,  fit  it  again  to  the  page,  stick  a  pin  through  its  centre, 
and  turn  the  figure  one-third  way  round.  In  Propositions  I.  and  II.  it  is 
convenient  to  think  of  the  original  diagram  as  fixed  on  the  page,  while  an- 
other diagram,  as  the  card-board,  revolves  upon  it. 
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Given — a  circle  whose  centre  is  O  and  whose  circumference  is  divided 

into  n  equal  arcs  at  the  points  A,  B,  C,  D,  etc. 

To  PROVE — I.  The  n  chords  AB,  BQ  etc.,  form  a  regular  polygon, 

with  centre  O. 
II.  The  n  tangents  XA  V,  YBZ,  etc.,  form  a  regular  poly- 
gon, with  centre  O, 


I.  Revolve  the  figure  one-«^  of  360°. 

As  the  figure  is  turned,  the  circumference  slides  along  it- 
self. §  1 59 

Since  the  arcs  are  each  equal  to  one-«***  of  the  circumfer- 
ence, when  A  reaches  B^  B  will  reach  C,  C  will  reach  Z>,  etc. 

That  is,  each  vertex  of  the  revolved  polygon  coincides 
with  a  vertex  of  the  original  polygon. 

Since  the  vertices  coincide,  the  sides  which  connect  them 
must  also  coincide.  Ax.  a 

Hence  the  whole  polygon  coincides  with  its  original  im- 
pression, and  is  therefore  regular.  §  460 

Q.  E.  D. 

II.  We  have  just  proved  that  when  the  figure  is  revolved 
one-«^^,  the  vertices  A,  B,  C,  etc.,  will  coincide  respectively 
with  B^  C,  D,  etc.,  and  we  know  that  the  circumference 
will  coincide  with  itself.  §  1 59 

Hence  the  tangents  dit  A,  B,  C,  etc.,  will  coincide  respec- 
tively with  the  tangents  at  B,  C,  A  etc.  §§  173,  18 


On 
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Hence  the  whole  circumscribed  polygon  will  coincide  with 
its  original  impression,  and  is  therefore  regular.  §  460 

Q.  E.  D.* 

470.  Construction.  To  inscribe  a  regular  quadrilateral, 
or  square,  in  a  given  circle, 

c 


Given 

To  CONSTRUCT 


a  circle  with  centre  O, 
an  inscribed  square. 


Draw  two  perpendicular  diameters  AB  and  CD. 

Join  their  extremities. 

ACBD  is  the  required  square. 

/V^^/.— The  arcs  AC,  CB,  BD,  DA  are  equal.  §  162 

[Subtending  equal  angles  at  the  centre.]  . 

Hence  ACBD  is  a  regular  quadrilateral.  §  469  I 

Q.  E.  D. 

471.  Remark, — A  regular  polygon  of  eight  sides  can  be 
inscribed  by  bisecting  the  arcs  AC,  CB,  etc.;  and,  by  con- 
tinuing the  process,  regular  polygons  of  sixteen,  thirty-two, 
sixty-four,  one  hundred  and  twenty-eight,  etc.,  sides  can  be 
inscribed. 

47;?.  Construction.  To  inscribe  a  regular  hexagon  in  a 
given  circle. 
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\ 


Given 

To  CONSTRUCT 


a  circle  with  centre  O. 
a  regular  inscribed  hexagon. 

Draw  any  radius  OA, 

With  ^  as  a  centre  and  a  radius  equal  to  OA  describe  an 
arc  intersecting  the  circumference  at  B, 

A B  is  3L  side  of  the  required  regular  inscribed  hexagon. 

Proof.— Join  OB. 

The  triangle  OAB  is  equilateral.  Cons. 

Hence  angle  O  is  60°,  i.  e.,  one-sixth  of  360^.  §  74 

Hence  arc  AB  is  one-sixth  of  the  circumference.        §  191 

Therefore  chord  AB  is  a  side  of  a  regular  inscribed  hexa- 
gon. §  469  I 

Q.  E.  D. 

473.  Exercise. — Show  that  a  regular  inscribed  triangle  is 
formed  by  joining  the  alternate  vertices  A^  C,  and  E. 

4:74:.  Remark. — A  regular  inscribed  polygon  of  twelve 
sides  can  be  formed  by  bisecting  the  arcs  AB,  BC,  etc. ; 
and,  by  continuing  the  process,  regular  polygons  of  twenty- 
four,  forty-eight,  ninety-six,  etc.,  sides  can  be  inscribed. 

475.  Construction.  To  inscribe  a  regular  decagon  in  a 
given  circle. 
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Given  a  circle  with  centre  O, 

To  CONSTRUCT         a  regular  inscribed  decagon. 

Divide  a  radius  OA  internally  in  extreme  and  mean  ratio, 

.u  ^                        OA     OX  ^ 

1.  e.,  so  that  = S  ^^5 

OX    XA  ^ 

With  4l  as  a  centre  and  OX  as  a  radius,  describe  an  arc 
cutting  the  circumference  at  B, 

AB  \s2i  side  of  the  required  regular  inscribed  decagon. 

Proof.— ]ovci  BXdXiA  BO, 

Substituting  AB  for  its  equal  OJf  we  have 

OA_AB 

AB"  AX 
Hence  triangles  AOB  and  ABX ^x^  similar.  §  285 

[Having  the  angle  A  common  and  the  including  sides  proportional.] 

But  A  OB  is  isosceles.  §  1 50 

Therefore  ^i5^  is  isosceles,  and -^-ff—-fi-A^=(9X         Cons. 
Whence     OXB  is  isosceles,  and  angle  j/= angle  x.  §  71 

Then  angle  £:=;r-H^=2;r.  §59 

And  angle  OBA  =A  =z—2x.  §  71 

Hence,  in  the  triangle  AOBy 

angle  0AB'\'0BA-{'X=Sx=2  right  angles.        §  58 
Therefore  ;r=^  of  2  right  angles,  or  -j^  of  4  right  angles. 
And  arc  AB=z-^  of  the  circumference.  §  191 

Therefore  chord  -^-5= side  of  regular  inscribed  decagon. 

§4691 

Q.  E.  D. 

476.  Exercise, — Show  that  a  regular  pentagon  is  inscribed 
by  joining  the  alternate  vertices.  A,  C,  Ey  (7,  /. 

477.  Remark. — A  regular  polygon  of  twenty  sides  is  in- 
scribed by  bisecting  the  arcs  ABy  BC,  etc.,  and,  by  continu- 
ing the  process  regular  polygons  of  forty,  eighty,  etc.,  sides 
can  be  inscribed. 
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4:78,  Construction.   To  inscribe  a  regular  pentedecagon 
in  a  given  circle. 


Given  a  circle  AF, 

To  CONSTRUCT — a  regular  inscribed  pentedecagon. 

Draw  chord  AB,  the  side  of  a  regular  inscribed  hexa- 
gon. §  472 

Draw  chord  AC,  the  side  of  a  regular  inscribed  deca- 
gon. §  475 

Then  chord  BC  is  a  side  of  the  required  regular  inscribed 
pentedecagon. 

Proof:  Arc  AB  is  \  of  the  circumference. 

Arc  AC  \s  ^  ol  the  circumference. 

Hence  Arc  BC  is  ^--jV*  or  ^  of  the  circumference. 

Hence  chord  BC  is  the  side  of  a  regular  inscribed  poly- 
gon of  fifteen  sides.  §  469  I 

Q.  B.  D. 

479*  Remark, — A  regular  polygon  of  thirty  sides  can  be 
inscribed  by  bisecting  the  arcs  CB,  BD,  etc. ;  and,  by  con- 
tinuing the  process,  regular  polygons  of  sixty,  one  hundred 
and  twenty,  etc.,  sides  can  be  inscribed.* 


*  We  have  seen  how  to  inscribe  polygons  of 

3,  6,  12,    24,    48,    96,  etc.,  sides, 

4,  8,  16,    32,    64,  128,  etc.,  sides, 

5,  10,  20,    40,    80,  160,  etc.,  sides, 
15,  30,  60,  120,  240,  480,  etc.,  sides. 


i 
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PROPOSITION  III.     THEOREM 

480.   Two  regular  polygons  of  the  same  number  of  sides 
are  similar. 


Given — P  and  P\  two  regular  polygons,  each  having  n  sides. 
To  PROVE  P  and  F  are  similar. 


Dividing, 


^5=5C=CZ?=etc. ) 

ab  -=■  be  =i  cd  =etc.  ) 

AB    BC    CD 
=    --= =etc. 

ab      be      cd 


§4611 


That  is,  the  two  polygons  have  their  homologous  sides 
proportional. 
Also,  since  there  are  n  angles  in  each  polygon,  each  angle  of 

§463 


either  polygon  contains  — - —  right  angles. 


n 

That  is,  the  two  polygons  are  mutually  equiangular. 
Therefore  they  are  similar.  §  274 

Q.  B.  D. 

Up  to  the  year  1796  these  were  the  only  regular  polygons  for  which  constructions 
were  known.  In  that  year  Gauss,  the  greatest  mathematician  of  the  nineteenth 
century,  then  nineteen  years  of  age.  discovered  a  method  of  constructing,  by  means 
'of  niler  and  compasses,  a  regular  polygon  of  17  sides,  and  in  general  all  polygons 
of  2*"  (2**  +  1)  sides,  m  and  n  being  integers,  and  (2*  +  i)  a  prime  number. 
This  method  was  given  in  the  Disquisitioms  Arithnutica^  published  in  1801. 
In  connection  with  this  method  Gauss  enunciated  the  celebrated  theorem  that 
only  a  limited  class  of  regular  polygons  are  construciible  by  ruler  and  compass. 


J'l  ■  u 


214 


PLANE  GEOMETRY 


PROPOSITION  IV.     THEOREM 


481.  In  two  regular  polygons  of  the  same  number  of  sides, 
two  corresponding  sides  are  to  each  other  as  the  radii  or  as  the 
apothems. 


Given — AB  and  A'B',  sides  of  regular  polygons,  each  having  the 
same  number  (n)  of  sides ;  and  OA,  (yA\  and  OF,  O'F,  the  radii 
and  apothems  respectively. 

AB  ^OA   ^OF 
A'B'"  O'A'     b'/^' 


To  PROVE 


In  the  triangles  OAB  and  (yA'B\ 

angle  {?= angle  0\ 

[Each  being  one-«*^  of  four  right  angles.] 

Also  OA  =  OB 

and  aA'=0'B'. 

OA       OB 

Whence  = • 

O'A'     O'B' 

Therefore  the  triangles  are  similar. 

AB       OA 


§466 
§150 


Hence 


And 


A'B' 
AB 


O'A' 
OF 


§285 
§274 

§  290 
A'B'     O'F' 

Q.  E.  D. 

^82.  Cor.  I.   The  perimeters  of  two  regular  polygons  of 

the  same  number  of  sides  are  to  each  otiier  as  their  radii  or  as 

their  apothems. 

mnt.—K^^Xy  §  308. 
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^83*  Cor.  II.  The  areas  of  two  regular  polygons  of  the 
same  number  of  sides  are  to  each  other  as  the  squares  of  their 
radii  or  as  the  squares  of  their  apothems. 


PROPOSITION  V.      THEOREM 


484.  The  circumference  of  a  circle  is  greater  than  the  per- 
imeter of  an  inscribed  polygon. 


The  proof  is  left  to  the  student. 


PROPOSITION  VI.     THEOREM 

485.  The  circumference  of  a  circle  is  less  than  the  peri- 
meter of  a  circumscribed  polygon  or  any  enveloping  line. 


Given  the  circumference  MNR, 

To  PROVE — it  is  less  than  ABCDEH,  any  enveloping  line. 

Of  all  the  lines  enclosing  the  area  MNR  (of  which  the  cir- 
cumference MNR  is  one)  there  must  be  at  least  one  shortest 
or  minimum  line. 
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The  enveloping  line  ABCDEH  is  not  a  minimum  line, 

since  we  can  obtain  a  shorter  one  by  drawing  a  tangent 

CE. 
For  CE<CDE.  §7 

Therefore  ABCEH<ABCDEH.  Ax.  4 

Likewise  we  may  prove  that  every  line  enclosing  MNR 

except  the  circumference  is  not  minimum. 

There  remains  therefore  the  circumference  as  the  only 

minimum  line.  q.  e.  d. 


PROPOSITION  VII.      THEOREM 

4:8(i.  I.  If  one  regular  inscribed  polygon  has  twice  as  many 
sides  as  another^  its  perimeter  and  area  are  greater  than  those 
of  the  other, 

II.  If  one  regular  circumscribed  polygon  has  twice  as  many 
sides  as  another,  its  perimeter  and  area  are  less  than  those  of 
the  other. 


The  proof  is  left  to  the  student. 
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PROPOSITION  III.     THEOREM 

480.   Two  regular  polygons  of  the  same  number  of  sides 
are  similar. 


Given — P  and  F,  two  regular  polygons,  each  having  n  sides. 
To  PROVE  P  and  F  are  similar. 


Dividing, 


AB=BC^CD=c\.c. 
ab  •=  be  ^  cd  :=z  etc. 

AB    BC    CD 
=   — = =etc. 

ab       be      cd 


§4611 


That  is,  the  two  polygons  have  their  homologous  sides 
proportional. 
Also,  since  there  are  n  angles  in  each  polygon,  each  angle  of 

§463 


either  polygon  contains  — - —  right  angles. 


n 

That  is,  the  two  polygons  are  mutually  equiangular. 
Therefore  they  are  similar.  §  274 

Q.  B.  D. 

Up  to  the  year  1796  these  were  the  only  regular  polygons  for  which  coostnictions 
were  known.  In  that  year  Gauss,  the  greatest  mathematician  of  the  nineteenth 
century,  then  nineteen  years  of  age,  discovered  a  method  of  1 
'of  ruler  and  compasses,  a  regular  polygon  of  17  sides,  and  in 
of  2*"  (2**  +  1)  sides,  m  and  n  being  integers,  and 
This  method  was  given  in  the  DisquisiHones  Arithi, 
In  connection  with  this  method  Gauss  enunciated 
only  a  limited  class  of  regular  polygons  are  coi 
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Therefore  the  chord  A  By  which  is  always  less  than  the  arc, 
can  be  made  as  small  as  we  please. 

Therefore  DB,  half  of  that  chord,  can  be  made  as  small  as 
we  please. 

But  R^r<DB.  %  137 

Therefore  R—r,  which  is  always  less  than  DBy  can  be 
made  as  small  as  we  please.  q.  e.  d. 

II.  Since  we  can  make  DB  as  small  as  we  please,  we  can 
also  make  Dl^  as  small  as  we  please.  §  488 

But  R'^t'^'dW.  §318 

Therefore  we  can  make  i?— r",  the  equal  of  DB  ,  as  small 
as  we  please.  q.  e.  d. 


PROPOSITION   IX.      THEOREM 

490.  The  circumference  of  a  circle  is  the  limit  which  the 
perimeters  of  regular  inscribed  and  circumscribed  polygons 
approach  when  the  number  of  their  sides  is  doubled  indefijiite- 
ly ;  and  t/te  area  of  the  circle  is  the  limit  of  the  areas  of  these 
polygons. 
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Given — P  and  p  the  perimeters,  R  and  r  the  apothems,  5  and  s  the 

areas,  respectively,  of  regular  circumscribed  and  in- 
scribed polygons  of  the  same  number  of  sides. 

To  PROVE — I.  The  circumference  of  the  circle  is  the  common  limit  of 

P  and  p,  when  the  number  of  sides  is  doubled  indefi- 
nitely. 
II.  The  area  of  the  circle  is  the  common  limit  of  5  and  5, 
when  the  number  of  sides  is  doubled  indefinitely. 

I.  Since  the  two  regular  polygons  have  the  same  number 

of  sides,  /^"r*  ^  ^^'^ 

By  division  — — = — —  •  §  260 

Or  ^-^=^~Y  ' 

But,  by  doubling  indefinitely  the  number  of  sides, -^—r 
can  be  made  as  small  as  we  please.  §  489  I 

R-r 
Hence  — —  »  the  preceding  variable  divided  by  R,  a  con- 
R 

stant  quantity,  can  be  made  as  small  as  we  please.         §  188 

^R-r 
Hence  P  — — » the  preceding  multiplied  by  P,  a  decreasing' 
R 

quantity  (§  486  II.),  can  be  made  as  small  as  we  please.    §  487 

Hence  its  equal  P—p  can  be  made  as  small  as  we  please. 

But  the  circumference  is  always  intermediate  between 

Psindp.  §§484,485 

Therefore  Pand/,  which  can  be  made  to  difler  from  each 

other  by  less  than  any  assigned  quantity,  can  each  be  made 

to  differ  from  the  intermediate  quantity,  the  circumference, 

by  less  than  any  assigned  quantity.. 

But  P^xidp  can  never  equal  the  circumference.  §§  484, 485 
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Therefore  by  the  definition  of  a  limit  the  circumference  is 


the  common  limit  of  P  and  /. 

II.  Also,  since  the  polygons  are  similar, 

S    R* 


St* 

By  division 

S-s    R'-T* 

s       y? 

Or 

S-s=S — —- 

§185 

Q.  E.  D. 
§480 

§483 


But  R*—r^  can  be  made  as  small  as  we  please.       §  489  II 
Hence  » the  preceding  variable  divided  by  R*,  a  con- 

stant  quantity,  can  be  made  as  small  as  we  please.         §  188 
Hence  5 >  the  preceding  multiplied  by  5,  a  decreas- 

ing  quantity  (§  486  II.),  can  be  made  as  small  as  we  please. 

§487 
Hence  its  equal  5  — J  can  be  made  as  small  as  we  please. 

But  the  area  of  the  circle  is  always  intermediate  between 
S  and  s.  Ax.  lo 

Therefore  5  and  j,  which  can  be  made  to  dififer/r^w  each 
other  by  less  than  any  assigned  quantity,  can  each  be  made 
to  differ  from  the  intermediate  quantity^  the  area  of  the  cir- 
cle, by  less  than  any  assigned  quantity. 

But  S  and  s  can  never  equal  the  area  of  the  circle.   Ax.  lo 
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Therefore  by  the  definition  of  a  limit  the  area  of  the  cir- 
cle is  the  common  limit  of  5  and  s,  §  185 

Q.  B.  D. 

PROPOSITION  X.      THEOREM 

4:91*  The  ratio  of  the  circumference  of  a  circle  to  its  diam- 
eter is  the  same  for  all  circles. 


Given — any  two  circles  with  radii  R  and  r,  and  circumferences  C  and 
c  respectively. 

2R     2/ 


To  PROVE 


Inscribe  in  the  two  circles  regular  polygons  of  the  same 
number  of  sides,  and  call  their  perimeters  Pand/. 

p     r      2r 


Then 
Hence 


§482 


2R-2r  §^56 

As  the  number  of  sides  of  the  two  inscribed  polygons  is 
indefinitely  doubled,  /^approaches  C  as  its  limit  and  /  ap- 
proaches c  as  its  limit.  §  490 

P 


Hence 


approaches  — 
2R    ^^  2R 


as  its  limit, 


and 


But  always 
Hence 


—  approaches  —  as  its  limit. 
2r    ^^  2r 

2R    2r 

2R     2r 


190 


§186 

Q.  B.  D. 
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492»  Dif. — This  unifonn  ratio  of  a  circumference  to  its 
diameter  is  called  v.  It  will  be  shown  in  ^  502  that  its 
value  is  approximately  3!. 

4Wi.  CjjV,,  T/te  circumference  of  a  circle  is  equal  to  its  ra- 
dius multiplied  by  27r. 

r 

Hint. — By  ctfinition  -^  =  «•. 

494»  Exercise. — The  radius  of  a  locomotive  dri\*ing-wheel 
is  6  feet ;  how  far  does  it  roll  on  the  track  in  one  revolu- 
tion? 

PROPOSITION   XI.      THEOREM 

49S.  The  area  of  a  regular  polygon  is  equal  to  half  the 
product  of  its  apotlum  and  perimeter. 


Given— a  regular  polygon  ABCDE,  R  its  apothem.  and  P  its  peri- 
meter. 

To  PROVE  area  polygon  =  J  ^  x  /*. 

Draw  from  O  the  centre  OA,  OB,  OC,  etc. 

The  polygon  is  thus  divided  into  as  many  triangles  as  it 
has  sides. 

The  apothem  R  is  their  common  altitude,  and  their  bases 
arc  the  sides  of  the  polygon. 

The  area  of  each  \^^R  times  its  base.  §  390 

The  area  of  all  is  ^  /^  times  the  sum  of  their  bases. 

Or  area  polygon =i  -^  X  P,  q.  e.  d. 
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PROPOSITION   XII.      THEOREM 

4:9Q*  The  area  of  a  circle  equals  half  the  product  of  its  ra- 
dius and  circumference. 


Given — a  circle  with  radius  R,  circumference  C  and  area  5. 
To  PROVE  S  =  ^Rx  C, 

Circumscribe  a  regular  polygon  and  call  its  perimeter  C 
and  area  S\ 
Then  S'=iRxC,  §495 

[The  area  of  a  regular  polygon  equals  half  the  product  of  its  apothem 
and  perimeter.] 

Let  the  number  of  sides  of  the  regular  circumscribed  poly- 
gon be  indefinitely  increased. 

C\  the  perimeter  of  the  polygon,  approaches  C,  the  cir- 


cumference, as  its  limit. 

Hence  ^ /? x  C  approaches  iRxC 3is  its  limit. 
Also  5'  approaches  5  as  its  limit. 

But  always  S^=iRxC, 

Therefore  S  =iRx  C. 


ft 


360 


§490 
§189 

§490 
§186 

Q.  B.  D. 

497 •  COR.  I.   The  area  of  a  circle  is  irR*, 

498.  Cor.  II.   The  area  of  a  sector  whose  angle  is  «**,  is 


499*  Cor.  III.  The  areas  of  two  circles  are  to  each  other  as 
the  squares  of  their  radii j  or  as  the  squares  of  their  diamet 
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PROPOSITION  XIII.      PROBLEM 

500.  Given  a  circle  of  unit  diameter  and  the  side  of  a  reg- 
ular inscribed  polygon,  to  find  the  side  of  a  regular  inscribed 
polygon  of  double  the  number  of  sides. 


Given — the  circle  O  of  unit  diameter,  and  AB,  or  s,  the  side  of  a  reg- 
ular inscribed  polygon. 

To  FIND — the  length  of  AC,  or  x,  a  side  of  a  regular  polygon  of  double 
the  number  of  sides. 

Draw  CSy  the  diameter  perpendicular  to  AB. 
Join  AO  and  AS. 


Now  CAS  is  di  right  angle. 

§202 

And                                AD={. 

2 

■ 

§167 

Also                   C5=i,  A0=^,  CO=i. 

Cons. 

Hence                            AC'=CSxCD 

§312 

=  lxCD=CD=CO-DO= 

1 
"2 

-DO 

Therefore 


AC 


=x=v'^ 


-v^l-«« 


§318 
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PROPOSITION  XIV.      PROBLEM 

501m  Given  a  circle  of  unit  diameter  and  the  side  of  a  reg- 
ular circumscribed  polygon^  to  find  the  side  of  a  regular  cir- 
cumscribed polygon  of  double  the  number  of  sides. 


Given — thecircIeOof  unit  diameter  and  ^4 -5,  or  -,  ^^^the  side  of  a 
regular  circumscribed  polygon. 

To  FIND — ^C or—  »  half  the  side  of  a  regular  circumscribed  poly- 
gon  of  double  the  number  of  sides. 

Join  OA,  OC,  OB, 

Angle  AOB  is  half\ht  angle  between  successive  radii  of 
the  first  polygon.  §  468 

Angle  AOC  is  half  th^  angle  between  successive  radii  of 
the  second  polygon.  §  468 

But  the  angle  between  successive  radii  in  the  second  poly- 
gon is  half  that  in  the  first.  §  466 

Therefore  angle  AOC^^  angle  AOB,  that  is,  OC  bisects 
the  angle  AOB, 


Hence 


AC_AO 
CB~  OB' 
AC  AO 


§327 


or 


AB-AC    VW+AW 
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Substituting, 


Simplifying, 
Solving, 


A     C      B 


X 

2 


1 

2 


HVf^"" 


s 


25  = 


1+VT+S* 


PROPOSITION  XV.      PROBLEM 


S02.  To  compute  the  ratio  of  the  circumference  of  a  ctrcU 
to  its  dianuter  approximately. 


Given 


a  circle. 


To  FIND — the  ratio  of  its  circumference  to  its  diameter  approximate 
ly,  or  the  value  of  ir. 

Since  the  ratio  7r  is  the  same  for  all  circles  (§  491),  it  is 
sufficient  to  compute  it  for  any  one. 

We  select  a  circle  of  which  the  diameter  is  unity. 

The  radius  of  this  circle  will  be  ^  and  the  side  of  a  regu- 
lar inscribed  hexagon  will  be  ^ ;  and  of  a  circumscribed 
square  i. 
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Using  the  formula  x 


=\/i^Z^ 


(§  500),  we  form  the 


following  table  giving  the  length  of  the  sides  of  regular  in- 
scribed polygons  of  6,  12,  24,  etc.,  sides.  The  length  of  the 
perimeter  is  obtained  by  multiplying  the  length  of  one  side 
by  the  number  of  sides. 


INSCRIBED  REGULAR  POLYGONS 


MO.  SIDES 

LSNGTH  OF  SIDB 

LENGTH  OP  PBKI> 
METER 

6 

0.500000 

3.000000 

12 

0.258819 

3.105829 

24 

0.130526 

3.132629 

48 

0.065403 

3.139350 

96 

0.032719 

3.141032 

192 

0.016362 

3.I4I453 

384 

O.OO818I 

3.I4I558 

Using  the  formula  ;r= .  (§  501),  we   form   the 

i-f  VI  -h/ 

following  table  giving  the  length  of  the  sides  and  peri- 
meters of  regular  circumscribed  polygons  of  4,  8,  16,  etc., 
sides. 

CIRCUMSCRIBED  REGULAR  POLYGONS 


NO.  SIDES 

LENGTH  OF  SIDB 

LENGTH  OF  PERI> 
MBTEE 

4 

1. 000000 

4.000000 

8 

O.4I42I4 

3.313709 

i6 

O.I989I2 

3.182598 

32 

0.098492 . 

3.I5I725 

64 

0.049127 

3.I44II8 

128 

0.024549 

3.142224 

256 

0.012272 

3.141750 

512 

0.006136 

3.141633 

But  the  length  of  the  circumference  must 
between  the  lengths  of  the  circumscribed  a 
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gons.  Hence  it  must  be  intermediate  between  3. 141 5 58  and 
3.141632.  Hence  3.1416  is  the  nearest  approximation  to 
four  decimal  places. 

Since  the  diameter  of  the  circle  is  i,  the  ratio  of  the  cir- 
cumference to  the  diameter  is  -^-^ — .  or  3.1416. 

That  is,  7r=3.i4i6.* 

503*  Exercise. — By  means  of  the  value  of  ir  just  found 
and  the  formulas  for  the  circumference  and  area  of  a  circle, 
find  the  circumference  and  area  of  a  circle  whose  radius  is 
23.16  inches. 

*  The  earliest  known  attempt  to  obtain  the  area  of  the  circle  or  to  "  square 
the  circle  "  is  recorded  in  a  MS.  in  the  British  Museum  recently  deciphered.  It 
was  written  by  an  Egyptian  priest,  Ahmes^  at  least  as  early  as  1700  B.C.,  and 
possibly  several  centuries  earlier.  The  method  was  to  deduct  fivm  the  diameter 
of  the  circle  one-ninth  of  itself  and  square  the  remainder.  This  is  equivalent  to 
using  a  value  of  7r  equal  to  3.16.  Archimedes  (about  250  B.C.),  the  greatest 
mathematician  of  ancient  times,  proved,  by  methods  essentially  the  same  as 
those  employed  in  the  text,  that  the  true  value  of  ir  lies  between  3}  and  3}^,  i.  e., 
between  3.1429  and  3.1408.  Ptolemy  (about  150  a.d.)  used  the  value  3. 1417. 
In  the  i6th  century  Metrus,  of  Holland,  using  polygons  up  to  1536  sides,  ob- 
tained the  easily-remembered  approximation  ff}  (write  1 13355  a»i^  divide  last 
three  by  first  three),  which  is  correct  to  six  places  of  decimals.  Romanns,  also 
of  Holland,  using  polygons  of  1,073,741,324  sides,  soon  after  computed  sixteen 
places.  With  the  better  methods  of  higher  mathematics  various  mathemati- 
cians have  extended  the  computations  gradually,  until  Mr,  Shanks,  in  1873, 
published  a  result  to  707  places,  the  first  411  of  which  have  been  verified  by 
Dr.  Rutherford.  The  f<^llowing  are  the  first  figures  of  his  result . 
7r=3. 141, 592,653. 589,793,238,462,643, 383, 279, 502.884. 197. 169. 399.375. 105, 8. 
How  accurate  a  value  this  is  may  be  inferred  from  Prof.  Newconib's  remark 
that  ten  decimals  would  be  sufficient  to  calculate  the  circumference  of  the  earth 
to  a  fraction  of  an  inch  if  we  had  an  exact  knowledge  of  the  diameter. 

The  Greeks  sought  in  vain  for  a  perfectly  accurate  result  or  geometrical  con- 
struction for  obtaining  a  square  ecjuivalent  to  the  circle,  as  did  many  mediiuval 
mathematicians.  "Circle  squarers"  still  exist  among  the  ignorant,  although 
Ztf///^«rr/ (about  A.D.  1750)  proved  ir  incommensurable,  i.  e.,  inexpressible  as  a 
finite  fraction,  and  Liudemann,  in  iS32,  proved  it  is  also  transcendental,  i.e..  in- 
iible  as  a  radical  or  root  of  any  algebraic  ecjuation  with  integral  coefficients. 
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PROBLEMS   OF  DEMONSTRATION 

50^*  The  angle  at  the  centre  of  a  regular  polygon  is  the 
supplement  of  any  angle  of  the  polygon. 

505.  If  the  sides  of  a  regular  circumscribed  polygon  are 
tangent  to  the  circle  at  the  vertices  of  the  similar  inscribed 
polygon,  then  each  vertex  of  the  circumscribed  figure  lies  in 
the  prolongation  of  the  apothem  of  the  inscribed. 

50G*  If  the  sides  of  a  regular  circumscribed  polygon  are 
tangent  to  the  circle  at  the  middle  points  of  the  arcs  sub- 
tended by  the  sides  of  a  similar  inscribed  polygon,  then  the 
sides  of  the  circumscribed  figure  are  parallel  to  those  of  the 
inscribed,  and  the  vertices  lie  in  the  prolongation  of  the 
radii. 

507.  If  from  any  point  within  a  regular  polygon  of  n 
sides  perpendiculars  are  drawn  to  the  several  sides,  the  sum 
of  these  perpendiculars  is  equal  to  ;/  times  the  apothem. 

Hint. — Apply  §  495. 

508.  The  area  of  a  circumscribed  square  is  double  that 
of  ah  inscribed  square. 

509.  The  side  of  an  inscribed  equilateral  triangle  is 
equal  to  one -half  the  side  of  a  circumscribed  equilateral 
triangle,  and  the  area  of  the  first  is  one-fourth  that  of  the 
second. 

510.  The  apothem  of  an  inscribed  equilateral  triangle  is 
equal  to  half  the  radius. 

511.  The  apothem  of  a  regular  inscribed  hexagon  Ls  equal 
to  half  the  side  of  the  inscribed  equilateral  trian|[le. 

512.  The  radius  of  a  regular  inscribed  polygon  is  a  mean 
proportional  between  its  apothem  and  the  radius  of  the  Stltt- 
ilar  regular  circumscribed  polygon. 
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513m  The  area  of  the  ring  included  between  two  concen- 
tric circles  is  equal  to  that  of  a  circle  whose  radius  is  one 
half  a  chord  of  the  outer  circle  drawn  tangent  to  the  inner. 

514.  In  two  circles  of  different  radii,  angles  at  the  centre 
subtended  by  arcs  of  equal  length  are  to  each  other  in- 
versely as  their  radii. 

515.  Two  diagonals  of  a  regular  pentagon,  not  drawn 
from  a  common  vertex,  divide  each  other  in  extreme  and 
mean  ratio. 


Hittt. — Prove  the  triangles  ABC  and  BCM  similar  (§  275).  Then  prove 
AAf  =  AB  =  BC  (§  77),  and  substitute  in  the  proportion  derived  from  the 
first  step. 

PROBLEMS  OF  CONSTRUCTION 

516.  Having  given  a  circle,  to  construct  the  circum- 
scribed hexagon,  octagon,  and  decagon. 

517.  Upon  a  given  straight  line  as  a  side  to  construct  a 
regular  hexagon. 

518.  Having  given  a  circle  and  its  centre,  to  find  two  op- 
posite  points  in  the  circumference  by  means  of  compasses 
only. 

510.  To  divide  a  right  angle  into  five  equal  parts. 

520.  To  inscribe  a  square  in  a  given  quadrant. 

521.  Having  given  two  circles,  to  construct  a  third  circle 
equivalent  to  their  difference. 

522.  To  divide  a  circle  into  any  number  of  equivalent 
parts  by  circumferences  concentric  with  it. 
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PROBLEMS  FOR  COMPUTATION 

S23.  (i.)  Find  the  number  of  degrees  in  an  angle  of  each 
of  the  following  regular  polygons :  (a)  triangle,  {p)  pentagon, 
{c)  hexagon,  (d)  octagon,  and  (e)  decagon. 

(2.)  What  is  the  area  of  a  regular  pentagon  inscribed  in  a 
circle  whose  radius  is  12  cm.? 

(3.)  If  the  side  of  a  regular  hexagon  is  10  m.,  find  the 
number  of  square  feet  in  its  area. 

(4.)  Find  the  area  of  a  regular  octagon  inscribed  in  a  cir- 
cle whose  radius  is  12  cm. 


(5.)  If  the  radius  of  a  circle  is  /?,  find  the  side  and  the 
apothem  of  a  regular  inscribed  (a)  triangle,  (p)  square,  {c) 
hexagon. 

(6.)  If,  in  the  above  example,  -^=15.762,  find  the  numer- 
ical value  of  the  side  and  apothem  for  each  of  the  three 
polygons. 

(7.)  Prove  that  the  side  of  a  regular  octagon,  inscribed  in 
a  circle  whose  radius  is  R,  is  equal  to  R  V2  — v^2. 
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(8.)  Find  the  apothem  of  a  regular  octagon  inscribed  in  a 
circle  whose  radius  is  R, 

(9.)  If  the  radius  of  a  circle  is  /?,  find  the  side  of  a  regular 
inscribed  decagon. 


(10.)  What  is  the  apothem  of  the  above  decagon? 
(11.)  Find  the  side  of  a  regular  hexagon  circumscribed 
about  a  circle  whose  radius  is  R. 


(12.)  If  the  radius  of  a  circle  is  R,  prove  that  the  area  of 
a  regular  inscribed  dodecagon  is  3/?*. 

(13.)  There  are  three  regular  hexagons;  the  side  of  the 
first  is  20  in.,  that  of  the  second  is  i  m.,  that  of  the  third 
5  ft.  Find  in  meters  the  side  of  a  fourth  regular  hexagon 
whose  area  is  equal  to  the  sum  of  the  areas  of  the  first  three. 

(14.)  A  wheel,  having  a  radius  of  1.5  ft.,  made  3360  rev- 
olutions in  going  over  the  road  from  one  town  to  another. 
How  many  miles  apart  are  the  towns? 

(15.)  If  the  circumference  of  a  circle  is  50  in.,  find  the 
radius. 

(16.)  If  a  wheel  has  35  cogs,  and  the  distance  between 
the  middle  points  of  the  cogs  is  12  in.,  find  the  radius  of 
the^^Hhfiel. 
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(17.)  Find  the  width  of  a  ring  of  metal  the  outer  circum- 
ference of  which  is  88  m.  in  length,  and  the  inner  circum- 
ference 66  m. 

(18.)  If  the  radius  of  a  circle  is  16  cm.,  how  many  degrees,, 
minutes,  and  seconds  are  there  in  an  arc  10  cm.  long? 

(19.)  Find  the  number  of  feet  in  an  arc  of  20°  if  the  radius 
of  the  circle  is  12  m. 

(20.)  How  many  degrees  are  there  in  an  arc  whose  length 
is  equal  to  the  radius  of  the  circle  ? 

(21.)  If  an  arc  of  30°=  12.5664  in.,  find  the  radius  of  the 
circle. 

(22.)  If  the  radius  of  a  circle  is  15  cm.,  find  the  length  of 
the  arc  subtended  by  a  chord  15  cm.  in  length. 

(23.)  If  the  circumference  of  a  circle  is  r,  find  its  radius 
and  diameter. 

(24.)  Find  the  area  of  a  circle  whose  radius  is  (a)  1 1  in. ; 
{b)  17.146  m.;  (c)  35  ft. 

(25.)  Find  the  ratio  of  the  areas  of  two  circles  if  the  ra- 
dius of  one  is  the  diameter  of  the  other. 

(26.)  If  the  circumference  of  a  circle  is  60  ft.,  find  the 
area. 

(27.)  The  radius  of  a  circle  is  13  in.  Find  the  side  of  a 
square  whose  area  is  equal  to  that  of  the  circle. 

(28.)  The  side  of  an  inscribed  square  is  23  m.  What  is 
the  area  of  the  circle  ? 

(29.)  What  is  the  area  of  a  circle  inscribed  in  a  square 
whose  surface  contains  211  ares? 

(30.)  Find  the  side  of  the  largest  square  that  can  be  cut 
from  the  cross-section  of  a  tree  14  ft.  in  circumference. 

(31.)  If  the  diameter  of  a  given  circle  is  5  cm.,  find  the  di- 
ameter of  a  circle  one-fourth  as  large. 

8* 
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(32.)  A  rectangle  and  a  circle  have  equal  perimeters. 
Find  the  difference  in  their  areas  if  the  radius  of  the  circle 
is  9  in.  and  the  width  of  the  rectangle  is  three-fourths  its 
length. 

(33.)  If  the  radius  of  a  circle  is  25  m.,  what  is  the  radius 
of  a  concentric  circle  which  divides  it  into  two  equivalent 
parts  ? 

(34.)  The  radii  of  two  concentric  circles  are  respectively  9 
and  6  in.  Find  the  area  of  the  ring  bounded  by  their  cir- 
cumferences. 

(35.)  The  chord  of  a  segment  of  a  circle  is  34  in.  in  length, 
and  the  height  of  the  segment  is  8  in.     Find  the  radius. 

(36.)  In  a  circle  whose  radius  is  18  in.,  find  the  height  of 
a  segment  whose  chord  is  28  in.  in  length. 

(37.)  If  the  radius  of  a  circle  is  16  cm.,  what  is  the  area  of 
a  sector  having  an  angle  of  24°  ? 

(38.)  The  radius  of  a  circle  is  9  in.  Find  the  area  of  a 
segment  whose  arc  is  60°. 


Hint.  — Area  of  segment  AEBD  =  area  of  sector  AEBC  minus  area  of  tri- 
angle ABC. 

(39.)  If  the  radius  of  a  circle  is  R,  find  the  area  of  the  seg- 
ment subtended  by  the  side  of  a  regular  hexagon. 

(40.)  If  the  radius  of  a  circle  is  R,  find  the  area  of  a  seg- 
ment subtended  by  the  side  of  {a)  an  inscribed  equilateral 
triangle,  {b)  an  inscribed  regular  octagon,  {c)  an  inscribed 
regular  decagon. 
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STRAIGHT    UNES    AND    PLANES 

S24.  Def. — A  plane  has  already  been  defined  as  "  a 
surface  such  that,  if  any  two  points  in  it  are  taken,  the 
straight  line  passing  through  them  lies  wholly  in  the  sur- 
face." g  8 

A  plane  is  regarded  as  indefinite  in  extent,  but  is  usually 
represented  to  the  eye  by  a  parallelogram  lying  in  it. 


5^5.  Dcf. — A  plane  is  determined  by  given  conditions, 
if  it  is  the  only  plane  fulfilling  these  conditions. 
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PROPOSITION   I.      THEOREM 
5U6.  A  plane  is  determined  if  it  passes  through: 
I.   Three  points  not  in  the  same  straight  line. 
1 1.  A  straight  line  and  a  point  without  that  tine. 

III.  Two  intersecting  straight  lines. 

IV.  Two  parallel  straight  lines. 


I.  Given— three  points,  A.  B.  and  C  not  in 
To  PROVE— that  one  and  only  one  plar 


ime  straight  line. 
1  be  passed  through 


Pass  a  plane  ^/jV  through  one  of  the  points,  turn  it  about 
this  point  until  it  contains  one  of  the  other  points,  and  then 
turn  it  about  these  two  points  until  it  contains  the  third. 

No  other  plane  will  contain  these  points. 

For,  suppose  PQ  to  be  such  a  plane. 

Take  X  any  point  in  PQ.     We  will  prove  it  also  lies  in  MN. 

Draw  the  straight  lines  AR  and  AC. 

These  will  be  in  both  planes,  since  A,  B.  and  C  lie  in  both 
planes.  -^  524 

Through  A'  draw  a  straight  line  in  PQ  cutting  AB  and 
ACxnDaME. 

Since  D  and   E  lie   in  the  plane  MX.  the  straight  line 


DE^H^Y 


holly  in  JAV. 


Hence  X,  a  point  in  DE,  lies  in  the  plane  JAV. 

Thus  any  point,  that  is,  every  point  in  the  plane  PQ  lies 
also  in  the  plane  MN,  and  in  hke  manner  we  can  prove  that 
every  point  in  MN  lies  in  PQ. 

Therefore  the  two  planes  coincide.  q.  e.  d. 

II.  Given— the  straight  line  AB  and  the  point  C  without  AH. 

To  PROVE — that  one  and  only  one  plane  can  be  passed  through 

The  plane  passed  through  C  and  any  two  points  of  AB 
will  coniAinAB.  %  524 

We  can  pass  no  other  plane  through  AB  and  C,  for  then 
we  should  have  two  planes  containing  three  points  not  in 
the  same  straight  line,  which  is  impossible.  q.  k.  d. 

III.  CiVEX — the  straight  lines  AB  and  AC  intersecting  in  A. 

To  PROVE— that  one  and  only  one  plane  can  be  passed  through 
them. 

The  plane  passed  through  the  three  points  A,  B,  and  C 
will  contain  the  straight  lines  AB  and  AC  g  524 

We  can  pass  no  other  plane  through  AB  and  AC,  for 
then  we  should  have  two  planes  containing  three  points  not 
in  the  same  straight  line,  which  is  impossible.  q.  e.  d. 


'    Given— the  parallel  straight  !in 
To  PROVE — that  one  and  only  one  plu 
'  tlw>>' 
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By  definition  these  parallel  lines  lie  in  the  same  plane. 

8  31 

There  cannot  be  two  planes  passed  through  them,  for 
then  we  would  have  two  planes  containing  three  points  F, 
G,  and  K,  not  in  the  same  straight  line,  which  is  impossible. 

Q.  E.  D. 

5^7,  Def. — The  intersection  of  two  planes  is  the  line 
common  to  both  planes. 

PROPOSITION   II.      THEOREM 
5^8.  If  two  planes  intersect,  their  intersection  is  a  straight 
line. 


Given  iwo  intersecting  planes,  MB  and  EB. 

To  I'KOVE  their  intersection  is  a  straight  line. 

If  possible,  suppose  the  intersection  is  not  straight. 

It  would  then  contain  three  points  not  in  the  same 
straight  line. 

That  is,  the  two  planes  would  contain  three  points  not 
in  the  same  straight  line,  which  is  impossible.  ^  526  I 

Therefore  the  intersection  must  be  a  .straight  line.   q.  e.  d. 


PERPENDICULAR   AND   OBLIQUE  LINES  AND   PLANES 

S39.  Def. — \i  a  straight  line  meet  a  plane,  its  point  of 
meeting  is  called  its  foot 

530.  Defs. — A  straight  line  is  perpendicular  to  a  plane, 
if  it  is  perpendicular  to  ew^>-$tratght  line  in  the  plane  drawn 
through  its  foot.  In  the  same  case  the  plane  is  said  to  be 
perpendicular  to  the  line. 


PROPOSITION   III.      THEOREM 
S31,  If  two  intersecting  straight  lines  are  perpendicular 
to  a  third  at  the  same  point,  tlieir  plane  is  perpendicular  to 
that  straight  line. 


Given— the  two  intersecting  straight  lines  GC  and  GD  perpendicu- 
lar to  the  straight  line  5(7  aC  the  point  G. 

To  PKOVE— thai  the  plane  MX  passed  through  GC  and  GD  is  per- 
pendicular to  BC. 
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In  the  plane  MN  draw  through  £7  any  straight  line 
GH.  .    > 

Let  CD  be  any  straight  line  cutting  the  lines  GC,  GH, 
and  GD  in  C,  H,  and  D. 

Produce  the  line  BG  to  A  making  GA  equal  to  GB,  and 
join  A  and  B  to  C,  H,  and  D, 

Then,  since  GC  is  perpendicular  to  £^4  at  its  middle  point, 
CB=CA.  §  103 

Similarly  DB=DA. 

Hence  the  triangles  BCD  and  ACD  are  equal.  §  89 

And  the  homologous  angles  BCH ^x\A  ACH  are  equal. 

Hence  the  triangles  BCH  and  ACH  are  equal.  §  79 

Therefore  their  homologous  sides  BH  and  AH  are 
equal. 

Therefore  GH  is  perpendicular  to  BA.  %  104 

IJut  GH\?,  any  straight  line  in  jI/jV  passing  through  G. 
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Therefore  tvery  straight  line  in  MN  passing  through  G 
is  perpendicular  to  BA  :   that  is,  MN  is  perpendicular  to 

BA.  %  530 

<3.  E-  D. 

ti32.  Cor.  I.  At  a  given  point  in  a  straight  line  one  ami 
only  one  plane  can  be  drawn  perpendicular  to  that  straight 
line. 

I/inl.—l^l  AB  be  the  straight  line  and  C  the  point. 

At  Cdraw  the  straight  lines  CCand  (7 J  perpendicular  laAB. 

The  plane  of  these  lines  will  be  perpendicular  to  AB.     (Why?) 

Only  one  such  plane  can  be  drawn. 

For  any  other  plane  passing  through  G  cannot  contain  both  of  the  lines 
CCand  GB,     (Why?) 

It  must  therefore  cut  one  of  the  planes  BGC  and  BCD,  say  BGC,  in 
some  line  GC  other  than  CCand  CD. 

Since  BGC  is  not  a  right  angle,  this  second  plane  ii  not  perpendicular  to 
AB.     (Why?) 

533.  Cor.  II.  Through  a  given  point  without  a  straight 
line  one  and  only  one  plane  can  be  passed  perpendicular  to  that 
straight  line. 


'se  ^531  to  draw  out  such  plane.  Any  other  plane  cuts  AO  ei- 
at  some  other  point.  0'.  %  53a  shows  that  the  first  is  not  pei» 
Show  also  that  the  second  is  not. 
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S34.  Cor.  hi.  AU  the perpenduulars  to  a  given  straight 
line  at  the  same  point  lie  in  a  plane  perpendicular  to  that  line 
at  that  point. 


Hint. — Every  pair  of  these  perpendiculars,  as  OA  and  OB,  detennines  a 
plane  perpendicular  al  0.     (Why  ?) 
And  all  the  planes  thus  detennineii  must  coincide.     (Why?)     Hence,  etc. 

535.  Cor.  IV.  At  a  point  in  a  plane  one  and  only  one  per- 
pendicular to  the  plane  can  be  drawn. 
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Nittl. — Prove  from  CorolUry  I.  [hit  one  perpendicular  OP  [o  the  plane 
MN  c«n  be  drawn. 

No  other  line,  as  OP'  through  O  can  be  perpendicular  to  MN. 
For,  let  the  plane  of  O/'and  OP'  intersect  MNm  OA. 
Since  <?/■  is  perpendicular  to  0.4,  Oi>' is  not.     (Wh^?) 
Therefore  OP'  is  not  perpendicular  to  MN.     (Why  1) 

PROPOSITION  IV.     THEOREM 
S3Q.   TIte  minimum  line  from  a  point  to  a  plane  is  perpen- 
dicular to  that  plane. 


Given— the  plane  J/.Vand  the  point  P  without  it.  and  PO.  the  min- 
imum line  from  PkoMX. 

To  PROVE— thai  PO  is  perpendicular  to  :\fX. 

In  the  plane  MN  through  the  point  0  draw  any  straight 

line  AB. 

Since  PO  is  the  shortest  line  from  P  to  the  plane  MN,  it 

is  the  shortest  line  from  Pxo  the  line  AB  in  that  plane. 
Therefore  PO  is  perpendicular  to  AB.  §  96 

That  is,  PO  is  perpendicular  to  any  or  every  straight  line 

in  jI'/.V  through  its  foot  O. 

Therefore  PO  is  perpendicular  to  MN.  q.  k.  d. 
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537.  Cor.  From  a  point  without  a  plane  one  and  only  one 
perpendicular  to  the  plane  can  be  drawn. 


Hint. — Apply  Ihe  Proposition  and  %  34. 

538.  Def. — By  the  distance  from  a  point  to  a  plane  is 
meant  the  shortest  distance,  and  therefore  the  perpendicular 
distance. 

PROPOSITION  V.      THEOREM 

539.  If  oblique  lines  are  drawn  from  a  point  to  a  plane : 
1.   Those  meeting  the  plane  at  equal  distattees  from  the  foot 

of  the  perpendicular  are  equal. 
11.  Of  two  unequally  distant,  the  more  remote  is  thegreater. 


u 

V^ 

./ 

/  0/- 

^ 

F-"^ 

kss-^ViB 
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I.  Given — ^the  oblique  lines  AC  and  AD  meeting  the  plane  MN  at 

the  equal  distances  BC  and  BD  from  the  perpendicular  AB. 

To  PROVE  AC=:AD. 

In  the  triangles  ABCaind  ABD,  AB  is  common  ;  BC=zBD 
by  hypothesis;  and  the  angles -<4-5C and  ABD  are  equal,  be- 
ing right  angles. 

Therefore  the  triangles  are  equal,  and  AC=AD.         §  79 

Q.  £    D. 

II.  Given — the  oblique  lines  AFsitid  AD  meeting  MA^  so  that 

BF>BD 

To  prove  AF>AD 

On  BFtake  BC=BD  and  draw  AC 
Then,  Irom  plane  geometry,  AF^AC.  §  99 

But  AD=AC.  Case  I 

Therefore  AF>AD.  q.  e.  d. 

340.  Cor.  Conversely: 

I.  Equal  oblique  lines  from  a  point  to  a  plane  vteet  the  plane 
at  equal  distances  from  the  foot  of  the  perpendicular. 
II.  Of  two  unequal  oblique  lines  the  greater  meets  the  plane  at 

the  greater  distance  from  the  foot  of  the  perpendicular. 
Hint. — Prove  as  in  §  lOO. 

*  54:1.  Remark, — Article  540  supplies  practical  methods  of 
drawing  a  straight  line  perpendicular  to  a  plane,  as  a  floor 
or  a  blackboard. 

I.    To  erect  a  perpendicular  to  a  plane  at  a  given  point  in  it. 

With  the  given  point  as  centre,  describe  a  circumference 
in  the  given  plane. 

Take  three  strings  of  equal  length  somewhat  longer  than 
the  radius  of  the  circumference. 

To  each  of  three  points  on  *the  circumference  attach  an 
end  of  one  string. 
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Unite  the  three  remaining  ends  in  a  knot  and  pull  the 
strings  taut. 

A  line  through  the  given  point  and  the  knot  is  the  per- 
pendicular required.  Prove  the  method  correct  by  suppos- 
ing if  possible  that  the  foot  of  the  perpendicular  from  the 
knot  is  not  in  the  given  point,  and  apply  §  103. 

II.  To  draw  a  perpendicular  to  a  given  plane  from  a  given 
point  without  it. 

From  the  point  with  a  string  of  convenient  length  meas- 
ure three  equal  distances  to  the  plane. 

The  centre  of  the  circumference  which  passes  through 
the  three  points  thus  found  is  the  foot  of  the  required  per- 
pendicular.    (Why  ?) 

PARALLEL   LINES   AND   PLANES 
S42,  Def. — A  straight  line  and  a  plane  are  parallel  to 

each  other  if  they  cannot  meet,  however  far  produced. 
54^.  Def. — Two  planes  are  parallel  to  each  other  if  they 

cannot  meet,  however  far  produced. 

PROPOSITION    VL      THEOREM 
54:i.  If  two  parallel  planes  are  eut  by  a  third  plane,  their 
intersections  tvith  this  plane  are  parallel. 


Given— the  parallel  planes  MN  and  PQ  o 
lines  ^C  and  fZ*. 


:  by  the  plane  AD  in  the 


To  PROVE 


y4Cand££>  parallel. 


Since  the  planes  MN  and  PQ  cannot  meet,  the  lines  AC 
and  BD  lying  in  them  cannot  meet. 

Moreover  these  lines  lie  in  the  same  plane  AD. 
Therefore  they  are  parallel.  §  31 

Q.  B.  D. 

54^.  Cor.  Parallel  iines  a  B  and  CD  intercepted  between- 
parallel  planes  are  equal. 

PROPOSITION  VII.      THEOREM 
S46.  If  a-  straight  line  is  parallel  to  a  plane,  the  intersec- 
tion of  the  plane  with  a  plane  passed  through  the  line  is  par- 
allel to  the  line. 


Given— the  line  BA  parallel  to  the  plane  AfN  and  a  plane  £F  pass- 
ing through  BA  and  intersecting  A/N  in  EF. 
To  PROVK  SA  parallel  to  £F. 

These  lines  lie  in  the  same  plane. 

They  cannot  meet,  for  BA  cannot  meet  the  plane  M/^  in 
which  EF  lies. 

Therefore  they  are  parallel.  §  31 
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S4t.  Cor.  1/  two  intersecting  straight  lines  are  parallel 
to  a  plane,  their  plane  is  parallel  to  the  given  plane. 

Hint. — If  their  plane  were  not  parallel  to  the  given  plane  it  would  iDter> 
sect  it  in  a  line  which  would  be  parallel  to  both  the  given  lines. 


PROPOSITION   VIII.      THEOREM 
54:8,  A  plane  which  cuts  one  of  two  parailel  lines  must,  i 
sufficiently  produced,  cut  t/te  other  also.  ^^ 


% 

0 

B. 

^-^ 

^ 

P 

Given— the  parallel  lines  AB  and  CD,  one  of  which,  AB,  is  cut  by 

the  plane  MN  in  the  point  O. 
To  PROVE  that  CD  is  also  cut  by  ifN. 

Pass  a  plane  through  AB  and  CD. 

As  this  plane  and  the  plane  MN  have  the  point  O  in 
common,  their  intersection  must  contain  O.     Call  it  OX. 

Now  suppose,  if  possible,  that  MNAocs  not  cut  the  line 
CD,  but  is  parallel  to  it. 

Then  av  will  abo  be  parallel  to  CD.  %  546 

And  there  will  be  /ice  lines,  OX  and  OB  through  0,  par- 
allel to  CD,  which  is  impossible. 

Therefore  MX  must  cut  CD.  q.  e.  d. 

•?•/.<>.  Ci.>K.  I,  If  t2vo  straight  iims  n  and i  arc  paralUl  to 
a  third  h,  they  are  parnlhi  to  each  other. 


Hiat. — Pass  B  plane  through  a  and  any  point  of  e. 

This  plane  will  entirely  contain  <-.  Otherwise  it  wou1<l  cut  c  and  Iherc- 
Tore  b,  wtiich  is  parallel  to  r,  and  also  a.  which  is  parallel  to  b.  This  con- 
[tailiiits  [lie  hyiiothesis  thai  it  contains  a. 

Prove  also  that  a  and  c  cannot  meet. 
550.  Cor.  \\.  If  (wo  straight  lines  a  and  b  are  parallel, 
any  plane  MN,  that  contains  one,  as  b,  and  not  the  other,  is 
parallel  to  the  second. 


Hint.~\\  MN  is  not  parallel  to  a,  it  will  col  it. 

This  is  impossible,  for  then  MN  would  cut  h  also. 

Therefore  MN  is  parallel  to  a. 
551.  Cor.  III.  If  two  intersecting  straight  lines  arc  par- 
allel to  two  other  intersecting  straight  lines,  the  plane  of  the 
first  pair  is  parallel  to  the  plane  of  the  second  pair. 

///»/,— Apply  g  550  and  then  %  S47- 
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PROPOSITION   IX.      THEOREM 
5S2,  If  two  planes  are  parallel : 

I,  Any  siraigkl  line  that  cuts  one  cuts  the  other. 
II.  Any  plane  that  cuts  one  cuts  tht  other. 


I.  Given— the  parallel  planes  MN  and  PQ  and  the  straight  line  AF 

cutting  PQ  in  the  point  A. 
To  PROVE— that  AF  is  not  parallel  to  -VA'  but  cuts  MS'. 

Through  AF  ai\A  any  point  A'  of  MN  not  in  W^pass  a 
plane  A' B. 

Since  this  plane  has  a  point  in  common  with  each  of  the  par- 
allel planes,  it  wilt  intersect  each  in  straight  lines  ^£  and  A  'B'. 

These  lines  will  be  parallel.  §  544 

In  the  plane  ^'5  we  have  -4^  cutting  AB,  one  of  the  two 
parallels  AB  and  A'B'. 

It  therefore  cuts  the  other,  A'B',  since  ^^and  AB  can- 
not both  be  parallel  to  A'B'.  Ax.  b 

Therefore  ./J/-'"  cutting  A'B'  cuts  the  plane  MN  in  which 
A' B'  lies.  Q,  E.  D. 

II.  Given— the  plane  CD  intersecting  PQ  in  the  straight  line  AD. 
To  PROVE  that  t7' also  intersects  .IM'. 


In  the  plane  CD  draw  any  straight  line  5C"  cutting  AD. 
This  line  cuts  PQ,  and  therefore  cuts  MN,  by  the  first  part 
of  the  proposition. 

Therefore  the  plane  CD,  in  which  5Clies,  will  cut  MN.  '. 

Q.  E.  D. 

553.  Cor.  I.  If  two  planes  are  parallel  to  a  third  plane 
they  are  parallel  to  each  other. 

554.  Cor.  II.  Through  (I  given  point  without  a  given  plane 
there  can  be  drawn  a  plane  parallel  to  the  given  plane,  and 
but  one. 


llinl. — Through  the  point  A,  williuut  [he  plane  MX,  dran 
tines  AB  and  A  C  parallel  to  M.W 

PQ,  the  plane  of  AB  and  AC,  will  be  parallel  lo  M.V. 

No  other  plane  llirough  A  could  be  parallel  to  MX,  for  il  w 
and  therefore  also  .I/.\'. 
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PROPOSITION   X.      THEOREM 
S55.  If  tivo  straight  lines  are  cut  by  three  parallel plai 
their  corresponding  segments  are  proportional. 


\  \ 

\  J 

M     1              \ 

A\  ■ 

k'eji s\-^"  \:m 

U — ^e^"    \ 
^ ^ — ; — ^ 

.  w 

aLJj, 

Given— ihe  straight  lines  ^^  and  CT" cut  by  the  parallel  planes  MJV. 
PQ.  and  RS  in  the  points  A.  E,  B.  and  C.  H,  T. 
AE_CH 
EB~  HT 


To  PROVE 


Join  ^  to  7"  by  a  straight  line  cutting  PQ  in  G. 
Draw  EG.  BT,  GH,  and  AC. 

Then  EG  and  (J//"  will  be  parallel  to  i^T"  and  AC  respec. 
tively.  §  544 


n 


Therefore 

AE    AG            AG_CH 
EB'Cr'^"     CT~  HT 

§271 

>:nce 

AE_CH 
EB     Hf 

Ax.  I 

Q.  E.  D 
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55G.  Cor.  If  a  series  of  lines  passing  through  <i 
point  are  cut  by  two  parallel  planes,  their  corresponding  seg- 
ments are  proportional. 

Hint. — Piss  a  third  plane  through  the  cammon  point  parallel  to  one  (and 

hence  the  other)  of  the  two  given  planes. 

PROPOSITION   XI.      THEOREM 
557'  If  two  angles  not  in  the  same  plane  hare  their  sides 
respectively  parallel  and  extending  from  their  vertices  in  the 
same  direction,  they  are  equal. 


GtVEN— the  angles  BACinA  B'A'C,  whose  sides.  AB.  A'B\  and  AC. 
A'C.  are  respectively  parallel  and  extending  in  the  same  direction. 
To  PROVE  angle  BAC=Ang\e  B'A'C. 

Take  AB=A'B'  and  AC=.4-C'  and  join  AA\  BB\  CC . 
Then  AB'  and  AC  will  be  paiallelogi-ams,  ^  126 

Hence  BB'  and  CC  are  equal  to  and  parallel  to  AA'. 

Hence  BB'  and   CC  are  equal  to  and  parallel  to  each 
other.  Ax.  i,  §  549 

Therefore  BC  is  a  parallelogram,  and  BC=B'C .  %  126 
The  triangles  ABC zx\A  A'B'C  are  therefore  equal.  ^  89 
Hence  angle-  /»'.■! C7- angle  B'A'C.  q.e.d. 


c 
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558.  Cor.  If  t',eo  angles  not  in  the  same  plane  have  their 
sides  respectively  parallel  and  extending  in  opposite  directions 
front  their  vertices,  they  are  equal ;  if  two  corresponding  sides 
extend  in  the  same  direction,  and  the  other  tivo  in  opposite  di- 
rections, the  angles  are  supplementary. 


PROPOSITION   XII.      THEOREM 
550.  If  tiL-o  planes  are  perpendicular  to  the  same  straight 
line,  they  are  parallel. 


Given— the  planes  b  and  c  perpendicular  to  the  straight  line  a. 
To  PROVE  d  and  IT  parallel. 

If  they  should  meet,  we  should  have  through  any  point  of 
their  intersection  two  planes,  b  and  e,  perpendicular  to  the 
same  straight  line  a. 

This  is  impossible.  ^  533 

Therefore  (>  and  e  are  parallel.  q,  e,  d. 

5(10.  Hxircise.—Vrove  this  proposition  as  a  consequence 
of  S=J33.  551- 

y//«/,— rn,^  tivo  iilanes  lliroiiyh  a  iiilersectiiig  i  ami  c  in  slraiylit  lines 


PROPOSITION   XIII.      THEOREM 
361.  If  a  straight  line  is  perpendicular  to  one  of  two  par- 
allel planes,  it  is  perpendicular  to  the  other. 


Given— the  parallel  planes  MN  and  PQ.  and  the  lint 
ularto  .1/A'al^. 


To  PROVE 


AB  perpendicular  to  PQ. 


Since ^5  cuts  jl/iV,  it  also  cuts /"fi  in  some  point  S.   §  552  I 

[If  IK'O  planes  are  parallel,  any  line  ihat  culs  one  cuts  the  other.] 
Through  B  draw  in  PQ  any  straight  line  BC,  and  through 
AB  and  BC  pass  a  plane  intersecting  MN  in  AD. 

Then  BC  is  parallel  to  AD.  §  544 

[If  two  planes  are  parallel,  their  intersections  with  a  third  plane  are  par- 
allel.] 

But  AB  is  perpendicular  to  AD. 

[A   ilraighi   line  perpendicular   to   a  plan 
straight  line  drawn  in  the  plane  through  its  foot.] 
Therefore  AB  is  also  perpendicular  to  BC.  §  36 

Since  AB  is  perpendicular  to  aiiy  straight  line  drawn  in 
PQ  through  B,  it  is  perpendicular  to  PQ.  §  530 

Q.  B.  D. 
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PROPOSITION   XIV.      THEOREM 
!i6^.  If  a  plane  is  perpendicular  to  one  ofHvo  parallel  lines, 
it  is  perpendicular  to  the  other. 


Given— the  parallel 
ular  to  AB  at  B. 

To  PROVE 


id  DE  and  the  plane  MN  perpendic 


MN  perpendicular  to  DE. 


Since  J/TVcuts  AB.  it  also  cuts  DE  in  some  point  E.  g  548 

[It  two  lines  are  parallel,  any  plane  ihat  e«ls  one  cuts  llie  dllier.] 
Through  E  draw  in  MN  any  straight  h'ne  EF,  and  through 
B  draw  in  MN  the  line  BC  parallel  to  EF. 

Then  angle  /?£/^=angle  ABC.  %  557 

But.  since  BC  lies  In  MN,  ABC  is  a  right  angle.         §  530 
Hence  DEF  is  a  right  aii^le. 

Since  any  straight  line  in  J/.'V  through  E  is  perpendicular 
to  DE,  MN  is  perpendicular  to  DE.  q.  b.  d. 

iy<i!i,  Cok.  I.   If  tii-o  straight  lines  are  perpendicular  to 
the  same  plane,  they  are  parallel. 

///«/.— Suppose  AH  ami  DE  [lerpcniliciilar  lo  MX. 

TliroHEli  any  [xiint  of  DF.  dr.iw  a  line,  .is  HD\  ].aralk'l  l.i  .-(/.■, 

I'rovu  ili.il  /'/;  ami  F.n  tointi.le. 

3(iA,  Exercise. — Prove  S  S49  by  means  of  sJS  562.  563. 
aiiii.  CiiK.  II.    The  perpemlienlar  distance  I'Cfween   i;fo 

parallel  planes  is  every'.ukere  the  same. 


DIEDRAL  ANGLES  AND   PROJECTIONS 
SOG.  De/s.—'When  two  planes  meet  and  are  terminated 
at  their  common  intersection,  they  are  said  to  form  a  die- 
dral  angle. 

The  planes  are  called  the  faces  of  the  diedral  angle,  and 
their  intersection,  the  edge. 

The  [aces  are  regarded  >s  indefinite  jn  extent. 


We  may  designate  a  diedral  angle  by  tun  points  on  its  edge  and  one  other 
point  in  each  face,  the  former  two  being  written  between  ihe  latter  two. 

Thus,  ill  the  tigure.  the  tau  planes  BC  and  BD  meeting  in  Ihe  line  AB 
form  the  diedral  angle  CABD;  JiC  and  fl^  are  the  faces  of  the  diedral  an- 
gle, and  .^Bu  its  edge. 

If  thiTc  is  only  one  diedral  angle  at  an  edge,  it  may  be  designated  by 
two  ]>ninls  on  its  edge  :  thus  the  diedral  angle  CABD  may  also  be  called  the 
diedral  angle  AB. 

JjfiT.  Def. — The  plane  angle  of  a  diedral  angle  is  the 
angle  formed  by  two  straight  lines  drawn  one  in  each 
face  of  the  diedral  angle  perpendicular  to  its  edge  at  the 

same  point. 

Thus  HKL  is  Ihe  plane  angle  of  the  diedral  angle  CABI^. 
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SG8.  Def. — Two  diedral  angles  are  vertical  if  the  faces 
of  one  are  the  prolongations  of  the  faces  of  the  other. 


S69.  Def. — Two  diedral  angles  are  adjacent  when  they 
have  a  common  edge  and  a  common  face  lying  between 
them  ;  as  ABCD  and  FBCD. 


570.  Def. — If  a  plane  meets  another  plane  so  as  to  form 
with  it  two  equal  adjacent  diedral  angles,  each  of  these  di- 
edral anf^lcs  is  called  ;t  right  diedral  angle,  and  the  first 
plane  is  said  to  be  perpendicular  to  the  second. 


Thus  Ihe  pUne  PQ  is  perpendicular  to  the  plane  .I/^V,  if  the  diedral  m. 

gle*  PQSy  and  PQSM  ate  equal. 


PROPOSITION   XV.      THEOREM 
371.  If  t'^vo  diedral  angles  are  equal,  their  plane  angles  are 

equal. 


Given         the  equal  dJtdral  angles  MRSP  and  .U'R'S'P-. 
Tn  HKOVE      their  plane  angles  CAB  and  C'A'fi'  equal. 


A 
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Superpose  the  diedral  angle  M'R'S'F  upon  its  equal 
MRSP,  letting  A'  fall  at  A. 

Then,  since  A'B'  and  AB  are  both  perpendicular  to  the 
line  RS  at  A  in  the  plane  RP,  they  coincide.  §  i8 

Similarly  A'C  and  /IC  coincide. 

Therefore  the  angles  CAB   and  C'A'B'  are  equal.        §  15 

Q.  E.  D. 
PROPOSITION   XVI.      THEOREM 
J7JJ.  If  the  plane  angles  of  two  diedral  angles  are  equal, 
the  diedral  angles  are  equal. 

[Converse  of  Proposition  XV.] 


Given— two  diedral  angles.  MRSP  and  M'R'S'F'.  whose  plan 

Eles.  CAB  and  C'A'B'.  are  equal. 
To  PKovF.  the  diedral  angles  equal. 

Since  RS  is  perpendicular  to  the  lines  AB  and  AC, 
perpendicular  to  their  plane.  ^ 

Similarly  R' S'  is  perpendicular  to  the  plane  of  A'B' 
A'C. 

Place  the  angle  C'A'B'  upon  its  equal  CAB. 

Then  R'S"  will  coincide  with  RS.  { 


It    IS 
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Hence  the  planes  R'P  and  RP-w'iA.  coincide. 
Similarly  the  planes  M'S'  and  MS  will  coincide. 
The  diedral  angles  are  therefore  equal. 

St 3-  Cor.   Two  vertical  diedral  angles  are  equal. 


§526 


PROPOSITION   XVII.      THEOREM 
574.  If  a  straight  line  is  perpendicular  to  a  plane,  every 
pliiiie  passed  through  the  line  is  perpendicular  to  the  plane. 
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Given — the  straight  line  AB  perpendicular  to  the  plane  M^  at  A, 

and  the  plane  PQ  passed  through  AB  intersecting  MN  in  QS. 
To  PROVE  PQ  perpendicular  to  MN. 
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Through  A  draw  in  MN  the  line  CD  perpendicular  to  QS. 

Since  AB  is  perpendicular  to  MN,  it  is  perpendicular  to 
G-Sand  CDmMN.  §  S30 

Hence  BAC  ahA  BAD  are  right  angles,  and  are  the  plane 
angles  of  the  diedral  angles  PQSN  s.n6  PQSM.      %%  i6.  567 

Therefore  these  diedral  angles  are  equal.  §  572 

That  is,  PQ  is  perpendicular  to  MN.  §  570 

Q.  B.  D. 
PROPOSITION   XVIII.      THEOREM 
S7S.  If  two  planes  are  perpendicular   to  each   other,  a 
straight  line  drawn  in  one,  perpendicular  to  their  intersection, 
is  perpendicular  to  the  other. 


1 

1 

M 

B 

Given— the  plane  PQ  perpendicular  to  the  plane  MN  and 
ing  MN  in  QS.     Draw  JJB  in  PQ  perpendicular  to  QS  ai 
To  PROVE  AB  perpendicular  to  MN. 


Through  A  draw  in  AfN  the  line  CD  perpendicular  to  QS. 

Then  BAC  and   BAD  will   be  the  plane  angles  of  the 

equal  diedral  angles  PQSN  3.x\6  PQSM.  S  567 
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Hence  angle  5^C=angle  5^Z).  §571 

Therefore       AB  is  perpendicular  to  CD.  %  16 

Since  AB  is  perpendicular  to  CD  and  also  to  QS,  it  is 

perpendicular  to  MN.  %  531 

Q.  B.  D. 

576.  Cor.  I.  If  two  planes  are  perpendicular  to  each  other, 
a  straight  line  drawn  perpendicular  to  one  at  any  point  of 
their  intersection  lies  in  the  other. 

Hint. — In  the  foregoing  figure  let  AB  now  be  drawn  perpendicular  to 
MN  al  Ihe  poini  A  of  QS. 
Then  draw  AB  in  PQ  perpendicular  to  QS. 
Prove  AB  and  AS  coincide. 
sat.  Cor.  II.   If  two  planes  are  perpendicular  to  each 
other,  a  straight  line  drawn  from  any  point  of  one  perpen- 
dicular to  the  other  lies  in  the  first. 

Hint. — In  the  foregoing  figure  lei  BA  now  be  drawn  perpendicular  to 
MW  from  ihe  point  B  in  PQ. 

Then  draw  BA'  in  PQ  perpendicular  to  QS. 
Prove  BA  and  BA'  coincide. 

PROPOSITION   XIX.      THEOREM 
57s.  If  two  intersecting  planes  are  perpendicular  to  a  third 
plane,  their  intersection  is  perpendicular  to  that  plane. 
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Given— the  planes  MC  and  EB  perpendicular  to  the  plane  PQ  and 

intersecting  \n  AB. 
To  PROVE  AB  perpendicular  to  PQ. 

Through  any  point  of  AB  draw  a  straight  line  perpen- 
dicular to  PQ. 

This  line  will  lie  in  both  J/tTand  EB.  %%  576,  577 

It  must  therefore  coincide  with  their  intersection  AB. 
Therefore  AB  is  perpendicular  to  PQ.  q.  e.  d. 


PROPOSITION    XX.      THEOREM 
5ti}.  Every  point  in  the  plane  that  bisects  a  dicdral  angle 
is  equally  distant  from  the  faces  of  that  angle. 


Given— the  plane  MA  bisecting  the  diedral  angle  DABC.  Let  P 
be  any  point  in  MA,  and  let  PT  and  PR  be  the  perpendiculars 
dropped  from  P  to  the  (aces  ^Cand  BD  of  the  diedral  angle. 

To  PROVE  PT=PR. 

Through  /'T'and  PR  pass  a  plane  intersecting  the  planes 
BC,  BD,  and  MA  in  FT,  FR,  and  /=■/>  respectively. 


i 

m 

M 

3 

-A 

Since  the  line  PT  is  perpendicular  to  the  plane  £C,  the 
plane  PRT  is  perpendicular  to  the  plane  BC.  §  574 

Similarly  the  plane  PRT  is  perpendicular  to  the  plane 
£D. 

Therefore  PRT  is  perpendicular  to  their  intersection  AB. 

§578 

Hence  AB  is  perpendicular  to  FT,  PP,  and  PR.         §  530 

Hence  PPT  and  PFR  are  the  plane  angles  of  the  equal 
diedral  angles  Af ABC  and  MABD.  §  567 

Therefore  angle /'F7'=  angle /Vv/?.  §571 

Consequently  the  right  triangles  PTF  and  PRF  are 
equal.  §  8?' 

Therefore  PT=  PR.  q.  b.  d. 

580.  Cor.  The  locus  of  all  points  within  a  diedral  angle 
equally  distant  from  its  faces  is  the  plane  which  bisects  the 
diedral  angle. 

Hint, — tl  has  been  proved  that  all  points  in  the  bisecting  plane  possess  the 

required  property.     It  only  remains  to  prove  thai  any  point  outside  docs  not. 

or  that  any  poini  which  possesses  the  required  property  must  lie  in  AM. 

Lei  f  be  such  a  point.     Pass  a  plane  through  P'  and  the  edgt 

make  construciions  analogous  to  those  in  the  preceding  figure.     Then  pi 

that  the  plane  FAB  must  bisect  the  diedral  angle. 
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PROPOSITION   XXI.      THEOREM 
581.   Through  any  straight  line  a  plane  can  be  passed  per- 
pendicular to  any  plane  ;  and  only  one  such  plane  can  be  drawn 
unless  the  given  Itne  is  itself  perpendicular  to  the  given  plane. 


GtVEN  the  straight  tine  AB  and  the  plane  -I/.V. 

To  PROVE— a  plane  can  be  drawn  through  AB  perpendicular  to  MN, 

From  atiy  point  B  of  AB  drop  a  perpendicular  BB'  to 
MN. 

The  plane  passed  through  AB  and  BB'  will  be  perpen- 
dicular to  MN.  %  574 

Hence  one  plane  can  be  passed  through  /i^  perpendicular 
to  MN. 

Now  no  other  plane  can  be  passed  through  AB  perpendic- 
ular to  MN  unless  AB  is  perpendicular  to  MN. 

For  this  other  plane  would  contain  BB' .  ^  577 

And  would  coincide  with  the  first  plane,  since  both  con- 
tain the  intersecting  lines  AB  and  BB'.  ^  536  III 

Q.  E.D. 

i>8^.  Def. — The  projection  of  a  point  upon  a  plane  is 
the  foot  of  the  perpendicular  drawn  from  the  point  to  the 
plane. 

Thus  A'  is  the  projection  of  the  point  A  upon  the  plane  MX. 


fiSS,  Dcf. — The  projection  of  a  line  upon  a  plane  is 
the  locus  of  the  projections  of  its  points. 

Thus/i'fl'C'Z)'  is  the  projcclion  o(  ,( JCZ5  upon  MN, 

PROPOSITION   XXII.      THEOREM 
5S4:.   The  projection  of  a  straight  line  upon  a  plane  is  a 
straight  line. 


Given— ihe  projection  A'B'  of  the  straight  hne  AB  upon  the  plane 

.l/.V. 
To  PROVE  A'B'  a  straight  line. 

Through  AB  pass  a  plane  perpendicular  to  MN. 

The  perpendiculars  drawn  from  the  various  points  of  AB 
to  MN  must  lie  in  this  plane.  §  577 

Hence  their  feet  will  lie  In  the  intersection  of  MN  with 
this  plane. 

Therefore  A'B'  must  be  the  intersection  and  is  a  straight 
line.  §  528 
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PROPOSITION   XXIII.      THEOREM 
585.   The  acute  angle  which  a  straight  line  makes  wilk  its 
owti  projection  upon  a  plane  is  the  least  angle  which  it  makes 
zvith  any  line  in  that  plane. 


Given— the  straight  line  AS,  its  projection  AC  upon  the  plane  MN, 

and  AB  any  other  straight  line  in  AfN  through  A. 
To  PROVE  angle  5^C<  angle  SAB. 

Take  AB=AC  and  draw  5(7  and  SB. 

Then  the  triangles  SAC  and  SAB  have  two  sides  of  one 
equal  respectively  to  two  sides  of  the  other. 

But  the  third  side  SC  of  one  is  less  than  the  third  side  SB 
of  the  other.  §  536 

Therefore  angle  SAC <iing\e  SAB.  §93 

Q.  E.  D. 

S86.  Def. — The  acute  angle  which  a  straight  line  makes 
with  its  own  projection  upon  a  plane  is  called  the  inclina- 
tion of  the  line  to  the  plane. 


PROPOSITION   XXIV.      THEOREM 
5S7>  Between  two  straight  lines  not  in  the  same  plane  a 
/"^^^gon  perpendicular  can  be  drawn,  and  only  one- 
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Straight  lines  not  in  the  same  plane. 

perpendicular  can  be  drawn  between 


Given— yJ^  and  FS' 

To   PROVE— that    ; 

them,  and  only  one. 

Through  any  point  B'  of  FB'  draw  a  line  B'G  parallel  to 
AB  and  let  MN  be  the  plane  containing  FB'  and  B'G. 
MN  is  parallel  to  AB.  §  550 

Pass  a  plane  through  AB  perpendicular  to  the  plane  MN, 
intersecting  FB'  at  Fand  MN  \n  FE. 

FE  is  parallel  to  AB.  %  546 

At  F  erect  a  perpendicular  FA  to  FE  in  the  plane  FB, 

hence  perpendicular  to  MN  and  to  FB'.  §  575 

Since  FA  is  perpendicular  to  FE,  it  is  perpendicular  to 

AB.  y' 

Therefore  FA  is  a  common  perpendicular  to  AB  9^ 

No  other  line  as  TB'  can  be  perpendicular  to  I 
and  FB'. 

For    TB'  would   also  be  perpendicular  I 
to  AB. 

Hence  TB'  would  be  perpendicular  to  MN 

But  TH  drawn  in  AE  perpendicular  to  i 
ular  to  MN. 
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Hence  there  would  be  two  perpendiculars  from  T  to  MN, 

which  is  impossible.  §  537 

Therefore  TB'  cannot  be  perpendicular  to  both  AB  and 

FB'.  Q.  E,  D. 

POLVEDRAl.   ANGLES 
5S8.  Defs. — When  three  or  more  planes  meet  in  a  point, 
they  are  said  to  form  a  polyedral  angle. 


y  llirouRli  I 


The  common  point  0  is  callfd  the  vertex  of  the  poly- 
edral anisic;  the  planes  AOB,  HOC,  etc.,  are  called  the 
faces  :  the  inter'iections  OA.  OH.  etc.,  of  the  faces  are  called 
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the  edges;  the  angles  AOB,  BOC,  etc.,  are  called  the  face 
angles  of  the  polyedral  angle. 

The  faces  o(  >  polyedral  angle  are  supposed  to  be  indefinite  in  extent. 
In  order  to  show  clearl]'  in  a  ligure  the  relative  position  of  the  edges,  they 
are  represented  as  being  cut  by  a  plane,  as  AC. 

580,  Def. — The  polygon  formed  by  the  intersection  of  a 
plane  with  the  faces  of  a  polyedral  angle  is  called  a  section 
of  the  polyedral  angle. 

S90.  Def. — A  polyedral  angle  is  convex  when  any  sec- 
tion by  a  plane  forms  a  convex  polygon. 

501,  Def. — The  diedral  angles  formed  by  the  faces,  to- 
gether with  the  face  angles,  are  called  the  parts  of  the 
polyedral  angle. 

592.  Def. — A  polyedral  angle  of  three  faces  is  called  a 
tHedral  angle. 


PROPOSITION   XXV.      THEOREM 
59S.   The  sunt  of  any  two  face  angles  of  a  tricdral  angle 
is  greater  titan  the  third. 


■ei[uirei>  proof  uiily  11 
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Given— the  triedral  angle  T—ABC  in  which  the  face  angle  ATC  i» 

greater  than  either  ATB  ox  B TC. 
To  PROVE  ATB-\-BTC>ATC. 

In  the  face  A  TCAtaw  TD,  making  the  angle  A  TD=ATB. 

Take  TB=  TD,  and  through  B  and  D  pass  a  plane  cutting 
the  three  faces  in  AB,  BC,  and  AC. 

The  triangles  A  TB  and  A  TD  are  equal.  §  79 

Hence  AB=AD. 

But  AB+BC>AC. 

By  subtraction  BC>DC. 

The  triangles  BTC  and  DTC  have  two  sides  of  one  equal 
to  two  sides  of  the  other,  and  the  third  side  BC  of  one  great- 
er than  the  third  side  DC  of  the  other. 

Therefore  BTC>DTC.  %  93 

By  construction  A  TB=A  TD. 

Adding  ATB+BTC>ATC.  q.b.d. 


PROrOSITIOS  XXVI.      THEOREM 
594.    The  sum  of  the  face  angles  of  any  convex  polyedral 
angle  is  less  than  four  right  angles. 


the  convex  polyedral  angle  O—ABCED. 
v40a+SOC+etc.<four  right  angles. 


The  section  ABCED  of  the  polyedral  angle  is  a  convex 
polygon.  §  590 

Join  any  point  O'  in  this  polygon  to  its  vertices. 

In  the  triedral  angle  A  we  have 

OAD-\-  OAB>DAB.  %  593 

Similarly  OBA  +  OBC>  ABC,  etc. 

Adding  these  inequalities  we  get : 

The  sum  of  the  base  angles  of  the  triangles  about  0>the 
sum  of  the  base  angles  of  the  triangles  about  O' . 

But  the  sum  of  all  the  angles  of  the  triangles  about  0=the 
sum  of  all  the  angles  of  the  triangles  about  Cy. 

[There  being  Ihe  same  number  of  triangles  having  0  for  vertei  la  having 

0  ,  and  each  Iriangle  conulning  two  right  angles.^ 

Subtracting  the  inequality  from  the  equality  we  get: 
Sum  of  the  angles  whose  vertex  is  0<sum  of  the  angles 

whose  vertex  is  O'. 

But  the  sum  of  the  angles  at  O'  is  four  right  angles.    §  28 
Therefore  the  sum  of  the  angles  at  0  is  less  than  four 

right  angles. 


f 
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PROPOSITION   XXVII.      THEOREM 

595.   Two  triedral  angles  are  equal,  if  two  face  angles  and 

the  included  diedral  angle  of  one  are  respectively  equal  to  two 

face  angles  and  the  included  diedral  angle  of  tlie  other,  the 

parts  given  equal  being  arranged  in  the  same  order. 


Given— the  triedrat  angles  T—ACEa.n.A  T  —  ACE  having  an- 
gle C7'^  =  angle  CTA\  angle  ^r-4  =  angle  ETA;  diedral 
angle  r.Tl  =  dLedral  angle  TA':  the  pans  given  equal  being  ar- 
ranged in  the  same  order. 

To  PROVR  T-ACE=  r-ACE\ 

Place  the  triedral  angles  so  that  the  equal  diedral  angles 
T'A'  and  TA  shall  coincide,  the  point  T'  falling  on  T. 

The  angles  CT'A'  and  CTA  will  then  lie  in  the  same 
plane. 

Since  .they  are  equal,  T'C  will  coincide  with  TC. 

Similarly  T'E'  will  coincide  with  7'E. 

Then  the  third  faces  TEC i^nd  T'E'C  will  coincide. 

§  526  III 

Therefore  the  triedral  angles  coincide  throughout  and  are 
equal.  q.  e.  d. 


PROPOSITION   XXVIII.      THEOREM 

S96'   Tvjo  tricdral  angles  are  equal,  if  two  diedral  angles 

and  the  included  face  angle  of  one  are  respectively  equal  to 

two  diedral  angles  and  tlie  included  face  angle  of  the  other, 

the  parts  given  equal  being  arranged  in  the  same  order. 


Given— the  triedral  angles  T—ACE  and  T—A'CE  having  face 
angle  Cr/J  =  face  angle  CTA'\  diedral  angle  7'C=diedral  angle 
T  C:  diedral  angle  7V4  =  diedral  angle  TA';  the  parts  given  equal 
being  arranged  in  the  same  order. 

To  PROVE  T—ACE=  T—ACE\ 

Place  the  triedral  angles  so  that  the  equal  angles  C'T'A' 
and  CTA  shall  coincide. 

Since  diedral  angle  7"'C=:diedral  angle  TC,  the  plane 
TCP.  will  take  the  direction  of  T'C'E'. 

Similarly  the  plane  TAE\v'\\\  take  the  direction  of  T'A'E'. 

Then  the  intersection  TE  must  tie  somewhere  in  the  plane 
7" E'C"  and  somewhere  in  T'E'A',  and  therefore  must  co- 
incide with  the  intersection  T"E'. 

Therefore  the  triedral  angles  coincide  throughout  and  are 
■equal.  Q.  K.  D. 
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PROPOSITION   XXIX.      THEOREM 
597.   Two  trkdral  angles  arc  equal,  if  the  three  face  an- 
gles of  one  are  respectively  equal  to  the  three  face  angles  of 
tlie  other,  provided  the  equal  face  angles  are  arranged  in  the 
same  order. 


GlvEN~the  triedral  angles  T—ACE  and  T—A'CE  having  (ace 
angle  ^rC=face  angle  ATC;  face  angle  Cr£:=face  angle 
CTE\  (ace  angle  £r^  =  face  angle  ETA:  the  equal  face  an- 
gles being  arranged  in  the  same  order. 

To  PROVE  T~ACE=  T^ACE. 

On   the   six   edges   take    TA  =  TC=TE=T'A' =T'C'  = 
T'E',  and  join  AC,  CE.  EA.  A'C,  C'E',  E'A'. 
The  triangles  A  TC  and  A'  T'C  are  equal.  §  79 

Hence  their  homologous  sides  AC  and  A'C  are  equal. 
Similarly  CE=C'E'  and  EA  =  E'A'. 

Therefore  the  triangles  ACE  ^nd.A'C'E'  are  equal.     §  89 
At  any  point  P  in  TA  draw  PB  in  the  face  A  TC  and  PD 
in  the  face  ATE  perpendicular  to  TA. 
PB  must  meet  AC. 

[For  if  PB  were  parallel  lo  CA.  CA  would  be  perpendicular  lo  TA  {%  36), 
which  cannot  be  the  case,  since  the  angle  TAC  vi  acute,  bein);  a  base  angle 
of  an  isosceles  irimgle.j 
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And  PB  must  meet  -^C  upon  that  side  of  TA  on  which  C 
lies. 

[For  if  it  met  AC  on  the  other  side,  there  would  be  formed  a  triangle 
such  that  the  sum  of  two  of  its  angles,  those  at  P  and  A^  would  be  greater 
than  two  right  angles,  which  is  impossible.] 

Likewise  PD  must  meet  EA  on  that  side  of  TA  on  which 
E  lies. 

Let  the  points  of  meeting  be  B  and  D,     Join  BD, 

On  the  edge  T A'  take  A'P'=AP,  and  at  P'  repeat  the 
same  construction  in  the  triedral  angle  T\ 

The  right  triangles  APB  and  A'P'B'  are  equal.  §  86 

[Having  a  side,  PA,  and  acute  angle  PAB  of  one  equal  to  a  side  and 
homologous  acute  angle  of  the  other.] 

Therefore  the  homologous  sides  AB  and  A^B'  and  PB 
and  PB'  are  respectively  equal. 

Similarly  AD=A'D'  and  PD^FD'. 

Next,  the  triangles  BAD  and  B'AD'  are  equal.  §  79 

[Having  two  sides  AB  and  AD  and  the  included  angle  DAB  of  one  equal 
to  two  sides  and  the  included  angle  of  the  other.] 

Hence  BD=B'D\ 

Finally,  the  triangles  PBD  and  FB'D'  are  equal.        §  89 

Therefore  the  homologous  angles  ^-PZ?  and  B'PD\  that  is, 

the  plane  angles  of  the.diedral  angles  TA  and  T'A'^  are  equal. 

Therefore  the  diedral  angles  ^  T'and  A'T  are  also  equal. 

§572 
Therefore  the  triedral  angles  T—ACE  and  T' —A'C'E' 

are  equal.  §  595 

Q.  E.  D. 

SOS*  Outline  of  steps  used  in  the  last  proposition : 

I.  Proof  that  the  large  face  triangles,  viz.,  TVlCand  TA'C\  etc.,  are  equal. 
II.  Proof  that  the  large  base  triangles,  \'\z.^ACE  and  A'C£\  etc.,  are  equal. 

III.  Proof  that  the  small  face  triangles,  viz.,  A  P  B  s^nd.  A'  P' B\  etc.,  are  equal. 

IV.  Proof  that  the  small  base  triangles,  viz.,  ABD  SindA'B'D'j  etc.,  are  equal 
V.  Proof  that  the  triangles  PBD  and  PBD'  are  equal. 
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599.  Def.  —  Two  polyedral  angles  are  vertical,  if  the 

edges  of  one  are  the  prolongations,  through  the  vertex,  of 
the  edges  of  the  other. 

600.  Dcf. — Two  polyedral  angles  are  symmetrical,  if  all 
the  parts  of  one  are  equal  to  those  of  the  other  but  arranged 
in  opposite  order. 

-Synimelrical  polyedral  angles  are  not  in  general  equal,  that  is,  cannot  be 
made  to  coincide,  just  as  we  cannot  |iut  a  right  glove  on  the  left  hand. 

PROPOSITION   XXX.      THEOREM 

601.  Tivo  vertical  polyedral  angles  are  symmetrical. 


Given— the  vcnical  polyedral  angles  O—A/iCD  and  O— A  BCD'. 
To  PROVE  them  symmetrical. 


The  lines  OA' ,  OH',  etc.,  are  the  prolongations  of  the  lines 
CI,  OH.  etc.,  respectively. 

Therefore  the  angles  A'Oli'.  B'OC,  etc.,  are  equal  re- 
spectively to  the  angles  AOB,  HOC.  etc.  g  30 

The  plane.-?  A'OH'.  H'OC.  etc.,  are  the  prolongations  of 
the  planes  AOB.  HOC,  etc..  respectively.  tj  526  III 


Hence  the  diedral  angles  OA',  OB',  etc.,  are  equal  respec- 
tively to  the  diedral  angles  OA,  OB,  etc,  §  575 

[Vertical  diedral  angles  are  equal.] 
But  the  equal  parts  of  the  two  potyedral  angles  are  ar- 
ranged in  opposite  order,* 

Therefore  they  are  symmetricat,  §  600 

[Having  all  the  parts  of  one  equal  to  those  of  tbe  other,  but  arranged  m 
opposite  order.]  q.  e,  d. 

PROPOSITION    XXXI.      THEOREM 
602,  Either  of  two  symmetrical  polyedral  angles  is  equal 
to  the  vertical  of  the  other. 


GivEV^ — two  symmetrical  polyedral  angles,  O — ABCD  and  S — 
MXPT.  the  poinis  M,  N.  P.  T.  corresponding  to  ihe  points 
.-*.  B.  C.  D. 

To  PROVE— that  S ~ MNP T  cAn  be  made  to  coincide  with  (7— 
A-BCD.  the  vertical  of  0-ABCD. 


'  A  convenient  way  of  seeing  ihis  is  to  conceive  the  eye  placed  at  O,  Then, 
f  we  look  at  the  points  A'R'C  D',  we  find  that  they  follow  each  other  in  an 
>rder  of  rotation  in  the  same  direction  as  the  hand  of  a  clock  moves.  ThU 
ircler  is  called  ■■clockwise."  But  if  we  look  at  ABCD.  stilt  keeping  the  eje 
.(  O.  the  order  .^i^CZJ  is  '■  counter.clockwise." 
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The  parts  of  S-MNPTAn6  0-ABCD  are  equal  each  to 
each  and  arranged  in  opposite  order.  §  600 

[Two  symmelrical  polyedral  angles  hare  iheir  parts  equal  each  to  each 
and  arranged  in  opposite  uriler,] 

Also  the  parts  ot  0~A'B'C'D'  and  0—ABCD  are  equal 
each  to  each  and  arranged  in  opposite  order.  §  601 

[Two  vertical  -xilyedral  angles  are  symmetrical.] 

Therefore  the  parts  of  S-MNPT  ^nd  0-A'B'C'D'  are 
equal  each  to  each  and  arranged  in  the  same  order. 

Place  the  polyedral  angle  S—MNPT  so  that  its  diedral 
angle  SM  shall  coincide  with  the  equal  diedral  angle  OA', 
the  point  >V  falling  at  (', 

Since  the  parts  of  the  two  polyedral  angles  are  arranged 
in  the  same  order,  the  angles  .\'5J/ and  B'OA'  will  then  lie 
in  the  same  plane. 

Since  they  are  equal,  5.Vwi[l  coincide  with  OB'. 

Similarly  we  can  show  that  the  ne.\t  edge  SP  will  coin- 
cide with  OC  and  so  on  until  all  the  edges  and  therefore 
all  the  faces  coincide. 

Hence  the  polyedral  angles  S-MNPT^nd.  0-A'B'CD' 
coincide  and  are  equal.  q  ^  q_ 


PROPOSITION   XXXII.      THEOREM 
603.  Two  triedral  angles  are  symmetrical  : 

I.  If  t-oH)  face  angles  and  the  included  diedral  angle  of  one  are 
rtspeclivefy  equal  to  two  face  anglet  and  the  included  die- 
dral  angle  of  the  other. 
11.  If  two  diedral  angles  and  the  included  face  angle  of  one  are 
respectively  equal  to  two  diedral  angles  and  the  included 
face  angle  of  the  other. 
in.  //  the  three  face  angles  of  one  are  respecti-velv  equal  to  the 
three  face  angles  of  the  other. 
Provided  the  parts  given  equal  are  arranged  in  of posite  order . 


Let  T—ACE  (or  T)  and  T'-A'C'E'  (or  T)  be  the  two 
triedral  angles,  the  parts  given  equal  being  arranged  in  op- 
posite order. 

Also  let  T"  be  a  triedral  angle  symmetrical  to  T',  that 
is,  having  corresponding  parts  equal,  but  arranged  in  oppo- 
site order. 

Therefore  T"  and  T  have  parts  equal  each  to  each  and 
arranged  in  the  same  order. 
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Therefore  in  either  of  the  three  cases  T  is  equal  to  V\ 

§§  595,  596,  597 
But  T'^  was  constructed  symmetrical  to  T. 

Therefore  7",  which  equals  7"",  is  also  symmetrical  to  7^. 

Q.  B.  D. 

604.  Def. — A  triedral  angle  is  isosceles,  if  two  of  its  face 
angles  are  equal. 

605»  Exercise. — If  one  of  two  symmetrical  triedral  angles 
is  isosceles,  the  other  is  also,  and  the  two  can  be  made  to  co- 
incide and  are  equal. 

It  will  be  noted,  however,  that  the  parts  which  correspond  by  symmetry 
will  not  be  the  ones  which  coincide. 


PROJECTIONS 

606.  Exercise, — The  projections  on  a 
plane  of  parallel  lines  are  parallel. 

Hint. — Prove  first  that  the  projecting  planes 
are  parallel,  using  §  551. 

This  principle  is  of  great  importance  in  the 
theory  of  shades  and  shadows. 

It  is  not  true  in  general  that  if  two  lines  make 
an  angle  with  each  other,  their  pi^jjections  on  a 
plane  will  make  the  same  angle. 
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QOH.  Exercise, — The  projection  on  a 
plane  of  a  right  angle  is  a  right  angle 
provided  one  of  the  sides  is  parallel  to 
the  plane. 

Hint. — Prove  first  that  the  side  which  is  par- 
allel to  the  plane  is  perpendicular  to  the  project- 
ing plane  of  the  other ;  then  that  the  two  project- 
ing planes  are  perpendicular,  and,  finally,  that  the 
projections  of  the  sides  arc  perpendicular. 

Q08.  Exercise, — If  the  projections  on 
a  plane  of  a  number  of  points  lie  in  a 
straight  line,  the  points  must  lie  in  a 
plane. 


609.  Exercise, — If  the  projections  of  a 
line  on  each  of  two  intersecting  planes  be 
straight,  the  line  itself  must  be  straight 
except  in  one  case.     State  that  case. 


LOCI 

GIO*  Exercise, — In   any  triedral  angle 
the  three  planes  bisecting  the  three  diedral  S'^1^ 
angles  intersect  in  a  common  straight  line, 
which   is  the  locus  of  points  within  the     b 
triedral  angle  equidistant  from  its  faces. 


Gtl*  Exercise, — Find,  and  prove    cor- 
rect, the  locus  of  all  points  in  space  equi-  ^' 
distant  from  two  given  points. 


■hia^Ml 


*Mi 
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612.  Exercise. — Find,  and  prove  cor- 
P*"    rect,  the  locus  of  all   points   equidistant 
from  three  given  points. 


613.  Exercise, — The  locus  of  points 
equidistant  from  two  intersecting  straight 
lines  is  the  pair  of  planes  passed  through 


%li-^        -    -    ■ 

/x*~  ?KT,    V       the  bisectors  of  the  angles  formed  by  the 

D  lines  and  perpendicular  to  the  plane  of  the 
lines. 

A^i/i/.— Apply  §§  595.  86. 


y 


614.  Exercise, — Find  the  locus  of  points  at  a  given  dis- 
tance from  a  given  plane. 

6I0.  Exercise, — Find  the  locus  of  points  equidistant  from 
two  parallel  planes. 

616*  Exercise. — Find  the  locus  of  points  equidistant  from 
two  intersecting  planes. 

617.  Exercise, — Find  the  locus  of  points  equidistant  from 
three  intersecting  straight  lines  not  in  the  same  plane. 

618.  Exercise, — In  any  triedral  angle  the 
three  planes  passed  through  the  bisectors  of 
the  three  face  angles,  and  perpendicular  to 
these  faces  respectively,intersect  in  a  common 
straight  line,  every  point  of  which  is  equidis- 
tant from  the  edges  of  the  triedral  angle. 

619.  Exercise.  —  Find,  and 
prove  correct,  the  locus  of  points 
which  are  equidistant  from  two 
given  planes,  and  at  the  same 
time  equidistant  from  two  given 
points. 


BOOK   VI 


285 


620*  Exercise,  —  Find, 
and  prove  correct,  the  lo- 
cus of  points  at  a  given  dis- 
tance from  a  given  plane, 
and  at  the  same  time  equi- 
distant from  two  intersect- 
ing straight  lines. 

Does  the  figure  show  all  the  lines  of  the  locus  ? 


PROBLEMS   OF  CONSTRUCTION 

The  constructions  of  solid  geometry  differ  from  those  of 
plane  geometry  in  that  we  cannot  perform  them  with  ruler 
and  compasses,  or  with  any  instruments  of  drawing. 

We  shall  therefore  consider  a  problem  of  construction  in 
solid  geometry  solved  when  it  is  reduced  to  one  or  more 
•of  the  following  elementary  constructions  which  we  assume 
-can  be  performed,  viz. : 

(I.)  A  plane  can  be  drawn  through  any  three  given  points. 
(2.)  The  intersection  of  a  plane  with  any  given  straight  line  or 
with  any  given  plane  can  be  determined. 

(3.)  A  straight  line  can  be  drawn  through  any  given  point  per- 
pendicular to  any  given  plane. 


621m  Exercise.  —  Determine  a 
point  in  a  given  straight  line 
which  shall  be  equidistant  from 
two  given  points  in  space. 

Do  not  assume  that  the  given  line  and  the 
given  points  are  in  the  same  plane,  and  avoid 
similar  assumptions  in  the  following  exer- 
-cises. 


286 


GEOMETRY  OF  SPACE 


622.  Exercise. — Determine  a 
point  in  a  plane  MN  which 
shall  be  equidistant  from  three 
given  points  in  space,  /*,  F^  and 
F\ 


623.  Exercise. — Through  a  given  point  P 
in  space  determine  a  straight  line  which  shall 
cut  two  given  straight  lines  AB  and  CD. 


624.  Exercise. — Given  a  point  F  and 
any  two  non-parallel  planes  J/^Vand  PQ. 
From  the  point  draw  a  straight  line  of 
given  length  terminating  in  one  of  the 
planes  and  parallel  to  the  other. 

625.  Exercise. — Show  how  to  pass  a 
plane  through  a  straight  line  AB  parallel 
to  another  straight  line  CD. 

Hinl.—Ai^Y^Xy  §  550. 

626.  Exercise. — Show  how  to  pass 
a  plane  through  a  point  P  parallel  to 
two  given  straight  lines  AB  and  CD. 
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BOOK  VII 
polVedrons 
62T.  Defs. — A  polyedron  is  a  geometrical  solid  bounded 
by  planes. 

The  intersections  of  the  bounding  planes  are  called  the 
edges  of  the  polyedron ;  the  intersections  of  the  edges  are 
called  the  vertices;  the  portions  of  the  bounding  planes 
bounded  by  the  edges  are  called  the  faces. 

The  leut  number  of  faces  thai  a  polyedron  can  have  i«  four  ;  for  three  planes 
by  intersecting  form  a  triedral  angle,  and  one  more  plane  is  necessary  lo  en. 
cluu  with  these  a  definite  portion  of  space. 

G2S.  Dcfs. — A  polyedron  of  four  faces  is  called  a  tctrae- 
dron ;  one  of  six  (aces,  a  hexaedron;  one  of  eight  faces, 
an  octaedron;  one  of  twelve  (aces,  a  dodecaedron;  one  of 
twenty  faces,  an  icosaedron. 
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629'  Def. — A  polyedron  is  convex  when  no  face,  if  pro- 
duced, will  enter  the  polyedron. 

All  the  polyedrons  treated  of  in  this  book  will  be  understood  to  be  conTcx. 


PRISMS.      PARALLELOPIPEDS 
GSO.  Defs, — A  prismatic  surface  is  a  surface  composed 
of  planes  passed  between  each  successive  pair  of  a  system  of 
parallel  lines. 


Tlic  parallel  tines  are  called  the  edges  of  the  prismatic 
surface. 

PROPOSITION   1.      THEOREM 
(iBi,   The  sections  of  a  prismatie  surface  made  by  two  par- 
allel planes  cutting  its  edges  are  equal  polygons. 

GiVKN — the  prismatic  surface  AH  cut  by  two  parallel  planes  in  the 

sections- 6W/AX  and  Cf/TK'/J. 
To  PROVE  these  polygons  are  equal. 

The  sides  GH,  If  I,  etc.,  arc  parallel  respectively  to  C'H' , 

H^r,  etc.  §  544 

Hence  GH^G'H'.  Hl^HT.  |  ii8 


Also  angle  GN/^ang[c  G'HT, 

angle  ff/K=ang\e  H'/'K',  etc.  g  557 

The  polygons  GHIKL  and  G'HTK'L'  are  therefore  mu- 
tually equilateral  and  equiangular. 

Hence  they  can  be  made  to  coincide  and  are  equal,   q.  e.  d. 

ass.  Cor.  a  prismatic  surface  can  be  generated  by  a 
straight  line  mornng  so  as  to  remain  always  parallel  to  a 
fixed  straight  line  {drawn  parallel  to  the  edges)  and  always 
cutting  the  perimeter  of  a  section. 

llinl. — By  plane  geometry  a  straight  line  can  move  across  each  (ace  re- 


parallel  to  the  lati 


Ll  edges. 


ii!i!i.  Defs. — A  prism  is  a  polyedron  bounded  by  a  pris- 
matic surface  and  two  parallel  planes. 
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The  equal  sections  of  the  prismatic  surface  formed  by  the 
parallel  planes  are  called  the  bases  of  the  prism ;  the  por- 
tion of  the  prismatic  surface  between  the  bases  consists  of 
the  lateral  faces;  the  portions  of  the  edges  of  the  prismatic 
surface  between  the  bases  are  the  lateral  edges  of  the  prism, 

iiS4.  Defs. — A  right  prism  is  one  whose  lateral  edges 
are  perpendicular  to  its  bases. 

An  oblique  prism  is  one  whose  lateral  edges  are  not  per- 
pendicular to  its  bases. 

G3o.  Def. — A  regular  prism  is  one  whose  bases  are  reg- 
ular polygons  and  whose  lateral  edges  are  perpendicular  to 
its  bases. 


PROPOSITION   M.      THFOKEM 
6^0.   The  lateral  faces  of  a  prism  arc  parallelograms. 
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Given  the  prism  FS. 

To  PROVE  its  lateral  faces  are  parallelograms. 

Consider  the  lateral  face  FQ. 

Its  sides  F/'and  HQ  are  parallel,  being  edges  of  the  pris- 
matic surface.  §  630 

Also  FH  and  PQ  are  parallel,  being  the  intersections  ol 
two  parallel  planes  with  a  third.  g  544 

Therefore  FQ  is  a  parallelogram.  •$  1 14 

Similarly  the  other  lateral  faces  are  proved  to  be  parallel- 
ograms. Q,  E,  D. 

HSU.  COK.  I.   The  lateral  edges  of  a  prism  are  equal. 

ti3S.  Cor.  II.   The  lateral  faces  of  a  right  prism  are  rect- 
angles. 
•  639,  Def. — A  parallelepiped  is  a  prism  whose  bases  are 
parallelograms. 

64:0.  Def. — A  right  parallelopiped  is  a  parallelopiped 
whose  lateral  edges  are  perpendicular  to  its  bases. 


6-11.  Def. — A  rectangular  parallelopiped  is  a  right  par- 
allelopiped whose  bases  are  rectangles. 

CJ3.  Def. — A  cube  is  a  right  parallelopiped  whose  bases 
arc  squares  and  whose  lateral  edges  are  equal  to  the  sides 

of  its  base. 


/ 
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643.  Cor.  III.  All  the  faces  of  a  paralkhpipcd  are  par- 
allelograms. 

644.  Cor.  IV.  All  the  faces  of  a  rectangular  parailelo- 
fiped  are  rectangles. 

G45.  COK.  V.  All  the  faces  of  a  cube  are  equal  squares. 

PROPOSITION   III.      THEOREM 
646.  Any  tzvo  opposite  faces  of  a  parallelopiped  may  be 
taken  as  its  bases. 


Given— the  parallelopiped  AG,  the  bases  being  first  taken  as  AC  and 

EG. 
To  PROVE— that  any  other  two  opposite  (aces,  as  AF  and  DG,  may  be 

taken  as  bases. 

The  four  lines  AD.  BC,  l-G,  EH  are  parallel  to, each  other. 
^S  114.  549 

They  may  therefore  be  taken  as  tlie  edges  of  a  prismatic 
surface.  ^  630 

Also  ^J/y  and  All  are  parallel  to  7;^  and  7;// respectively. 

iJ  114 

Hence  the  planes  .lAand  IX]  are  parallel.  ^  551 

Tlierefore  the  parallelopiped  may  be  considered  a  prism 
having  Af  and  DG  as  bases.  §  diji 

Q.  E.  D. 
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647.  Def. — A  right  section  of  a  prism  is  the  section 
formed  by  a  plane  perpendicular  to  the  lateral  edges, 

Q48.  Def. — The  lateral  area  of  a  prism  is  the  sum  of  the 
areas  of  its  lateral  faces. 


PROPOSITION   IV.      THEOREM 
64:9.   The  lateral  area  of  a  prism  is  equal  to  tht  product 
of  the  perimeter  of  a  right  section  and  a  lateral  edge. 


Given— the  prism  AC,  of  which  HGLIK  is  a  right  section. 
To  PROVE— its  lateral  area={//^c;+Ci+etc.)X^^'. 

The  lateral  area  consists  of  the  areas  of  the  lateral  faces, 
which  are  parallelograms.  §  636 

The  area  of  each  parallelogram  is  its  base  multiplied  by 
its  altitude.  §  385 

Their  bases  AA',  BB',  etc.,  are  all  equal.  §  637 

Their  altitudes  are  the  lines  HG,  GL,  etc.  §  530 

Hence  by  addition  we  have 

lateral  are3  =  {//'(?+(JZ.  +  etc.)x.4yJ'.  q.  e.  d. 

630.  Def — -The  altitude  of  a  prism  is  the  perpendicular 
distance  between  the  planes  of  its  bases. 
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HSl,  Cor.  The  lateral  area  of  a  right  prism  is  equal  to 
the  product  of  the  perimeter  of  its  base  and  its  altitude. 

632.  Defs. — A  truncated  prism  is  a  polyedron  bounded 
by  a  prismatic  surface  and  two  non-parallel  planes. 

The  sections  of  the  prismatic  surface  formed  by  the  non. 
parallel  planes  are  called  the  bases  of  the  truncated  prism. 

G53,  Def. — A  truncated  prism  is  right  when  one  of  its 
bases  is  perpendicular  to  the  lateral  edges. 

PROPOSITION   V.      THEOREM  '^O 

6S4.  Two  right  truncated  prisms  are  equal,  if  three  lat- 
eral edges  of  one  are  equal  to  three  corresponding  edges  of  the 
other  and  the  bases  to  which  they  are  respectively  perpendicu- 
lar are  equal. 


Given' — the  truncated  right  prisms  jJA'and  A'K\  having  the  lateral 
edges  Al-  and  A'h".  JIG  and  irO'.  CH  and  CH'  respectively  equal 
and  perpendicular  to  tlie  equal  bases  AUCi'E.  A' li'CII'E'. 

To  PROVE  that  AKanA  ^(X' are  equal. 

Superpose    the    truncated    prisms    f 
ABCDE  and  AlVCinV  shall  coincide. 

Then  the  indefinite  lines  AF,  BG,  etc.,  will  coincide  re- 
spectively wit'-   -J'''"    '■"''-■  "•'-  -^  "-- 


that    the    bases 


',  n'G\  • 


§535 
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Hence  the  indefinite  prismatic  surfaces  coincide,   §  526  IV 
Since  AF=A'F',  F  falls  on  F'.     Similarly  G  falls  on  C 
and  H  upon  H'. 

Hence  the  planes  of  the  upper  bases  coincide.         §  526  I 
Therefore  the  truncated  prisms  coincide  and  are  equal. 

Q.  E.  D. 

655.  Cor.  Two  right  prisms  are  equal,  if  they  have  equal 
bases  and  equal  altitudes. 

036.  Defs. — The  volufw^pf  any  solid  is  its  ratio  to 
another  solid  taken  arbitrarily  and  called  the  unit  of  vol- 
ume. 

65H,  Def. — Two  solids  are  equivalent  when  their  vol- 
umes are  equal. 


PROPOSITION   vr.      THEOREM 
658.  An  oblique  prism  is  iquivalcut  to  a  right  prism  zvkose 
base  is  a  right  section  of  the  oblique  prism  and  whose  altitude 
is  equal  to  a  lateral  edge  of  the  oblique  prism. 
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Given— the  oblique  prism  ABCDE-A'  o(  which  KFG.\ff  is  a  right 


Produce  AA'  to  A",  making  A'A"=AA',  and  through  A"'  pass  a 
plane  parallel  to  K'FGXH.  cutting  tlie  other  edges  produced  in  F* 
G'.  i\".  H-. 


To  PROVE— the  oblique  prisi 
prism  KFGXH-K'. 


I  ABCDE-A'  is  equivalent  to  the  right 


The  truncated  right  prisms  AG  and  AG'  have  the  bases 
KFGNH  and  K'FGN'H'  equal.  §  63 1 

Also  the  lateral  edges  AK,  BF,  and  CG  are  respectively 
equal  to  A'K',  BF',  and  C'G'.  Ax.  3 

Therefore  these  truncated  prisms  are  equal.  §  654 

If  we  take  the  upper  truncated  prism  A'G'  from  the  whole 
figure,  we  have  left  the  oblique  prism. 

If  we  take  the  lower  truncated  prism  AG  from  the  whole 
figure,  we  have  left  the  right  prism. 

Therefore  the  oblique  prism  is  equivalent  to  the  right 
prism.  Ax,  3 

Q.  B.  D. 

03it.  Dffs. — A  triangular  prism  is  one  whose  base  is  a 
triangle:  a  quadrangular,  one  wliose  base  is  a  quadrilateral. 


PROPOSITION   VII.      THEOREM 
©CO.   The  plane  passed  through  two  diagonally  opposite 
edges  of  a  parallelepiped  divides  it  into  two  equivalent  trian- 
gular prisms. 


G[VEN— the   parallelopiped  AIICD-R  divided   by  the  plane  ARTC 

into  two  triangular  prisms  ABC-S  and  ACD-U. 
To  PRovF.         these  triangular  prisms  are  equivalent. 

Let  FGKI.  be  a  right  section  of  the  parallelopiped,  cut- 
ting the  plane  ARTC\n  FK. 

The  planes  W6' and  /? 7" are  parallel.  §  551 

Therefore  FL  and  GK  are  parallel.  ^  544 

Similarly  FG  and  LK  are  parallel. 

Therefore  FGKL  is  a  parallelogram.  §  114 

Hence  the  triangles  FGK  and  FKL  are  equal.  ^  1 16 

Now  the  triangular  prisnn  ABC-R  is  equivalent  to  a  right 

prism  whose  base  is  the  right  section  FGK  and  whose  alti. 

tude  is  the  lateral  edge  AR,  and  ACD-U  is  equivalent  to 

a  riyht  prism  whose  base  is  FKL  and  whose  altitude  is  AR. 

These  two  right  prisms  are  equal.  ^  655 

Therefore  ABC-R  m\6,  A  CD- C/ arc  equivalent.  Ax.  i 

<!■  E-  D- 
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PROPOSITION   VIII.      THEOREM 
GQl,   Two  rectangular  paralhlopipcds  having  equal  bases 
ire  to  each  Oilier  as  their  altitudes. 


Given — the  rectangular  parallelopipeds  P  and  P'  havin^c  equal  bases, 
their  altitudes  being  AC  and  A'C. 
P-  ^  A'C 
P      AC  ' 


To  PROVE 


Case  1.   IVhc/i  the  altitudes  are  commensurable. 
Suppose  the  common  measure  of  AC  »nA  A' C  to  be  con- 
tained '\T\  AC  %  times,  and  in  A'C  3  times. 

AC      5 

Through  the  points  of  division  of --It" and  A'C  pass  planes 
parallel  to  the  bases. 

These  planes  divide  the  parallelopipeds  into  smaller  par- 
allelopipeds, all  of  which  are  equal.  -i^  631,  655 


Thei 
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P  contains 

5  and  F 

contains  3  of  these  small  parallelo- 

pipeds. 
Hence 

^_3 

P     5 

Therefore 

F    A'C 

Case  II.   IV/ien  the  altitudes  are  incominetisurabli'. 


Divide  AC  into  any  number  of  equal  parts  and  apply  one 
of  these  parts  to  A'C  as  often  as  A'C  will  contain  it. 

Since  AC  and  A'C  are  incommensurable,  there  will  be  a 
remainder  DC  less  than  one  of  these  parts. 

I'ass  a  plane  through  D  parallel  to  the  bases  of  F  and  let 
-V  be  tile  rectangular  parallelopiped  between  this  plane  and 
tile  h-.vi-r  base  of  F. 

Thun,  since  A ' D  and  A  C  are  commeiiSHrable,  we  have 

P      AC 
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If  each  of  the  parts  of  AC  be  continually  bisected,  each 
part  can  be  made  as  smalt  as  we  please. 

Therefore  DC,  which  is  always  less  than   one  of  these 
parts,  can  be  made  as  small  as  we  please. 

But  it  can  never  be  reduced  to  zero,  since  AC  and  A'C 
are  given  incommensurable. 
Therefore        A'D  will  approach  A'C  as  a  limit. 


Hence 


Likewise 


AC 


AC 
F 
~P 


185 
190 


as  a  limit. 


Therefore 


Q.  B.  p. 

6G2.  Def. — The  three  edges  of  a  rectangular  parallelo- 
piped  meeting  at  a  common  vertex  are  called  its  dimen- 
sions. 

665.  Remark. — The  preceding  theorem  may  be  stated 
thus: 

Two  rectangular  paralklopipcds  which  have  two  dimensions 
in  common  are  to  each  other  as  their  third  diuiensioiis. 
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PROPOSITION   IX.      THEOREM 
6C4.   Tit'o  rectangular paralleiopiptds  which  have  one  di- 
mension in  common  arc  to  each  other  as  t/w  products  of  the 
two  ^thcr  dimensions. 


Given— the  rectangular  parallelopipeds  P  and  P",  having  the  dimen- 
sion £  common,  the  other  dimensions  being  a,  b  and  ii',  V  respec- 
tively. 


Let  (?  be  a  third  rectangular  parallelopiped  having  the 
limensions  a'.b,c. 
Then  P  and  Q  have  two  dimensions  b  and  c  in  common. 


Hence 


a 


%(^i 


Also  Q  and  /*'  have  two  dimensions  a'  and  c  in  common. 

/■'     6' 
Mnltiplying  these  equations  together,  we  get 


I lence 


..  E.  o.^ 
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665.  Remark. — This  theorem  may  be  stated  thus: 

T^vo  rectangular  parallelopipeds  having  equal  altitudes  are 
to  each  other  as  their  bases. 

PROPOSITION   X.      THEOREM 

666.  A  ny  two  rectangular  parallelopipeds  are  to  each  other 
as  the  products  of  their  three  dimensions. 


Given — the  rectangular  parallelopipeds  P  and  P',  wliose  dimensions 

are  a.  6,  c  and  a',  b',  c'  respectively. 


Let  (?  be  a  third  rectangular  parallelepiped  having  the 
dimensions  a,b,c' . 


§664 


Multiplying  these  equations  together,  we  have 
P  _  axbxc 
F     a'xl''  xc'  Q.  K.  D. 


PROPOSITION   XI.      THEOREM 
667.   The  volume  of  a  rectangular  paralklopiped  is  equal 
to  the  product  of  its  three  dimensions,  provided  that  the  unit 
of  volume  is  a  cube  whose  edge  is  the  linear  unit. 


Proof. — Let  P  be  any  rectangular  parallelopiped  whose 
dimensions  are  a,  b.  and  c,  and  let  the  cube  V,  whose  edge 
is  the  linear  unit,  be  the  unit  of  volume. 
p 

Then  -  is  the  volume  of  P.  %  656 

But  ^=1^''^'-  =  a^bY.c.  §666 

J'    Jxlxl  ^ 

Therefore         vol.  P=  axlixc.  Q.  k.  d. 

66*.  Remark. — Hereafter  the  unit  of  volume  is  to  be 
understood  to  be  a  cube  whose  edge  is  the  linear  unit. 

GG9.  Remark. — This  theorem  may  also  be  stated : 

The  volume  of  a  rectangular  parallelopiped  is  equal  to  the 
product  of  its  base  and  altitude. 

(170.  CoK.  I.  The  volume  of  a  cube  is  equal  to  the  third 
power  of  its  edge. 

llenL-e  il  is  Ihal  the  IhirH pavier  of  a  number  is  called  the  I'Kfc  ti  thU 

number. 


i<H 
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G71>  Remark. — When  the  three  dimensions  of  a  rectan- 
gular parallelopiped  are  exactly  divisible  by  the  linear  unit, 
the  truth  of  the  proposition  may  be  rendered  evident  by 
dividing  the  parallelopiped  into  cubes,  whose  edges  are 
equal  to  the  linear  unit. 

Thus,  if  (hree  edges  which  meet  al  a  common  vertex  are  respeclively  a 

units,  3  units,  and  4  units  in  length,  the  parallelopiped  maj'  be  divided  into 

24  cubes,  each  equal  to  the  unit  of  volume,  by  passing  planes  perpendicular 

to  the  edges  through  their  points  of  division. 

er;?.  Construction.  To  construct  a  parallelopiped  hav~ 
ing  as  edges  three  given  straight  lines  drawn  from  the  same 
point. 


Given  the  straight  lines  A!i,  AD,  and  AE. 

To  CONSTRUCT— a  parallelopiped  having  them  as  edges. 

Pass  a  plane  through  each  pair  of  the  given  straight  lines. 

Then  pass  a  plane  through  the  extremity  of  each  line  par- 
allel to  the  plane  of  the  other  two. 

The  solid  thus  formed  may  be  shown  to  bu  a  parallelo- 
piped  by  applying  successively  g^  544,  630.  633,  639. 

tf/X  i:.irr<-Mr.— Show  that  if  the  three  given  lines  in  the 
preceding  construction  are  perpendicular  to  each  other,  the 
parallelopiped  formed  will  be  rectangular. 

/'\ 


PROPOSITION   XII.      THEOREM 
G74.   The  volume  of  any  parallelopiped  is  equal  to  tke 

product  of  its  base  and  altitude. 


GlVEN-'ihe  oblique  parallelopiped  FH',  whose  base  is  F'E'H'G'  and 

aliiLude  k. 


To  PROVE 


vol.  FH'  =  F'E'H'G'  x  //. 


Produce  the  edges  EF,  HG,  E'F' ,  H'G',  and  in  B'F'  pro- 
duced take  C'D'  =  E'F. 

Through  C  and  D'  pass  planes  perpendicular  to  E'U , 
forming  the  right  parallelopiped  KN', 

Now  produce  the  edges  N'C,  NL,  MK,  M'D'  of  the  right 
paralltlopiped  and  in  N'C  produced  take  C'A'  =  N'C'. 

In  the  plane  WjVdraw  CC"  perpendicular  to  A'C 

The  three  lines  C'D\  C'A',  C'C  are  perpendicular  to  each 
other.  §  530 

Therefore  the  parallelopiped  BC  formed  upon  them  as 
edj^cs  will  be  rectangular.  §  673 

The  rectangular  and  oblique  parallelopipeds  are  each 
equivalent  to  the  right  parallelopiped,  and  therefore  to  each 
other.  §  658 


J 
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Their  bases  FE'H'G'  and  B'A'C'D'  are  each  equivalent 

to  D'C'N'M',  and  therefore  to  each  other.  §  386 

And  the  altitude  of  each  Is  h.  %  565 

But  vol.  BC=  HA  'CD'  x  //.  §  667 


Therefore         vol.  FH^FE'H'G- : 


Q.  E.  D. 


PRO  POSITION   Xin.      THEOREM 
ti7S.   The  volume  of  a  triangular  prism  is  equal  to  the 
product  of  its  base  and  altitude. 


CivKX— the  triangular  prism  ABC-F  having  the  base  ABC  and  alti- 

tlKlL-  E/.. 
■[1,  i-KMVF.  vol.  .{llC-F=A/<Cy.  EX. 

;onstruct  the  pa ral lei o piped  ABCD-F  having    BA,    BC. 
JiJ-  as  cdsos-  '       §  6;; 


H 
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Then  the  volume  of  the  parallelepiped  is  the  product  of 
its  base  ABCD  and  its  altitude  EZ.  §  674 

But  the  volume  of  the  triangular  prism  is  half  the  volume 
of  the  parallelepiped ;  its  base  is  half  the  base  of  the  paral- 
lelepiped ;  and  its  altitude  is  the  same.  §§  660,  116 

Therefore  the  volume  of  the  triangular  prism  is  the  prod- 
uct of  its  base  ABC  and  its  altitude  EZ.  q,  e.  d. 

PROPOSITION   XIV.      THEOREM 
67S>   The  \<olume  of  any  prism  is  equal  to  the  product  of 
its  base  and  altitude. 


'msarr 


Given— the  prism  ABCDE-R  with  base  ABCDE  and  altitude  RO. 
To  PKOVE  voX.ABCDE-KtsABCDExRO. 


The  prism  may  be  divided  into  triangular  prisms  by  planes 
passed  through  AR  and  the  diagonally  opposite  edges. 

The  volume  of  each  triangular  prism  is  the  product  of  its 
base  and  altitude.  §675 

They  have  the  common  altitude  RO.  %  565 

Therefore  the  volume  of  the  whole  prism  is  the  s 
the  bases  of  the   triangular  prisms,  i.  e.,  the  I 
whole  prism,  multiplied  by  the  common  altitude. J 


§565 
5  the  sui^^ 

ft 
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G77>  Cor.  I.  Two  prisms  having  equivalent  bases  and 
equal  altitudes  are  equivalent. 

G7S.  COK,  II.  Any  two  prisms  are  to  each  other  as  the 
products  of  their  bases  and  altitudes. 
jVi«/.— Prove  as  in  ^387. 

©rW.  Cor.  III.  T'd)o  prisms  having  equivalent  bases  are 
to  each  other  as  their  altitudes. 

6S0.  Cor.  IV.  Tzco  prisms  having  equal  altitudes  are  to 
each  other  as  their  bases. 

PYRAMIDS 

6fil.  Dcfs. — A  pyramid  is  a  polyedron  one  of  whose 
faces  is  a  polygon  and  whose  other  faces  are  triangles  having 
the  sides  of  the  polygon  for  bases  and  a  common  vertex 
outside  the  plane  of  the  polygon. 

The  polygon  is  the  base;  the  triangles  are  the  lateral 
faces;  the  common  vertex  of  the  triangles  is  the  vertex  of 
the  pyramid  ;  and  the  edges  passing  through  the  vertex  arc 
its  lateral  edges. 


:).i.  OB.  ell.',,  ate  Ihe  lateral 
ralf-icesoflhcpyraiiii.)  O-.-lBCDE, 


BOOK    VII 


309 


682.  Defs. — A  regular  pyramid  is  a  pyramid  whose 
base  is  a  regular  polygon  and  whose  vertex  lies  in  the  per- 
pendicular to  the  base  erected  at  its  centre,  This  perpen- 
dicular is  called  the  axis  of  the  regular  pyramid. 


PROPOSITION   XV.      THEOREM 
GS3.   The  lateral  edges  of  a  regular  pyramid  a 


r  equal. 


the  regular  pyramid  O-ABCDE. 
OA  =  OB  =  OC  =  eic. 


Let  OZhe  the  axis  of  the  regular  pyramid. 
Then  ZA=ZB=ZC=t\c.  §461  HI 

Therefore  OA  =  OB==OC=t\.c.  g  539  I 

Q.  E.  D. 

6'^^.  Cor,  I.  The  lateral  faces  of  a  regular  pyramid  are 
equal  isosceles  triangles. 

G83.  Cor.  II.  The  altitudes  of  the  lateral  faces  drawn 
from  the  common  vertex  O  are  equal. 

G8(i.  Def. — The  slant  height  of  a  regular  pyramid  is  the 
altitude  of  any  one  of  its  lateral  faces  drawn  from  the  ve^ 
tex  of  the  pyramid. 
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G87.  Def. — The  lateral  area  of  a  pyramid  is  the  sum  of 
the  areas  of  its  lateral  faces. 


PROPOSITION   XVI.      THEOREM 
GHH.   The  lateral  area  of  a  regular  pyramid  is  equal  to  one- 
half  the  product  of  the  perimeter  of  its  base  and  its  slant  height. 


U^. 


Given— the  regular  pyramid  0-ABCDE.  of  which  OH  is  the  slant 

To  PROVE— lat.  area  0-ABCDE  =  ^  (AB+BC+etc.)xOff. 

The  lateral  area  of  the  pyramid  is  composed  of  the  areas 
of  the  triangles  OAB,  OSC,  etc.  §  687 

The  area  of  each  triangle  is  half  the  product  of  its  base 
and  altitude. 

Hence  area  OAB=^ABx  OH, 

area  OBC^iBCx  Off,  etc.  §  685 

Therefore  the  lateral  area  of  the  pyramid  is 

i{AB  +  BC+etc.)xOH.  q.  e.  d. 

G89,  Defs.^A  truncated  pyramid  is  the  portion  of  a 
pyramid  contained  between  its  base  and  a  plane  cutting  all 


its  lateral  edge? 
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The  section  thus  made,  together  with  the  base  of  the 
pyramid,  are  called  the  bases  of  the  truncated  pyramid. 

The  other  faces  are  the  lateral  faces  of  the  truncated 
pyramid. 

(i90,  Def. — A  frustum  of  a  pyramid  is  a  truncated 
pyramid,  the  planes  of  whose  bases  are  parallel. 


PROPOSITION   XVII.      THEOREM 
G91.   The  lateral  faces  of  a  frustum  of  a  regular  pyramid 
are  equal  trapesoids. 


Given— the  frustum  EC  of  the  regular  pyramid  0-ABCDE. 

To  PROVE— its  faces  are  equal  trapezoids,  viz. :  ABB'A'=BCCB',eic. 

The  faces  are  trapezoids,  since  A'B',  B'C,  etc.,  are  par- 
allel to  AB.  BC,  etc.,  respectively.  §  544 

Superpose  the  equal  isosceles  triangles  OAB,  OBC  by 
turning  the  first  over  OB  on  to  the  second. 

Then  also  must  A'l?  coincide  with  B'C,  both  being  par- 
allel to  BC.  Ax.  b 

Thus  the  two  trapezoids  coincide  and  are  equal.  Like- 
wise ai!  the  trapezoids  are  equal.  q.  e.  d. 

rt.V.9.  A/.— The  slant  height  of  a  frustum  of  a  regular 
pyramid  i.s  the  altitude  of  any  lateral  face. 
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693,  Cor.   The  lateral  area  of  a  frustum  of  a  regular 
pyramid  equals  one-half  the  product  of  the  sum  of  the  perim- 
eters of  its  bases  and  its  slant  height. 
//i'it.—App]y  g  396. 

(i94r,  Def. — The  altitude  of  a  pyramid  is  the  perpendic- 
ular distance  from  the  vertex  to  the  plane  of  the  base. 

PROPOSITION   XVIII.      THEOREM 
6.95.  If  a  pyramid  is  cut  by  a  plane  parallel  to  its  base  : 

I.    The  lateral  edges  and  Ike  altitude  are  divided  proportion- 
ally. 
II.  The  section  is  a  polygon  similar  to  the  base. 


Given— the  pyramid  O—ABCDE  cut  by  a  plane  parallel  to  its  base 
AllCDE  in  the  section  RSTUV.  and  the  altitude  OF  cutting  the 
plane  of  the  section  in  Z. 

OR  _OS__OT_  qZ 

OA  ~  OH  "  OC  ~  ^^^'  ~  OF 
This  follows  immediately  from  g  556. 

JBOVF.  RSTUV  is  similar  to  ABCDE. 


I.  To  PROVE 


11.  Il^^OV 
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The  corresponding  sides  of  the  two  polygons  are  parallel, 

§544 

Hence  their  angles  are  equal,         '  §  557 

Also  the  triangles  ORS,  OST,  etc.,  are  similar  to  OAS. 

OBC,  etc,  g  27s 

Hence 


ST 


-= — =etc. 
"     BC 


AB     OB 
RS  _ST_ 
AB~ BC~^  '^' 
Therefore  RSTUV  is  similar  to  ABCDE.  q.  b.  d. 

<iOG.  Cor.  1.  The  areas  of  any  sections  0/ a  pyramid  par- 
allel to  its  base  are  proportional  to  the  squares  of  their  dis- 
tances from  the  vertex. 

Outline  proof  ■  "^»  RSTUV  _  'Js'  _0S^_  O? 
■  area  ABCDE  aW  oS'  Ofi'' 
697.  Cor.  II.  //  /wo  pyramids  V-ABCD  and  T-PKL, 
having  equal  altitudes  VO  and  TS,  are  cut  by  planes  parallel 
to  their  bases  at  equal  distances  VO'  and  TS'  from  their 
vertices,  the  sections  A'B'C'D'  and  P'K' L'  thus  formed  will 
be  proportional  to  the  bases. 


Hence 
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69S.  Cor.  III.  If  two  pyramids  have  equal  tdtitudes  and 
equivalent  bases,  sections  parallel  to  their  bases  and  equally 
distant  from  their  vertices  are  equivalent. 

PROPOSITION    XIX.      THEOREM 
699.  If  the  lateral  edges  of  a  pyramid  are  divided  propor- 
tionally, the  points  of  division  lie  in  a  plane  parallel  to  the 
base  of  the  pyramid. 


GivKN— the  pyramifl  O'AliCUE  and  the  points  R,  S.  T.  etc..  dividing 

.     ,  ,       f"'-'      "'f     <'C" 

till-  liilcral  edk'CS  so  tliat  —  =       -  =  —  — etc. 

Tn  I'KOVK— iliiit  K.  S.  T.  c-tr..  lie  in  a  plane  parallel  to  the  base. 

Draw  llic  strait,'lit  liri.'s  RS.  ST.  etc. 

In  tlu-  ti-i.-injilc  (llll  tlic  lino  KS.  which  divides  the  sides 
].!■<. i.nrti.mall}',  is  iiarallcl  to  the  base  AB.  ^  273 

.Similarly  S7"\^  [larallel  to  BC,  etc. 
IfiTicc  the  plaiiL'  <if  A'.S"  and  .97"  is  parallel  to  tlie  base. 
Similarly  the  plane  of  .S'/'and   /X'is  parallel  to  the  base. 
These  I'laiiL-s  coincide.  g  554 


In  this  way  all  the  points  R,  S,  T,  etc.,  can  be  shown  to 
lie  in  one  plane  parallel  to  the  base.  q.  g,  d. 

700.  De/s. — A  triangular  pyramid  is  one  whose  base  is 
a  triangle ;  a  quadrangular  pyramid,  one  whose  base  is  a 
quadrilateral. 

PROPOSITION   XX.      THEOREM 

701.  The  volume  of  a  triangular  pyramid  is  the  limit 
of  the  sum  of  the  volumes  of  a  series  of  inscribed  or  circum- 
scribed prisms  of  equal  altitude,  when  their  number  is  indefi- 
nitely increased. 


Given— the  triangular  pyramid  V-CFH.  its  altitude  being  VT. 

To  PROVE— that  its  volume  is  the  limit  of  the  sum  of  the  volumes  of 

a  series  of  inscribed  or  circumscribed  prisms  o(  equal  altitude, 
when  thtir  number  is  indefinitely  increased. 

Divitic  the  altitude  CT  into  any  number  of  equal  parts 
and  call  one  of  these  parts  h. 

Tlirough  the  points  of  division  pass  planes  parallel  to  the 
base,  forminif  triangular  sections.  g  695  II 
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Upon  the  base  CFH  and  upon  the  sections  as  lower  bases 
construct  prisms  having  their  lateral  edges  parallel  to  VC 
and  their  altitudes  equal  to  h. 

This  set  of  prisms  may  be  said  to  be  circumscribed  about 
the  pyramid. 

Also  with  the  sections  as  upper  bases  construct  prisms 
having  their  lateral  edges  parallel  to  VC  and  their  altitudes 
equal  to  h. 

This  set  of  prisms  may  be  said  to  be  inscribed  in  the  pyr- 
amid. 

The  first  circumscribed  prism  (beginning  at  the  top)  is 
equivalent  to  the  first  inscribed  prism,  the  second  circum- 
scribed to  the  second  inscribed,  and  so  on  until  the  last  cir- 
cumscribed remains,  §  677 

Hence  the  sum  of  the  inscribed  prisms  differs  from  the 
sum  of  the  circumscribed  by  the  lower  circumscribed  prism 
P.CFH. 

But  the  pyramid  is  intermediate  between  the  total  in- 
scribed and  the  total  circumscribed  prisms.  Ax.  10 

Therefore  the  difference  between  the  pyramid  and  either 
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of  these  totals  is  less  than  the  difference  between  the  totals 
themselves,  i.  e.,  less  than  the  lower  circumscribed  prism. 

But  the  volume  of  this  prism  is  the  product  of  its  base 
and  altitude,  and  since  its  altitude  can  be  indefinitely  dimin- 
ished, while  its  base  remains  the  same,  its  volume  can  be 
made  as  small  as  we  please.  §  187 

That  is,  the  total  of  the  inscribed  prisms,  or  the  total  of 
the  circumscribed  prisms,  can  be  made  to  differ  from  the 
pyramid  by  less  than  any  assigned  volume. 

But  they  can  never  become  equal  to  the  pyramid.   Ax.  10 

Therefore  the  volume  of  the  pyramid  is  their  common 
limit.  Q.  E.  D. 

PROPOSITION  XXI.      THEOREM 

70^.  Two  triangular  pyramids  having  equal  altitudes  and 
equivalent  bases  are  equivalent. 


Given' — the  triangular  pyramids  A-BCD  and  A'-B'CD'  having  equiv- 
alent bases  BCD  and  B'C'D'  in  the  same  plane  and  having  a  com- 
mon altitude  BF. 


To  PROVE 


the  pyramids  are  equivalent. 


GEOMETRY  OF  SPACE 
Fr jA  A' 


Divide  BF  into  any  number  of  equal  parts  and  denote 
one  of  these  parts  by  k. 

Through  the  points  of  division  pass  planes  parallel  to  the 
bases  and  cutting  the  two  pyramids. 

The  corresponding  sections  made  by  these  planes  in  the 
two  pyramids  will  be  equivalent.  ^  698 

Inscribe  in  each  pyramid  a  series  of  prisms  having  the 
sections  as  upper  bases  and  having  the  common  altitude  //, 

The  corresponding  prisms,  having  equal  altitudes  and 
equivalent  bases,  will  be  equivalent.  ^  677 

Therefore  the  total  volume  {or  S)  of  the  prisms  inscribed 
in  A-BCD  will  equal  the  total  volume  (or  S")  of  the  prisms 
inscribed  in  A'-B'C'D'. 

Now  suppose  the  number  of  divisions  of  the  altitude  BF 
to  be  indefinitely  increased. 

Then  J^  will  approach  the  volume  of  the  pyramid  A-BCD 
as  a  limit,  and  S'  will  approach  the  volume  of  the  pyramid 
A'-B'C'D'  as  a  limit.  §  701 

Since  the  variables  5  and  S'  are  always  equal  to  each 
other,  their  limits  are  equal.  §  186 

That  is,  the  volumes  of  the  pyramids  are  equal.        q,  b.  d. 


PROPOSITION   XXir.      THEOREM 
703>   The  volume  of  a  triangular  pyramid  is  one-third  the 
product  of  its  base  and  altitude. 


To  PROVE- 


ingular  pyramid  S-ABC. 
s  one-third  its  base  ABC  by  its  altitude. 


Construct  a  triangular  prism  having  .,4  ^C  for  its  base  and 
its  lateral  edges  equal  and  parallel  to  BS. 

Taking  away  the  triangular  pyramid  S-ABC  from  the 
prism,  we  have  left  the  quadrangular  pyramid  S-DACE. 

Divide  the  latter  by  the  plane  SDC  into  two  triangular 
pyramids  S-DAC  3.nA  S-DCE. 

These  pyramids  have  equal  bases,  the  triangles  DCA  and 
DCE.  §ii6 

They  have  equal  altitudes,  the  perpendicular  from  the 
common  vertex  S  upon  the  common  plane  of  their  bases. 
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Therefore  they  are  equivalent.  §  J02 

It  can  also  be  shown  that  the  pyramids  S-ABC  and 
S-DAC,  regarded  as  having  the  common  vertex  C,  have 
equal  bases  and  equal  altitudes. 

Hence  these  two  pyramids  are  equivalent. 

Hence  all  three  are  equivalent. 

Therefore  the  pyramid  S-ABC  is  one-third  of  the  prism. 

But  the  volume  of  the  prism  is  the  product  of  its  base  and 
altitude.  §  6/5 

And  the  pyramid  has  the  same  base  and  altitude. 

Hence  the  volume  of  the  pyramid  is  one-third  the  prod- 
uct of  its  base  and  altitude,  q.  r.  d. 


PROPOSITION   XXIII.      THEOREM 
704,    The  volume  of  any  pyramid  is  equal  to  one-third  the 
product  of  its  base  and  altitude. 


Given  the  pyramid  O-AIICDE.  whose  altitude  is  OZ. 

To  PROVE  vol.  0-ABCDF=}iABCDEv.  OZ. 
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TiiviAe  ABCDE  into  triangles  by  diagonals  drawn  from  A, 

Planes  passed  through  OA  and  these  diagonals  will  divide 
the  pyramid  into  triangular  pyramids,  0-ABC,  0-ACD,  and 
0-ADE. 

The  volume  of  each  triangular  pyramid  is  one-third  the 
product  of  its  base  and  the  common  altitude<^Z.  §  703 

Therefore  the  volume  of  the  whole  pyramid  is  one-third 
the  sum  of  the  bases  of  the  triangular  pyramids,  i.  e,,  the 
base  of  the  whole  pyramid  multiplied  by  the  common  alti- 
tude. Q.  E.  D. 

70S.  Cor.  I.  Pyramids  having  equivaler.:  bases  and  equal 
altitudes  are  equivalent. 

706-  Coii.  II,  Any  two  pyramids  are  to  each  other  as  the 
products  of  their  bases  and  altitudes. 

707.  Cor.  III.  Two  pyramids  having  equivalent  bases  are 
to  each  other  as  their  altitudes. 

70S.  Cor.  IV.  Two  pyramids  having  equal  altitudes  are 
to  each  other  as  their  bases. 

I'ROrOSlTION   XXIV.      THEOREM 
700.   Two  tetraedroHS  which  have  a  triedral  angle  of  one 
equal  to  a  triedral  angle  of  the  other  are  to  each  other  as  the 
products  of  the  three  edges  about  the  equal  triedral  angles. 
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Given — the  tetraedrons  TABC».nA  VA'R'C'  having  the  triedral  an- 
gle A  in  common.     Let  V  and  V  denote  their  respective  volumes. 
V  ^ABy.  ACXAT 
'v'~  AB'X  AC'XAr' 


To  PROVE 


From  T  and  7"  let  fall  the  perpendiculars  TD  and  Tiy 
upon  the  plane  ABC. 

The  three  points  A,  D,  and  /)'  lie  in  one  straight  line. 

Now,  considering  ABC  and  AB'C  to  be  the  bases  of  the 
tetraedrons, 

V  ^  ABCx  TD   ^  ABC       TD 

V  AB'C  X  TD'    AB'C  ^  TD' ' 

ABC  _ABxAC 

'aB'C'~AB'xA'c' 

And  since  TD  is  parallel  to  TD', 
the  triangles  A  TD  and  A  TD'  are  similar. 
TD  _AT 
TD~ AT  ' 
Therefore 

V  _ABxAC      AT  _  ABxACxAT 
V'"  AB'xAc'^  A  T'  AB'  xACx  AT''      q.  e.  d. 
710.  Off. — The  altitude  of  a  frustum  of  a  pyramid  is 
;he  perpendicular  distance  between  the  planes  of  its  bases. 


But 


Hence 


§706 

^563 
§275 


rRorosiTiox  xxv.  theorem 
711>  A  frustum  of  a  triangular  pyramid  is  fguivahitt  to 
the  sunt  of  three  pyramids  whose  common  altitude  is  the  atti- 
tude of  the  frustum,  and  whose  bases  are  the  loiver  base,  the 
upper  base,  and  a  mean  proportional  betiveen  the  bases  of  the 
frustum. 


Given— the  frustum  ABC—  DEF  of  a  triangular  pyramid. 
To  PROVE— it  is  equivalent  to  the  sum  of  three  pyramids,  etc. 

Pass  a  plane  throufjli  F,A,C,  and  another  througli/-"".  A  C, 
thus  dividing  the  frustum  into  three  trianguhr  pyramids, 
F-ABC.  C-DF.F.  and  F-DAC. 

Call  these  pyramids  7',  Q,  and  R  respectively,  and  represent 
ABC  by  H,  DEF  by  b.  and  the  altitude  of  the  frustum  by  //. 

It  is  evident  that  if  B  and  b  be  taken  as  the  bases  of  P 
and  Q.  they  have  the  common  altitude  //.  ^  565 
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Hence  P=^h x B,  and  (2=i hxb.  §  703 

It  remains  to  grove  that  R  is  equivalent  to  a  pyramid 

whose  altitude  is  k  and  whose  base  is  VBxb. 

The  pyramids  P  and  R,  regarded  as  having  the  common 

vertex  C  and  their  bases  in  the  same  plane,  have  the  same 

altitude. 

But  the  triangles  ABF  Sitid  ADF  ha.ve  the  same  altitude, 
that  of  the  trapezoid  ABFD. 

ABF    AB 

Hence  "7T77.=Tn;;'  §  394 

ADF    DF  ^  ^^ 

^.    .,    ,  R    DAC    AC 

Similarly  "::;=  ^^r^^TTT:' 

^  Q    DCE    DE 

Now  the  triangles  ABC  dind  DFE  are  similar.       §  695  II 

AB    AC 
Hence  tzt.—'^zt^'  §274 

DF    DE  ^    ^^ 

P    R 
Therefore  t;=~:*  Ax.  i 

R    Q 

Hence  R''  =  PxQ.  §250 

Hence     R=  V1^Q=  VU xBx^h xb^^i x  VB^, 
Therefore  R  is  equivalent  to  a  pyramid  whose  altitude  is 
//  and  whose  base  is  VBxb.  §  704 

Q.  E.  D. 

712*  Remark, — If  we  denote  the  volume  of  the  frustum 
by  V,  the  proposition  may  be  expressed  in  the  form 

V^\hB^b^-y/Bxh\ 

Question. — Does  it   follow  from  Proposition  XXV.  that  K  is  a  pyramid 


^ 


whose  altitude  is  //  and  base  v^  /V  x  /^? 


PROPOSITION  XXVI.     THEOREM 
713.  A  frustum  of  any  pyramid  is  equivalent  to  the  sum 
of  three  pyramids  -whose  common  altitude  is  the  altitude  of 
the  frustum  and  whose  bases  are  the  lower  base,  the  upper  base, 
and  a  mean  proportional  between  the  bases  of  the  frustum. 


'"^•"^'^irtiiiif— 


Given  the  frustum  AC  of  the  pyramid  V-ABCD. 

Denote  its  lower  anil  upper  bases  by  B  and  l>  respectively,  its  al- 
titude by  li.  and  its  volume  by  V. 
To  PROVE  y=i/i(B-\-6-\-V~Bx'b). 

Let  T-PKL  be  a  triangular  pyramid  whose  base  is  in  the 
same  plane  as  ABCD  and  equivalent  to  ABCD,  whose  ver- 
tex T  is  on  the  same  side 'of  this  plane  as  F'and  whose  alti- 
tude is  equai  to  that  of  V-ABCD. 

Prolong  the  plane  of  A'B'C'D'  to  cut  T-PKL  in  the  sec- 
tion P-K'L'. 

Set  B',  b' ,  h',  V  for  the  lower  base,  upper  base,  altitude, 
and  volume  respectively  of  the  triangular  frustum  PL'. 

Thui  l"^iili'{B-  +  b'-\-\fWxb').     (i)  §711 
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Now  by  hypothesis  B'  =  B,  and  h' =li. 

Moreover,  h'=b.  %  6g8 

Again  V-ABCD  zviA  K-.-J'j^'C"'/?' are  respectively  equiva- 
lent to  T-PKL  and  T-FK'L'.  %  705 

Taking  away  the  small  pyramids,  the  frustums  remaining 
are  equivalent.  Ax.  3 

Or  V'=V. 

Substituting  for  f ",  h' .  B',  b',  their  equals  in  (i),  wc  get 
V=\l,{BA-b+  VB^).  q.  e.  d. 


SIMIL.\R   rOLYEDRONS 
7  Id.    Def. — T«o  poljedrons  arc  similar  if  they  have  the 
same  number  of  faces  similar  each  to  eacli  and  similarly 
placed,  and  their  homologous  dicdral  angles  are  equal. 


PROPOSITION   XWII.      THEOREM 
1 13.   The  ratio  of  any  two  fioiiiohgoiis  eds^cs  0/  two  simi- 
lar polyedrons  is  equal  to  the  ratio  of  any  other  two  homolo- 
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Given — the  similar  polyedrons -<4//' and  A'H'  in  which  any  two  edges 
AB  and  CH  of  one  are  respectively  homologous  to  A'B'  and  CH' 
of  the  other. 

AB       CH 


To  PROVE 


A'B'      CH' 


Since  the  faces /J-56?/^ and  A'B'G'F  are  similar, 

AB  _  BG 

A'B'"  B'G' 
Since  the  faces  BCHG  and  B'C'H'G'  are  similar, 

CH       BG 


§274 


Therefore 


CH'     B'G' 
AB       CH 


Ax.  I 


A'B'     CH' 

Q.  E.  D. 

7 16.  Def. — The  ratio  of  any  two  homologous  edges  of 
two  similar  polyedrons  is  called  the  ratio  of  similitude  of 
the  polyedrons. 

717.  Cor.  I.  The  ratio  of  any  two  homologous  faces  of 
two  similar  polyedrons  is  equal  to  the  square  of  their  ratio  of 
similitude. 

J  lint. — Apply  ^  401. 

7i^.  Cor.  II.  Theratioof  the  total  surfaces  of  two  similar 
polyedrons  is  equal  to  the  square  of  their  ratio  of  similitude. 

Hint. — Apply  j5  265. 
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PROPOSITION   XXVIII.      THEOREM 

719*  Two polyedrons  similar  to  a  third  are  similar  to  each 
other. 


Given — the  polyedrons  AH,  or  X,  and  AH\  or  Y,  both  similar  to 
P  ir,  or  Z. 


To  PROVE 


that  X  is  similar  to  Y. 


The  faces  ^C  and  A'C^\  being  both  similar  to  PR,  are  sim- 
ilar to  each  other.  ^  294 

In  the  same  way  all  the  faces  of  X  may  be  shown  similar 
to  corresponding  faces  of  V. 

The  polyedrons  A^  and  V  also  have  the  similar  faces  sim- 
ilarly arranged,  since  the  arrangement  in  each  is  the  same  as 
the  arrangement  in  Z, 

Lastly,  any  two  homologous  diedral  angles  of  X  and  V^ 
being  each  equal  to  the  same  diedral  angle  of  Z,  are  equal 
to  each  other.  Ax.  I 

Therefore  the  polyedrons  A' and  Tare  similar.  .^  714 

Q.  E.  D. 


PROPOSITION  XXIX.     THEOREM 
720.   Two  similar  polyedrons  are  equal,  if  their  ratio  of 
similitude  is  unity. 


Given — the  similar  polyedrons  AF  and  A'J-''  having 


To  p 


A'B'      CO- 
these  polyedrons  are  equal. 


The  homologous  faces  are  equal,  being  similar  and  having 
unity  as  a  ratio  of  similitude.  §  296 

Superpose  the  faces  ABHKand  A'B'H'K'. 

Since  the  diedral  angles  Wj'lTand  A'K'  are  equal,  the  planes 
of  the  faces  CAKG  and  C'A'K'G'  will  coincide,  and  since 
the  side  AK  oS.  one  already  coincides  with  the  side  A'K'  of 
the  other,  these  faces,  being  equal,  will  coincide  through- 
out. 

In  this  \\-A\  ;ill  the  faces  can  be  shown  to  coincide. 

TlicrL'fdic  tho  polyedrons  are  equal. 


r 
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PROPOSITION   XXX.      THEOREM 
721,  If  two  diedral  angles  have  their  faces   respective- 
ly parallel  and  extending  in   the  same  direction,  they  are 
equal. 

The  proof  is  left  to  th«  student. 

72%.  Defs.—U  the  vertices  A,  B.  C,  D,  etc.,  of  a  polye- 
dron  are  joined  by  straight  lines  to  any  point  O,  and  the  lines 
OA,  OB,  OC,  OD,  etc.,  are  divided  in  the  same  ratio  at  the 
points  A',  B',  C,  D',  etc.,  the  polyedron  A'B'C'D',  etc.,  is 
said  to  be  radially  situated  with  regard  to  the  polyedron 
A  BCD,  etc. 

The  ratio  of  the  rays  OA'  and  OA  is  called  the  determin- 
ing ratio,  or  ray  ratio,  of  the  two  polyedrons. 

The  point  O  is  called  the  ray  centre. 


PROPOSITION   XXXI.      THEOREM 
723,   Two  radially  situated  polyedrotis  are  similar,  and 
their  ratio  of  similitude  is  equal  to  the  ray  ratio. 
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Given — the  radially  situated  polyedrons  AD  and  A'D\  O  being  the 
ray  centre. 

To  PROVE — that  they  are  similar,  and  that  the  ray  ratio  is  their  ratio 
of  similitude. 

The  two  polyedrons  are  made  up  of  pyramids  having  O 
for  common  vertex. 

In  the  pyramid  OABCH the  plane ^'C  is  parallel  to  the 
base.  §  699 

Hence  the  polygons  A'C  and  AC  are  similar.        §  695  II 

In  the  same  way  all  the  faces  of  one  polyedron  can 
be  shown  to  be  similar  to  the  corresponding  faces  of  the 
other. 

And  the  diedral  angles  are  equal,  since  their  faces  are  re- 
spectively  parallel  and  extending  in  the  same  direction  from 
their  edges.  §  721 

Therefore  the  polyedrons  are  similar.  §  714 

Again,  the  triangles  OA'B'  and  OAB  are  similar.       §  285 

A'B' 
Hence  the  ratio  of  similitude  of  the  polyedrons,  »  is 

AB 

OA' 
equal  to  the  ray  ratio, 

724.  Remark. — The  student  should  draw  a  figure  with 
the  ray  centre  outside  of  the  polyedrons  and  show  that  the 
proof  is  the  same  in  this  case.  He  should  also  draw  a  fig- 
ure in  which  the  ray  centre  is  a  common  vertex  of  the  two 
polyedrons.  The  proof  is  slightly  different  with  such  a  fig- 
ure. 

723,  Dif. — The  ray  centre  is  also  called  the  centre  of 

similitude. 

I) 
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PROPOSITION  XXXII.      THEOREM 

726.  Any  two  similar  polyedrons  can  be  radially  placed, 
the  ray  ratio  being  equal  to  the  ratio  of  similitude. 


Given  the  similar  polyedrons  FC  and  UR, 

To  PROVE — that  they  can  be  radially  placed,  the  ray  ratio  being  the 
ratio  of  similitude. 

With  any  point  O  as  ray  centre  form  a  polyedron  F'C 
radially  situated  with  regard  to  FC,  having  the  ray  ratio 

equal  to  the  ratio  of  similitude  — —  of  UR  and  FC, 

OA     ^  AB 

Then  PC  and  FC  will  be  similar,  the  ratio  of  similitude 

bemg:  equal  to  the  ray  ratio §  723 

AB  ^     ^  OA  ^^  ^ 

But  UR  and  FC  are  given  similar,  and  their  ratio  of  simili- 
tude  IS 


■IB 
Therefore  J^C  and  l/R  are  similar. 


§719 


Now  since 


.-/'/>" 


tiien 


OA'        _,  OA'     PQ 
= >  and = 

Ali      OA  OA      Ali 

A  'B'     PQ 


Bv  alternation 


AB      AB 
A'B'_AB_ 
PQ~AB~'' 
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That  is,,  the  ratio  of  similitude  of  FC  and  UR  is  unity. 
Therefore  UR  can  be  made  to  coincide  with  PC.     §  720 
In  other  words,  FC  and  UR  can  be  radially  placed,  the 
ray  ratio  being  the  ratio  of  similitude.  q.  b.  d. 

PROPOSITION   XXXIII.      THEOREM 

7)?  7.    Two  similar  tetraedrons  are  to  each  other  as  the 
cubes  of  any  two  homologous  edges. 


Given 

To  PROVE 


the  similar  tetraedrons  ABCD  and  A'B'CD'. 

wol.ABCD   S^n? 
vo\.  A'B'CD' ~  A' B''' 


The  face  angles  of  the  triedral  angles  A  and  A'  are  equal 


each  to  each  and  similarly  arranged. 
Hence  these  triedral  angles  are  equal. 

vol.  ABCD         ABxACxAD 


Therefore 


vol.  A'B'CD'    A'B'xA'CxA'D' 

AB      AC      AD 
X  X 


§274 
§597 

§709 


A'B'     A'C    A'jy 

AB      AB      AB 
= X X 


A/r   A'lr   AB' 


That  is, 


vol.  ABCD         AB 


\o\.  A'B'CD'     AB 


73 


§715 


Q.  E.  D. 
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728.  Cor.  If  a  pyramid  is  cut  by  a  plane  parallel  to  its 
base,  the  pyramid  cut  off  is  similar  to  the  first,  and  the  two 
pyramids  arc  to  each  other  as  the  cubes  of  any  two  homolo- 
gous edges. 


IIint.—^Vio\e  first  that  the  taleral  edges  are  divided  proportion  ally. 
pyramids  are  therefore  similar  (^  723).  Divide  the  pyramids  into  si 
triangular  pyramids  as  ihowu  in  the  figure. 

vol.  O-ABC  _  vol.  0-ACD  _   vol.  O-ADf: 
=  vol.  O-A'B'C      vol.  0-A'CD'      vol.  O-A'De' 
apply  g  265. 


Then  = 


I'ROPOblTIO.N"   XXXIV.      THEOREM 
729,   The  ratio  of  the  volumes  of  any  txuo  similar  poly- 
edrons  is  equal  to  the  cube  of  their  ratio  of  similitude. 
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Given  the  two  similar  polyedrons  /'Cand  UR. 

vol  FC 
To  PROVE  — i—T77i  =  (ratio  of  similitude)". 

vol.  67? 

Suppose  that  UR  is  smaller  than  FC. 

Place  UR  within  FC  in  the  position  FC\  radially  situated 
with  regard  to  FC,  the  ray  centre  being  O,  %  726 

Then  each  polyedron  can  be  divided  into  pyramids  hav- 
ing O  for  common  vertex  and  the  faces  of  the  polyedron  for 
bases. 

The  planes  A'B'CH\  FCD'G',  etc.,  are  respectively  par- 
allel  to  the  planes  ABCH,  BCDG,  etc.  §  699 

Hence 
vol.  0-ABCH  J'OA"  JoF _  vol.  O-BCDG 

vol.  0'A'B'CH''"OA'"^~OB''''vo\.  O^B' C U G"^^^' 

§728 
Therefore 

vol.  0-ABCH -{-vol.  O'BCDG -{-etc.      _'OA* 
vol.  0-A'B'CH' -^vol  O-B'CD'G'  +  ^10." OA^''  ^^  ^ 

^,    ^  .                     vol.  FC      OA* 
That  is,  = 

vol.  UR     OA' 

=  (ray  ratio)* 

=  (ratio  of  similitude)'.        §  726 

Q.  E.  D. 

REGULAR    POLYEDRONS 

730.  Def. — A  regular  polyedron  is  one  whose  faces  are 
-equal  regular  polygons,  and  whose  diedral  angles  are  all 

equal. 

PROPOSITION    XXXV.      THEOREM 

113 1.  Not  more  than  five  regular  convex  polyedrons  are 

possible. 
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Proof, — The  faces  of  a  regular  polyedron  must  be  regular 
polygons ;  at  least  three  faces  are  necessary  to  form  a  poly- 
edral  angle;  and  the  sum  of  the  face  angles  of  a  convex 
polyedral  angle  must  be  less  than  360°.     Hence, 

Firstly y  since  each  angle  of  an  equilateral  triangle  is  equal 
to  60°  (§  64),  either  three,  four,  or  five  equilateral  triangles 
can  be  combined  to  form  a  convex  polyedral  angle. 

Not  more  than  five  equilateral  triangles  can  be  so  com- 
bined, for  six  would  make  the  sum  of  the  face  angles 
6x60°  =  360°,  which  is  impossible. 

Therefore  not  more  than  three  regular  convex  polyedrons 
can  be  formed  with  triangular  faces. 

Secondly,  since  each  angle  of  a  square  is  equal  to  90^ 
(§  114),  three  squares  can  be  combined  to  form  a  convex 
polyedral  angle. 

Not  more  than  three  squares  can  be  so  combined,  since 
4x90°  =  360°. 

Therefore  not  more  than  one  regular  convex  polyedron 
can  be  formed  with  square  faces. 

Thirdly y  since  each  angle  of  a  regular  pent agoji  is  equal  to 
108°  (§  463),  three  regular  pentagons  can  be  combined  to 
form  a  convex  polyedral  angle. 

Not  more  than  three  regular  pentagons  can  be  so  com- 
bined, since  4X  108° =432°. 

Therefore  not  more  than  one  regular  convex  polyedron 
can  be  formed  with  pentagonal  faces. 

Fourthly,  since  each  angle  of  a  regular  hexagon  is  equal 
to  120*^  (§  463),  no  convex  polyedral  angle  can  be  formed 
with  regular  hexagons,  for  3X  1 20°  =  360°. 

Similarly  it  can  be  shown  that  no  convex  polyedral  angle 
can  be  formed  with  regular  polygons  of  more  than  six  sides. 
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Therefore  not  more  than  five  regular  convex  polyedrons 
can  be  formed.  q.  b.  d. 

73^.  We  will  now  show  by  actual  construction  that  ex- 
actly five  regular  convex  polyedrons  can  be  formed,  viz. : 

(I.)  The  regular  tetraedron.  whose  four  faces  are  equilateral  tri- 
angles. 

(3.)  The  regular  hexaedron.  or  cube,  whose  six  faces  are  squares. 

(3.)  The  regular  octaedron,  whose  eight  faces  are  equilateral  tri- 
angles. 

(4.)  The  regular  dodecaedron,  whose  twelve  Faces  are  regular 
pentagons. 

(;.)  The  regular  icosaedron.  whose  twenty  faces  are  equilateral 


Construct  the  equilateral  triangle  ABC. 
At  tile  centre  O  of  the  circumscribing  circle  erect  the  per- 
pendicular OD  to  the  plane  ABC. 
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Take  D  so  that  AD=AB,  and  draw  AD,  BD,  CD,  and 
OA,  OB,  and  OC. 

To  PROVE  that  ABCD  is  a  regular  tetraedron. 

Since  O  is  the  centre  of  ABC, 

OA  =  OB=OC. 

Therefore  AD=BD=CD.  §  539  I 

But  AD  was  constructed  equal  to  AB,  and  AB  was  given 
equal  to  BC  and  A  C, 

The  four  faces  are  therefore  equal  equilateral  triangles. 

Also,  since  all  the  face  angles  of  the  four  triedral  angles 
are  equal,  all  the  triedral  angles  are  equal.  §  597 

By  superposing  the  triedral  angles  in  pairs  it  may  be  seen 
that  all  the  diedral  angles  are  equal. 

Therefore  ABCD  is  a  regular  tetraedron.  §  730 

Q.  E.  F. 

734.  Construction.   To  construct  a  regular  hexaedron. 
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Draw  the  three  equal  straight  lines  AB,  ADy  and  AE  per- 
pendicular to  each  other. 

Upon  them  construct  a  rectangular  parallelopiped  AG, 

§  673 
The  faces  will  all  be  squares.  §  114 

They  will  all  be  equal.  §  377 

That  is,  all  the  faces  of  the  polyedron  A  G  are  equal  reg- 
ular quadrilaterals. 

Its  diedral  angles  are  all  equal,  since  their  plane  angles 
are  right  angles.  §  572 

Therefore  -^ff  is  a  regular  hexaedron.  q.  e.  p. 

« 

735.  Construction.   To  construct  a  regular  octaedron. 


Construct  the  square  ABCD. 

Through  its  centre  O  draw  the  straight  line  FG  perpen- 
dicular to  its  plane. 

In  FG  take  two  points  /^and  G  so  that  OF=OG=zOB. 
Join  /'and  G  to  the  points  Ay  B,  C,  D, 

To  PROVE         that  FABCDG  is  a  regular  octaedron. 

The  angles  AOB  and  AOF  are  right  angles  and  AOz=. 
OB=OF. 
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Therefore  the  triangles  AOB  and  AOF are  equal. 

Hence  AF=AB. 

A\so  AF=BF^CF=DF=AG=BG=CG=DG. 

The  eight  faces  are  therefore  equal  equilateral  triangles. 

Again,  by  construction  FG  and  DB  are  equal  and  bisect 
each  other  at  right  angles. 

Therefore  DFBG  is  a  square. 

It  is  equal  to  ABCD  and  AO  is  perpendicular  to  its  plane. 

Hence  the  pyramids  A-DFBG  and  F-ABCD  are  super- 
posable  and  from  symmetry  each  of  the  diedral  angles 
AD,  AF,  AB,  AG  can  be  made  to  coincide  with  each  of 
the  diedral  angles  FA,  FB,  FC,  FD. 

Similarly  any  two  diedral  angles  can  be  shown  to  be  equal. 

Therefore  FABCDG  is  a  regular  octaedron.  q,  e.f, 

"iHQ.  CoNSTRUCTUJN.  To  construct  a  regular  dodecae- 
dron. 
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Combine  three  equal  regular  pentagons  /I  j5CZ?£,  AENOF, 
AFGHB  so  as  to  form  a  triedral  angle  at  A  (Fig.  i). 

Pass  a  plane  through  Hy  By  and  C 

There  will  then  be  formed  at  j5  a  triedral  angle  equal  to 
that  at  A. 

For,  the  diedral  angle  ABxs^  common,  and  the  face  angles 
CBA  and  HBA  of  B  are  equal  to  the  face  angles  FAB  and 
EABoiA, 

Hence  the  angle  HBC  is  equal  to  an  angle  of  a  regular 
pentagon. 

We  can  add,  therefore,  to  the  three  pentagons  already 
united  a  fourth  regular  pentagon,  HBCJI  having  HBC  for 
an  angle. 

Similarly  we  can  add  the  fifth  regular  pentagon  NEDLM. 

Now  the  triedral  angles  at  D  and  C  can  be  shown  to  be 
equal  to  that  at  A  by  the  process  used  above. 

Hence  the  angles  CDL  and  DC/  are  each  equal  to  an 
angle  of  a  regular  pentagon. 

And  LD,  DCy  and  CJ  are  in  the  same  plane. 

For  the  plane  of  LD  and  DC  forms  a  diedral  angle  with 
face  1  at  DC  equal  to  that  at  AB,  and  the  plane  of  DC  and 
CJ  forms  a  diedral  angle  with  face  1  at  DC  equal  to  that  at 
-^^,  and  therefore  these  planes  coincide. 

We  can  therefore  add  to  the  five  pentagons  already  joined 
a  sixth  regular  pentagon  LDCJK  having  LD,  DC,  and  CJ 
as  sides. 

Now,  as  we  added  the  fourth  pentagon,  so  we  can  add 
the  seventh  FOSRG  (Fig.  2). 

As  we  added  the  sixth,  so  we  can  add  successivelv  the 
eighth,  ninth,  and  tenth  OSTMN,  MTPKL,  KPQIJ, 

Now,  as  we  showed  that  the  lines  LD,  DC  and  CJ  were 
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in  one  plane,  so  we  can  show  that  the  plane  of  GH  and  Hf 
contains  the  lines  GR  and  !Q. 

The  angles  these  lines  make  with  each  other  can  be 
shown  as  above  equal  to  an  angle  of  a  regular  pentagon. 

We  can  therefore  add  the  eleventh  regular  pentagon 
RGHIQ. 

The  twelfth  pentagon  can  by  the  same  methods  be  shown 
to  be  regular  and  equal  to  the  others. 

The  diedral  angles  are  all  easily  seen  to  be  equal. 

Therefore  the  polyedron  thus  formed  is  a  regular  dodecae- 
dron.  Q.  B.  F, 

737.  Construction.   To  construct  a  regular  icosaedron. 


Construct  the  regular  pentagon  ABCDE. 

At  its  centre  Z  erect  the  perpendicular  ZF  to  its  plane, 
making  AF=AB.     Draw  AF,  BF,  CF,  DF,  EF. 

Then  F-ABCDE  is  a  regular  pyramid  and  its  five  lateral 
faces  arc  equal  equilateral  triangles. 
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Form  nine  other  pyramids  equal  to  F-ABCDE. 

Now  one  of  these  can  be  made  to  coincide  with  F-ABCDE 
in  five  different  ways.  For  it  makes  no  difference  which 
side  of  its  base  coincides  with  AB. 

Hence  all  of  the  diedral  angles  FAy  FBy  etc.,  are  equal  to 
any  one  of  the  diedral  angles  of  the  second  pyramid,  and 
are  therefore  all  equal  to  each  other. 

Now  place  one  of  the  seven  pyramids,  say  ^'-^'F'^^'/TG^^ 
so  that  the  diedral  angle  A'F'  shall  coincide  with  its  equal 
AF  and  the  faces  A' F B'  and  A'FE'  with  their  equals  AFB 
and  AFE\  thus  adding  the  new  faces  EAK,  KAGy  and 
GAB, 

Place  a  second  pyramid,  B'-CF' A'GH,  so  that  the  die- 
dral angles  B'F'  and  B'A'  shall  coincide  with  their  equals 
^i^and  BA,  and  the  faces  B'CF,  B'FA\  and  B'A'G'  with 
their  equals  BCFy  BFA,  and  BAG;  thus  adding  the  new 
faces  GBH  and  HBC. 

Similarly  place  two  others,  C-U  F  B'  H'  I  and  U^ 
E'  F'  C  r  J,  with  their  vertices  at  C  and  D\  thus  adding 
the  new  faces  HCI,  ICD  and  IDJ,  JDE, 

Place  a  fifth,  E'^K'A'FD'f,  so  that  the  diedral  angles 
E'A\  E'F\  and  E' D'  shall  coincide  with  their  equals  EAy 
EF,  and  ED,  and  the  faces  EA'K\  FFA\  FUF,  and 
E'J'D'  with  their  equals  EAK,  EFA,  EDF,  and  EJD\  thus 
adding  the  new  IdiCt  JEK. 

The  four  other  pyramids  can  be  similarly  placed  with 
their  vertices  at  C,  //,  /,  andy;  thus  adding  the  new  faces 
OGK  and  OGH,  OH  I,  OIJ,  and  OJK, 

The  polyedron  thus  completed,  having  twenty  equal  equi- 
lateral triangles  for  faces  and  having  its  diedral  angles  all 
equal,  is  a  regular  icosaedron.  q.  e.  f. 
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738,  Remark. — The  five  regular  polyedrons  may  be  made 
from  cardboard  as  follows:  Draw  on  cardboard  the  figures 
given  below,  and  on  the  inner  lines  cut  the  oardboard  half 
through  with  a  penknife.  Cut  the  figures  out  entire  and 
fold  the  cardboard  as  shown  for  the  icosaedron  in  the  ac- 
companying plate. 
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GENERAL   THEOREMS   ON   POLYEDRONS 


PROPOSITION  XXXVI.      THEOREM 

139.  The  number  of  the  edges  of  any  polyedron  increased 
by  two  is  equal  to  the  number  of  its  vertices  increased  by  the 
number  of  its  faces.* 


Given  any  polyedron  AH. 

Denote  the  number  of  its  edges  by  E\  the  number  of  its  vertices 
by  V\  and  the  number  of  its  faces  by  F, 

To  PROVE  E'\'2  =  V'\-F. 

Let  us  put  together  the  surface  of  the  polyedron  face  by 
face  and  compare  the  number  of  edges  with  the  number  of 
vertices  at  each  step. 

If  we  take  one  face,  as  ABCDy  the  number  of  edges  is  ob- 
viously equal  to  the  number  of  vertices. 

That  is,  for  one  face,  E—V, 

Now  let  us  add  a  second  face,  say  a  quadrilateral  ABGFy 
to  the  first  by  placing  the  edges  AB  together.  The  new 
surface,  consisting  of  A  BCD  and  ABGF,  will  have  three 
new  edges,  AF,  FG,  and  GB,  and  two  new  vertices,  Z*' and  G. 


This  theorem  was  discovered  by  Euler  (1707- 1783). 
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The  whole  number  of  edges  will  be  then  one  greater  than 
the  whole  number  of  vertices. 

However  many  sides  the  second  face  may  have,  it  is  eas- 
ily seen  that  the  number  of  new  edges  added  will  be  one 
more  than  the  number  of  new  vertices. 

Therefore  for  two  faces,  E=  F-h  i. 

Next  add  a  third  face  ADEF  by  placing  an  edge  of  it  in 
coincidence  with  an  edge  of  each  of  the  first  two  faces. 

We  thus  add  two  new  edges,  DE  and  FE,  and  one  new 
vertex,  E, 

However  many  sides  the  third  face  may  have,  the  increase 
in  the  number  of  edges  is  one  more  than  the  increase  in  the 
number  of  vertices. 

Hence  for  three  faces,  E=:  F+2. 

We  can  in  this  way  prove  the  following  table  : 


For  I  face 
For  2  faces 
For  3  faces 
For  ;;/  faces 
For  /''—  I  faces 


E=V-^2, 
E=V+{m-iy 


E=V-{-F--2. 

When  the  number  of  faces  is  E—i,  the  surface  is  not 
closed. 

To  close  it  we  add  the  last  face. 

In  so  doing  we  place  each  edge  and  each  vertex  of  the 
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last  face  in  coincidence  with  an  edge  and  vertex  of  the 
open  surface. 

Adding  the  last  face  then  increases  neither  the  number 
of  edges  nor  the  number  of  vertices. 

That  is,  for  F  faces,  E=i  V-^-F—i. 
or  E-\'2=iV^-F.  Q.  E.  D. 

PROPOSITION   XXXVII.      THEOREM 

740.  The  sum  of  the  angles  of  all  the  faces  of  any  convex- 
poly  cdron  is  equal  to  four  right  angles  taken  as  many  times  as 
the  polyedron  has  vertices  less  two. 

Let  5  denote  the  sum  of  the  angles  of  all  the  faces,  and  V 
the  number  of  vertices  of  any  convex  polyedron.  Also  let 
R  denote  a  right  angle. 

To    PROVE  5  =  4/x\F— 2). 

Any  one  face  is  a  convex  polygon. 
Let  the  number  of  its  sides  be  ;/. 
Produce  the  sides  in  succession  as  in  §  69. 
The  sum  of  the  exterior  angles  thus  formed  is  4/?. 
The  sum  of  the  interior  and  exterior  angles  is  2Rxn,  §  22 
Do  the  same  for  all  the  faces  of  the  polyedron  considered 
as  independent  polygons  of  ;/,  «',  7i'\  etc.,  sides. 

Then   the   sum   of  the  exterior  angles  of  the  F  faces  is 

aRxf. 

The  sum  5  of  their  interior  angles //w5  the  sum  of  their 

exterior  angles  is  2^(;/-h«'-f  ^'-fetc). 

That  is,       S-\-^RxFz=:2R{n  +  n'  +  7i"  +  ctc,\ 
Now,  if  E  denotes  the  number  of  edge*  of  the  polyedron, 

;/-fw'4-«''4-etc.  =  2iE', 

since  each  edge  is  a  side  of  two  polygons. 
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Hence  5+ 4/?  x  F^  2R  x  2E, 

or  S=4Ji{E-F). 

But  by  Euler's  Theorem 

Therefore  S=4R{V—2),  q.  e.  d 


PROBLEMS  OF  DEMONSTRATION 

741.  Exercise. — The  four  diagonals  of  a  parallelopiped 
bisect  each  other. 

742.  Exercise, — Any  straight  line  drawn  through  the  in- 
tersection of  the  diagonals  of  a  parallelopiped  and  terminat- 
ed  by  two  opposite  faces  is  bisected  in  that  point. 

743.  Exercise. — The  sum  of  the  squares  of  the  four  diag- 
onals of  a  parallelopiped  is  equal  to  the  sum  of  the  squares 
of  its  twelve  edges. 

744.  Exercise. — In  a  rectangular  parallelopiped,  the  four 
diagonals  are  equal  to  each  other ;  and  the  square  of  a  diag- 
onal is  equal  to  the  sum  of  the  squares  of  the  three  edges 
which  meet  at  a  common  vertex. 

745.  Exercise. — In  a  quadrangular  prism  two  diagonals 
which  connect  two  opposite  lateral  edges,  bisect  each  other. 

74(i.  Exercise. — In  any  quadrangular  prism  the  sum  of 
the  squares  of  the  four  diagonals  plus  eight  times  the  square 
of  the  straight  line  joining  the  common  middle  points  of  the 
pairs  of  diagonals  which  bisect  each  other  is  equal  to  the 
sum  of  the  squares  of  the  twelve  edges. 

747.  Exercise, — If  a  plane  parallel  to  two  opposite  edges 
of  a  tetracdron  cut  the  tetraedron,  the  section  is  a  parallelo- 


gram. 


74H.  Exercise. — If  the  angles  at  the  vertex  of  a  triangu- 
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lar  pyramid  are  right  angles,  and  the  lateral  edges  are  equal, 
prove  that  the  sum  of  the  perpendiculars  on  the  lateral 
faces  from  any  point  in  the  base  is  constant. 

749.  Exercise. — The  straight  lines  joining  each  vertex  of 
a  tetraedron  with  the  intersection  of  the  medians  of  the 
opposite  face,  meet  in  a  point  which  divides  each  line  into 
segments  whose  ratio  is  3:1. 

This  point  is  called  in  Physics  the  centre  of  gravity  of  the  tetraedron. 

150.  Exercise. — The  straight  lines  joining  the  middle 
points  of  the  opposite  edges  of  a  tetraedron  meet  in  a  point 
and  are  each  bisected  by  the  point. 

1151.  Exercise. — A  plane  bisecting  two  opposite  edges 
of  a  regular  tetraedron  divides  the  tetraedron  into  two 
equal  polyedrons. 

7S2.  Exercise, — The  pyramid  whose  base  is  one  of  the 
faces  of  a  cube,  and  whose  vertex  is  at  the  centre  of  the 
cube,  is  one-sixth  part  of  the  cube. 

x7S3.  Exercise, — A  truncated  triangular  prism  is  equiva- 
lent to  the  sum  of  three  pyramids  whose  common  base  is 
either  base  of  the  truncated  prism,  and  whose  vertices  are 
the  three  vertices  of  the  other  base. 


Hint.  —  Divide  the  truncated  triangular  prism  into  three  triangular  pyra- 
mids by  the  planes  DBC  and  DEC.  Show  that  the  pyramids  D-BEC  and 
E'ABC  arc  equivalent.     Also  the  pyramids  D-CEF  and  FABC. 
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734.  Exercise, — The  volume  of  a  right  truncated  trian- 
gular prism  (Fig.  i)  is  equal  to  the  product  of  one-third  the 
sum  of  its  lateral  edges  by  the  area  of  the  base  to  which 
those  edges  are  perpendicular. 


FIG.  Z 


PIG.  9 


115S*  Exercise. — The  volume  of  any  truncated  triangular 
prism  (Fig.  2)  is  equal  to  the  product  of  one-third  the  sum 
of  its  lateral  edges  by  the  area  of  a  right  section. 

756.  Exercise, — The  volume  of  a  truncated  prism,  one 
of  whose  bases  is  a  parallelogram,  is  equal  to  the  product  of 
a  right  section  by  one-fourth  the  sum  of  the  lateral  edges. 

757.  Exercise, — The  volume  of  a  truncated  triangular 
prism  is  equal  to  the  product  of  the  lower  base  by  the  per- 
pendicular on  the  lower  base  from  the  intersection  of  the 
medians  of  the  upper  base. 

7fT8.  Exercise. — The  perpendicular  from  a  vertex  of  a 
regular  tetraedron  on  the  opposite  face  is  three  times  the 
perpendicular  from  its  own  foot  on  any  of  the  other  faces. 


PROBLEMS   OF   CONSTRUCTION 

7 59.  Exercise.  —  Pass  a  plane  through  a  straight  line 
given  in  position  which  shall  divide  a  given  parallelopiped 
into  two  equivalent  polyedrons. 
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760.  Exercise. — Cut  a  cube  by  a  plane  so  that  the  sec- 
tion shall  be  a  regular  hexagon. 

7Q1*  Exercise, — Pass  a  plane  through  a  given  straight 
line  which  shall  divide  a  given  triangular  prism  into  two 
equivalent  truncated  prisms. 

76S-  Exercise. — Construct  a  parallelopiped  of  which  three 
edges  lie  upon  three  given  straight  lines  in  space. 

763.  Exercise. — Pass  a  plane  through  a  given  point  which 

shall   divide    a   given    regular   tetr^edron    into   two    equal 
parts. 


PROBLEMS   FOR   COMPUTATION 

764.  (i.)  A  rectangular  block  of  marble  is  i  m.  9  dcm. 
lo"g>  9  dcm.  6  cm.  broad,  and  8  dcm.  9  cm.  thick.  '  What  is 
its  weight,  if  a  cubic  meter  weighs  2675  kg.  ? 

(2.)  A  barn  with  a  gable  roof  is  60  ft.  long,  30  ft.  broad ; 
the  height  from  the  floor  to  the  eaves  is  25  ft.,  to  the  gable 
32^  ft.     Find  its  contents. 

(3.)  The  area  of  the  base  of  a  right  prism  is  12  sq.  in.,  its 
total  area  is  295  sq.  in. ;  the  base  is  a  regular  hexagon. 
What  is  the  volume  ? 

(4.)  The  great  pyramid  is  estimated  to  have  cost  ten  dol- 
lars a  cubic  yard,  and  three  dollars  besides  for  each  square 
yard  of  surface  ;  in  this  estimate  the  lateral  faces  are  consid- 
ered to  be  planes.  The  altitude  of  the  pyramid  is  488  ft., 
its  base  is  764  ft.  square.     What  was  its  cost  ? 

(5.)  Express  the  volume  of  a  cube  in  terms  of  the  length 
of  a  diagonal. 

(6.)  What  is  the  ratio  of  an  edge  of  a  cube  to  that  of  a 
regular  tetraedron  of  the  same  volume? 
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(7.)  The  area  of  the  lower  base  of  a  frustum  of  a  pyra- 
mid is  ICX)  sq.  cm.,  of  the  upper  base  30  sq.  cm.,  and  the  al- 
titude of  the  frustum  is  5  dcm.  What  would  be  the  altitude 
of  the  complete  pyramid  ? 

(8.)  What  is  the  volume  of  a  frustum  of  a  regular  trian- 
gular pyramid,  if  its  slant  height  is  3.5  ft.,  a  side  of  the  low- 
er base  4  ft.,  of  the  upper  base  1.5  ft.  ? 

(9.)  The  total  surface  of  a  regular  tetraedron  is  400  sq.  ft. 
What  is  its  volume  ? 

(10.)  The  area  of  a  face  of  a  regular  octaedron  is  i  sq.  ft. 
What  is  its  volume? 

(11.)  What  is  the  ratio  of  the  lateral  area  of  a  regular  te- 
traedron to  the  lateral  area  of  a  prism  constructed  upon  the 
same  base  and  having  one  of  its  lateral  edges  coincident 
with  an  edge  of  the  tetraedron  ? 

(12.)  Find  the  volume  of  a  truncated  triangular  prism,  if 
the  sides  of  a  right  section  are  respectively  2.416,  3.213, 
1.963  in.,  and  its  lateral  edges  are  7.645,  6.633,  2.742  in. 
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THE    CYLINDER 
763.  Def. — A  curved  line,  or  curve,  is  a  line  no  part  of 
which  is  straight. 

The  curve  may  or  may  not  lie  entirely  In  one  plane.  An  example  of  the 
first  kind  is  tlie  circumfereni-e  of  a  circle ;  an  example  of  the  second  kind  is 
a  curve  like  a  corkscrew. 

766.  Def. — A  cylindrical  surface  is  a  surface  generated 
by  a  moving  straight  line  which  continually  intersects  a 
given  fixed  curve  and  is  constantly  parallel  to  a  given  fixed 
straight  line. 


Tlius,  if  theslraightline-^amovessoas  continually  lo  intersect  the  cui 
.4Cand  remains  parallel  to  the  \\ati  PQ,  [he  surface  generated,  ABDC.  ii 
cylindrical  surface. 


ri^'.pjj-  'iiily  when  tltu  liir 
c-.imft-rtnct;  of  .■(  circli.-. 


l'l;'il-"-ni"\    1.     T] 
/:.■"  f.int//,  I  plan,  s  xiiUiny  :iu  .  /.  .■.:■■. . 
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elements ;  B,  D,  and  F  being  the  points  where  these  ele- 
ments meet  the  perimeter  of  the  lower  section. 

Through  AB  and  CD  pass  a  plane.  Pass  another  through 
AB  and  EF. 

Then  ^C"  is  parallel  to  BD  and  AE  to  BF.  %  544 

Hence  y^C=£Z' and  ^£  =  £F.  §  118 

The  angles  CAE  and  DBF  a.TG  also  equal.  §  557 

If,  therefore,  the  planes  of  the  two  sections  be  superposed 
so  that  BD  shall  coincide  with  AC,Fvi\\\  fall  on  E. 

Now,  if  we  suppose  AC  to  be  fixed  and  the  point  E  to 
describe  the  perimeter  of  the  upper  section,  then  /^will  de- 
scribe the  perimeter  of  the  lower  section. 

But  in  the  superposed  position  of  the  sections  F  would 
always  coincide  with  E. 

Hence  the  perimeters  of  the  two  sections  would  coincide 
throughout.     Therefore  the  sections  are  equal.  q.  e.  d. 

770.  Df/s.—A  cylinder  is  a  solid  bounded  by  a  closed 
cylindrical  surface  and  two  parallel  planes. 

Tile  cylindrical  surface  is  called  the  lateral  surface,  and 
the  equal  sections  formed  by  the  parallel  planes  the  basea 
of  the  cylinder. 


The  term  element  of  a  cylinder  is  used  to  signify 
ment  of  its  lateral  surface. 
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PROPOSITION    n.      THEOREM 
fil.  Every  section  of  a  cylinder  made  by  a  plane  passing 
through  an  element  is  a  paralUlogrxtm. 


Given— the  cylinder  A'.Sotwliich^/'ZJf  is  a  section  made  by  a  plane 

passing  through  an  clement  AB. 
To  PROVE  AHDC  is  a  paraiiel<^ram. 

First,  the  lines  WfTand  BD  are  straight  and  parallel. 

S^  528.  544 
Since  BA  is  an  element,  and  therefore  straigiit,  we  have 
only  to  prove  that  DC  \%  straight  and  is  parallel  to  BA. 
Through  D  draw  a  straight  line  parallel  to  BA. 
This  line  will  lie  in  the  cylindrical  surface,  by  definition. 
It  will  also  lie  in  the  plane  determined  by  BA  and  /). 

S  536  II,  IV 
It  therefore  coincides  with  DC. 
Hence  DC\s  straight  and  is  parallel  to  BA. 

lerefore  ABDC is  a  parallelogram.  ^  ri4 

Q-  E,  D. 


^Siieref. 
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77JJ.  Def. — A  right  cylinder  is  one  whose  elements  are 
perpendicular  to  its  bases. 

773.  Cor.  Every  section  of  a  right  cylinder  made  by  a 
plane  perpendicular  to  its  base  is  a  rectangle. 

774.  Defs. — A  circular  cylinder  is  one  whose  bases  are 
circles.  The  straight  line  joining  the  centres  of  its  bases  is 
called  the  axis  of  the  circular  cylinder. 


PROPOSITION   III.      THEOREM 
775.   The  axis  of  a  circular  cylinder  is  equal  and  parallel 
to  its  elements. 


Given  a  circular  cylinder  AD.  whose  axis  is  OP. 

To  PROVE— 0/"  is  equal  and  parallel  lo  any  element  AB. 

Draw  through  B  and  P  the  diameter  BD  of  the  upper 
base,  and  let  CD  be  the  element  passing  through  D. 

Then  pass  a  plane  through  AB  and  CD  cutting  the  lower 
base  in  AC. 

\Vc  have  A  C  parallel  to  BD.  %  54+ 

Hence  ^C=5Z'. 
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Therefore  AC  passes  through  O  and  is  a  diameter  of  the 


lower  base. 

Hence  AO=BP. 

Also  AO  was  proved  parallel  to  BP. 
Hence  the  figure  ABPO  is  a  parallelogram. 
Therefore  OP'\s  equal  and  parallel  to  AB. 


§170 

§  126 
§  117 

Q.  E.  D. 


776.  Cor.  I.  The  axis  of  a  circular  cylinder  passes 
throiigk  the  centres  of  all  sections  parallel  to  its  base. 

yyy.  Cor.  n.  a  right  circular  cylinder  may  be  generated 
by  the  revolution  of  a  rectangle  about  one  of  its  sides  as  an 


778.  nefs.— For  this  reason  a  right  circular  cylinder  is 
also  called  a  cylinder  of  revolution. 

The  radius  of  the  base  of  a  cylinder  of  revolution  is  called 
the  radius  of  the  cylinder. 

9.  Def. — A  plane  is  tangent  to  a  cylinder  when    it 
^through  an  element  and  meets  its  surface  nowhere 


PROPOSITION   IV.      THEOREM 
780.  A  plane  passing  through  a  tatigeitt  to  the  base  of  a 
cylinder  and  the  element  drawn  at  the  point  of  contact  is  tan- 
gent to  the  cylinder. 


Given— the  cylinder  57",  the  tangent /4ZJ  to  its  base,  and  the  element 
AB  drawn  through  the  point  of  contact. 

To  PROVE— that  the  plane  CM,  passing  through  AD  and  AB.  is  tan- 
gent to  the  cylinder. 

If  the  plane  should  meet  the  surface  of  the  c>-linder  in 
any  point  X,  not  in  AB,  draw  the  element  SY  passing 
through  ..V. 

Then  5F  would  lie  in  the  plane  CM.  %  526  11,  IV 

Therefore  AD  would  meet  the  curve  AT  \Vi  two  points, 
A  and  K 

This  cannot  be,  since  AD  is  tangent  to  the  base. 

Hence  the  plane  CM  does  not  meet  the  surface  of  the 
cylinder  except  in  AB. 

It  is  therefore  tangent  to  the  cylinder.  §  779 


Q.a. 


"/ 
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781*  Cor.  1.  Through  a  given  element,  one  and  only  one 
plane  tangent  to  the  cylinder  can  be  drawn. 

782-  Cor.  II.  If  a  plane  is  tangent  to  a  cylinder,  its  in- 
tersection ivitk  the  plane  of  the  base  is  tangent  to  the  base. 

783.  Cor.  III.  The  intersection  of  two  planes  tangent  to 
a  cylinder  is  parallel  to  the  elements. 

784.  Exercise. — Show  how  to  draw  a  plane  through  a 
given  point  tangent  to  a  cylinder. 

THE  CONE 

783.  Dcf. — A  conical  surface  is  a  surface  generated  by 

a  moving  straight  line  which  continually  intersects  a  given 

fixed   curve  and   constantly  passes  through  a  given  fixed 

point. 


78ii.  Defs. — Tlic  moving  line  is  called  the  generatrix; 
the  fixed  curve  tlic  directrix;  the  fixed  point  the  vertex. 
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Any  straight  line  in  the  surface,  as  OA,  representing  one 
position  of  the  generatrix,  is  called  an  element  of  the  sur- 
face. 

757.  Remark. — If  the  generatrix  is  of  indefinite  length, 
as  BOA,  the  conical  surface  consists  of  two  symmetrical 
parts,  each  of  indefinite  extent,  lying  on  opposite  sides  of 
the  vertex,  as  0~CBD  and  0—GAF. 

The  directrix  may  be  any  curve  whatever.  But  for  the 
student  who  has  not  studied  the  appendix  the  proofs  are 
rigorous  only  when  the  directrix  is  considered  to  be  the  cir- 
cumference of  a  circle. 

788.  Defs. — A  cone  is  a  solid  bounded  by  a  closed  con- 
ical surface  and  a  plane. 

The  conical  surface  is  called  the  lateral  surface  and  the 
section  made  by  the  plane  the  base  of  the  cone. 

The  vertex  of  the  conical  surface  is  called  the  vertex  of 
the  cone,  and  the  elements  of  the  conical  surface  are  also 
called  elements  of  the  cone. 
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PROPOSITION  V.     THEOREM 
7*ff-  P.very  section  of  a  cone  made  by  a  plane  passing- 
through  its  vertex  and  cutting  its  base  is  a  triangle. 


(iivKN— the  rone  O—CAMI),  whose  base  is  cut  in  the  line  AB  by  a 

plane  passed  ihrou(;h  O. 
To  I'HiJVK— the  section  made  by  this  plane  is  a  triangle. 

Tlic  intersection  AB  is  a  straight  line.  §  528 

Wc  tiiorcforc  need  only  to  prove  that  the  intersections 
OA  and  OH  arc  straight. 

l>raw  straight  lines  from  O  to  A  and  B. 

These  straight  lines  lie  in  both  the  cutting  plane  and  the 
conical  surface.  §§  534,  785 

Therefore  they  form  the  intersections  of  this  plane  and 
the  conical  surface. 

Hence  the  section  made  by  the  plane  OAB  is  a  triangle. 

Q.  E.  D. 

7fW.  /VA- — A  cone  whose  base  is  a  circle  is  called  a  cir- 
cular cone.      The  straight  line  joining  the  vertex  of  a  circu- 

1" ~ '""--"■•■ 
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PROPOSITION   VI.      THEOREM 
79  J.  Every  section  of  a  circular  cone  made  by  a  plane  par- 
allel to  its  base  is  a  circle,  whose  centre  is  the  intersection  of 
the  axis  -with  the  plane  parallel  to  the  base. 


;  parallel  ti 


-ABCD  of  which  A-H'C'D"  is 

;t  the  plane  A'B'CD'  in  O'. 
To  PROVE— that  A'B'CD'  is  a  circie  and  that  0'  is  its  centi 


made  by  a  plai 
Let  the  axis 


Let  A'  and  B'  be  any  two  points  in  the  perimeter  of 
A'B'CD'. 

Pass  a  plane  through  SO  and  ^'  and  another  through  SO 
and  B'. 

Let  SA  and  SB  be  the  elements  in  which  these  planes 
intersect  the  conical  surface,  and  AO,  BO  and  A'O',  B'O' 
the  straight  lines  in  which  they  cut  the  parallel  planes. 

Then  A'O'  is  parallel  to  AO,  and  B'O'  is  parallel  to  BO. 

§544 
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Therefore  the  triangle  SOA  is  similar  to  SO' A',  and  SOB 


to  SO-B-. 

§275 

Therefore 

A'O- _S0-   ^^j    B'O' _S0' 
AO  ~ SO    ^"      BO   ~ SO  ' 

§274 

Hence 

A'0'_B'0'  " 
AO      BO   ' 

But 

AO=BO. 

§150 

Therefore 

A!0'  =  B'O-. 

Since  A'  and  B'  were  taken  as  any  two  points  in 

the  pe- 

rimeter  of  the  section,  all  points  in  this  perimeter 

re  equi- 

distant  from 

0'. 

Therefore  j4'/f'C'i?'  is  a  circle,  and  its  centre  is  0' 

Q.  E.  D 

793,  Def 

— A  right  circular  cone    is   a   circular   cone 

whose  axis  is 

perpendicular  to  its  base. 

PROPOSITION   VII.      THEOREM 

793.  A  right  circular  cone  may  be  generated  by  the  revo- 
lution of  a  right  triangle  about  one  of  its  sides  as  ah  axis. 

The  proof  is  left  to  Ihe  student. 

794.  Def. — From  its  mode  of  generation  a  right  circular 
cone  is  also  called  a  cone  of  revolution. 

795.  Cor.  The  elements  of  a  cone  of  revolution  are  all 
equal. 

796.  Def. — A  plane  is  tangent  to  a  cone  when  it  passes 
through  an  element  and  meets  its  surface  in  no  other  point. 

PROPOSITION    VIII.      THEOREM 

797.  A  plane  passing  l/iroug/t  a  tangent  to  ihe  base  of  a 
cone  and  the  element  draivn  to  the  point  of  contact  is  tangent 
to  the  cone. 


jivE.N— ilie  cone  ABT.  the  tanyent  AD  to  its  base,  and  ihe  element 

AB  drawn  through  the  point  of  contact. 
'o  I'KOVE— that  the  plane  />'.!/,  passing  through  .-iD  and  AR,  is  can- 
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If  this  plane  should  meet  the  surface  of  the  cone  in 
any  point  X,  not  in  AB,  draw  the  element  BY  passing 
through  X. 

Then  5  K  would  lie  in  the  plane  BM.  §  524 

Therefore  AD  would  meet  the  curve  ATm  two  points,  A 
and  Y. 

This  is  contrary  to  the  hypothesis  that  AD  is  tangent  to 
the  base.  ^ 

Hence  the  plane  BM  does  not  meet  the  surface  of  the 
cone  except  in  AB. 

It  is  therefore  tangent  to  tlie  cone,  §  796 

Q.  s.  D. 

708'  Cor.  I.  Through  a  given  clement,  one  and  only  one 
plane  tangent  to  the  cone  can  be  draivn. 

79.9.  Cor.  II.  If  a  plane  is  tangent  to  a  cone,  its  intersec- 
tion ivith  the  plane  of  the  base  is  tangent  to  the  base. 

800.  Exercise. — Show  how  to  draw  a  plane  through  a 
given  point  tangent  to  a  cone. 


THE   SPHERE 

801.  Defs. — A  spherical  surface  is  a  closed  surface  all 
points  of  which  are  equidistant  from  a  point  called  the 
centre. 

80^4.  Defs. — A  sphere  is  a  solid  bounded  by  a  spherical 
surface. 

A  radius  of  the  sphere  is  a  straight  line  joining  the  centre 
to  a  point  of  the  surface. 

A  diameter  of  the  sphere  is  a  straiyht  line  drawn 
through  the  centre  and  terminated  at  both  ends  by  the 
surface. 


PROPOSITION   IX.      THEOREM 


803.  Every  section  of  a  sphere  made  by  a  platu 
cle  xvhose  centre  is  the  foot  of  the  perpendicular  fro 
tre  of  the  sphere  on  that  plane. 


Given— the  sphere  whose  centre  is  O.  cut  by  a  plane  in  the  section 
CAB. 

Draw  OD  perpendicular  to  the  cutting  plane,  meeting  it  at  D. 
To  PROVE— that  CAB  is  a  circle  and  that  D  is  its  centre. 

Let  A  and  B  be  any  two  points  in  the  perimeter  of  CAB. 

Join  AD&nA  BD. 

Now  OA  =  OB.  §80 1 

Therefore  DA=DB.  %  540 1 

Since  A  and  B  are  any  two  points  in  the  perimeter  of 
CAB.  all  points  in  this  perimeter  are  equidistant  from  D. 

Therefore  CAB  is  a  circle  and  D  is  its  centre.  q.  r.  d. 

804.  Cor.  I.  If  a  plane  is  passed  through  the  centre  of  a 
sphere,  the  centre  of  the  circle  thus  formed  is  the  centre  of  the 
sphere,  and  its  radius  is  the  radius  of  the  sphere. 
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805.  Cor.  II.  Circles  of  the  sphere  equidistant  from  its 
centre  are  equal;  and  conversely. 


Hint. — This  is  jiioved  liy  dropping  perpendiculars  OA  and  OB  from  the 
eenlre  of  Ihe  sphere  on  Ihe  planes  of  Ihe  Iwo  circles. 

We  then  pass  a.  plane  through  OA  and  OB  inlersecling  the  sphere  in  the 
circle  CDFE  and  the  two  circles  in  question  in  the  diameters  CD  and  EF. 

The  proof  then  consists  in  applying  §g  170,  158. 
80G.  Cor,  III.   T/ic  more  distant  a  circle  of  the  sphere  is 
from  its  centre,  the  smaller  is  the  circle;  and  conversely. 

807-  Def. — A  circle  whose  plane  passes  through  the  cen- 
tre of  the  sphere  is  called  a  great  circle. 

808.  Def— A  circle  whose  plane  does  not  pass  through 
the  centre  of  the  sphere  is  called  a  small  circle. 

809.  Cor.  IV.  All  great  circles  are  equal. 


810.  Cor.  V.  Aiiy  two  great  circles  bisect  tack  other. 
Hint. — Since  they  have  the  ^me  centre,  their  interseclion  is  a  diameler 

of  each  circle. 

811.  Cor.  VI.  Every  great  circle  divides  the  sphere  and 
its  surface  into  two  equal  parts. 

Hint. — Prove  by  superposition. 

812.  Cor.  VII.  Through  any  three  points  on  the  surface 
of  a  sphere  one  and  only  one  circle  can  be  drawn. 

813.  CoR.VIII.  Through,  any  two  points  OH  the  surface 
of  a  sphere,  not  at  the  extremities  of  a  diameter,  oni  and  only 
one  great  circle  can  be  drawn. 

Him. — The  two  points  together  with  the  centre  of  the  sphere  delertnine 
the  plane  oF  a  great  circic. 


CorullatyVIII.  morlified  ? 

Sl-l.  Dcf. — By  the  distance  between  two  points  on  the 
surface  of  a  sphere  is  usually  meant  the  arc  of  a  great  circle, 
less  than  a  semi-circumference,  joining  them. 

Thus  the  distance  lietiveeii  (he  points  A  and  B  is  the  arc  AEB. 

8  to.  Def. — The  diameter  of  a  sphere  which  is  perpen- 
dicular to  the  plane  of  a  circle  of  the  sphere  is  called  the 
axis  of  that  circle. 
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816.  Def. — The  poles  of  a  circle  are  the  extremities  of 
its  axis. 

PROPOSITION   X.      THEOREM 
Sn.  All  points  in  the  circumference  of  a  circle  of  the 
sphere  arc  equally  distant  from  each  of  its  poles. 


■Given— any  two  poinia  F  and  D  in  the  circumference  of  a  circle 
Crn  and  A  and  A',  the  poles  of  CFD. 

Draw  the  great-circle  arcs  AF,  AD,  A'F,  A'D. 
To  PROVE       arc  AF=Zf<L  AD.  and  arc  A'F=axc  A'D. 

Let  B  be  the  intersection  of  the  axis  AA'  with  the  plane 
of  CFD.     Draw  the  straight  lines  AF  ix\A.  AD. 

Now  BF=BD.  §803 

Hence  chord  AF=Q\\ox<i.  AD.  %  539  I 

Therefore  arc  AF=3.TC  AD.  %  164 

Similarly  we  may  prove 

arc  ^'/■■=arc  A'D.  q.  e.  d. 

SIS,  Def. — The  polar  distance  of  a  circle  of  a  sphere  is 
the  arc  of  a  great  circle  drawn  from  its  nearer  pole  to  any 
point  of  its  circumference. 
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Sj[9.  Cor.   Tlu  polar  distance  of  a  great  circle  is  a  quad- 
rant of  a  great  circle. 

Nint.—l.a  GER  he  a  great  circle.     Then  its  centre  0  vi  also  the  centre 
of  the  great  circle  ARA  .     Hence  the  ijz  AR  measures  the  right  angle  AOR. 
830.  Def. — The   term  quadrant  in  connection  with  a 
sphere  is  used  to  signify  a  quadrant  of  a  great  circle. 


PROPOSITION   XI.      THEOREM 
831.  If  a  point  on  the  surface  of  a  sphere  is  at  a  quad- 
rant's  distance  from  two  points  on  that  surface,  it  is  the  pole 
of  the  great  circle  passed  through  those  points. 


Given — a  point  P  on  the  surface  uf  a  sphere  at  a  quadrant's  distance 

from  each  of  the  points  A  and  B  on  that  surface. 
To  PROVE       that  P  is  the  pole  of  the  great  circle  AB. 

Draw  the  radii  DP,  DA,  and  DB. 

Since  PA  and  PB  are  quadrants,  PDA  and  PDB  are  right 

angles.  §§  804,  194 

Therefore  PD  is  perpendicular  to  the  plane  DAB.     %  531 

That  is,  P  is  the  pole  of  the  great  circle  AB.  %  816 

Q.  E.  D. 
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822.  Rtmark. — The  preceding  theorems  enable  us  to  dravr  circnmferenceft 
upon  the  surface  of  a  sphere  as  easily  as  upon  a  plane.  A  pair  o(  compksses- 
with  curved  liranches  is  employed.  The  opening  of  tbe  compasses  (distance 
beln'een  iheir  points)  is  made  equal  to  the  chord  of  (he  polar  distance  of  [he- 
,  required  circle.  Then,  one  point  of  the  compasses  being  placed  at  the  pole, 
the  othci  describes  the  circumference. 

If  we  wish  to  draw  an  arc  of  a  grtal  circle,  the  opening  of  the  compasses, 
must  be  equal  to  (he  chord  of  a  quadrant.  'I'liis  can  be  found  when  the  diam- 
eter is  known.  A  method  for  finding  the  diameter  will  be  given  in  the  next 
proposition. 

If  it  is  desired  to  draw  an  arc  of  a  great  circle  through  Itiio  points  on  the 
surface,  it  is  necessary  fittt  to  find  the  pole  of  this  circle.  For  this  purpose 
draw  circumferences  of  great  circles  with  the  two  points  as  poles.  These  IWO' 
circumferences  will  intersect  in  two  points,  either  of  ivhith  is  the  required  pole. 
Then  the  circumference  can  be  drawn  as  described  above. 

PROPOSITION   XII.      PROBLEM 
82:t.   To  find  the  diameltr  of  a  given  sphere. 


We  suppose  the  ^iven  sphere  a  material  one.  and  that  only  meas- 
urements on  its  surface  are  ]>ossible. 

First,  with  any  point  /'  un  the  surface  as  a  pole,  and  with  any 
opening  of  the  compasses  AP.  draw  a  circumference  ABC  on  the  sur- 
face (Fig.  I).    Then  the  sirai^lit  line  AP  is  known. 

Take  any  three  points  ./,  1>.  C  in  this  circumference.  Measure 
with  the  compasses  the  straight  lines  Ali,  ISC.  CA. 
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PIG.   9 


PIG.  3 


Secondly,  on  a  plane  construct  a  triangle  having  AB,  BC,  CA  as 

sides  (Fig.  2).  §  90 

Find  the  centre  D  of  the  circle  circumscribing  ABC.  §  219 

Then  the  straight  line  AD  is  known. 
Thirdly,  with  AD  as  a  side  and  AP  as  the  hypotenuse,  construct 

the  right  triangle  A  DP  (Fig.  3). 

Draw  AP'  perpendicular  to  AP,  meeting  PD  produced  in  P\ 

Then  PP'  is  equal  to  the  diameter  of  the  given  sphere. 

Proof. — In  Fig.  i  draw  PP'  the  axis  of  the  circle  ABC  meeting  the 

plane  of  ABC  in  D.    Then  D  is  the  centre  of  the  circle  ABC.      §  803 
Draw  DA  and  P'A.      . 

The  triangle  ABC  {^\%.  i)  equals  the  triangle  ABC  (?\%.  2).       §  89 
Hence  AD  is  the  same  in  Figs,  i,  2,  and  3.  §  158 

Now  in  Fig.  i  the  angle  PDA  is  right.  §  530 

And  AP  is  the  same  in  Figs,  i  and  3.  Cons. 

Hence  the  right  triangles  ADP  are  equal  in  Figs,  i  and  3.       §  loi 
Again  in  Fig.  i  the  angle  PAP'  is  right.  §  202 

Hence  the  right  triangles  PAP'  are  equal  in  Figs,  i  and  3.        §  86 
Therefore  PP'  in   Fig.  3  is  equal  to  the  diameter  of  the  given 

sphere.  '  q.  e.  f. 

824:.  Dcfs. — A  plane  is  tangent  to  a  sphere  when  it  has 

one,  and  only  one,  point  in  common  with  the  surface  of  the 

sphere.     This  point  is  called  the  point  of  tangency. 

In  the  same  case  the  sphere  is  said  to  be  tangent  to  the 

plane. 


GEOMETRY  OF  SPACE 


PROPOSITION   XIII.      THEOREM 
82S.  A  plattc  perpendicular  to  a  radius  of  a  sphere  at  its 
extremity  is  tangent  to  the  sphere ;  conversely,  a  plane  tan- 
gent to  a  sphere  is  perpendicular  to  the  radius  drawn  to  the 
point  of  tangfiicy. 


"r>C 

0 

N 

1 

s  OA  of  the  sphere 


Given— the  plane  .I//V  perpendicular  lo  the  radl 

whose  centre  is  O  at  its  extremity  A. 
To  PROVE  that  MS  is  tangent  to  the  sphere. 

Let  B  be  any  point  in  MN  other  than  A.     Join  OB. 
Then  OB>OA. 

Hence  B  is  outside  the  sphere. 
That  is,  MN  has  only  one  point  A  in  common 
surface  of  the  sphere. 

Therefore  MN  is  tangent  to  the  sphere. 

CuNVKRSELV: 

GiVKN — the  plane , I/A' tangent  to  the  sphere  whose  c 

Draw  the  radius  OA  to  the  point  of  langency. 
To  PKOVE  that  MS  is  perpendicular  to  OA. 


§536 

§8oi 

ith  the 

§8>4 

Q.  E.D. 

BOOtC  VIII 


yi'i 


Let  B  be  any  point  in  jI/jV other  than  A.     Join  OB. 
Since  A-W  is  tangent  to  the  sphere  at  A,  B  lies  outside 
of  the  sphere.  §  824 

Hence  OB>OA. 

That  is,  OA  is  the  shortest  line  from  O  to  MN. 
Therefore  MN  is  perpendicular  to  OA.  %  536 

Q.  E.  D. 

82G.  Exercise. — Prove  that  three  planes  perpendicular 
respectively  to  the  three  edges  of  a  triedral  angle  meet  in  a 
point. 


PKripOSlTION   XIV,      THEORFM 
827t  A  sphcrtcal  surface  can  be  passed  through  any  four 
points,  not  in  the  same  plane,  and  but  one. 


Given      the  (our  points  A.  B.  C.  D.  not  in  the  same  plane. 
To  PROVE— that  one,  and  only  one,  spherical  surface  can  be  passed 
through  these  points. 

Form  a  tetraedron  having  these  points  as  vertices. 
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Draw  three  planes  EO,  FO,  and  GO  perpendicular  re- 
spectively to  the  edges  BC.  CD.  and  CA  at  their  middle 
points. 

The  plane  EO  is  the  locus  of  points  equidistant  from  B 
and  C:  the  plane  FO  is  the  locus  of  points  equidistant  from 
C  and  D\  and  the  plane  GO  is  the  locus  of  points  equi- 
distant from  Cand  A.  §6ll 

Hence  the  intersection  O  of  these  three  planes  is  equi- 
distant from  A,  I>,  C,  and  D,  and  is  the  only  point  equi- 
distant from  those  points.  §  102 

Therefore  the  spherical  surface  described  with  £?  as  a 
centre,  and  the  line  OA  as  a  radius,  will  pass  through  the 
four  points,  and  will  be  the  only  spherical  surface  that  can 
be  passed  through  the  four  points.  q.  e.  0. 

8iiH.  Cor.  I.  T/ic  su-  planes  perpendicular  to  the  six  edges 
of  a  tctraedroM  at  their  middle  points  meet  in  a  point. 

H^iU.  0>R.  n.  The  four  strdijrlit  Hues  perpendieuiar  to 
the  faces  of  a  tctraedron  at  the  centres  of  their  eircumserib- 
ing  eirch-s  meet  in  a  point. 

S.'fO.  E.vcrcise.—Vrove   that  the  throe   planes  bisecting 
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the  diedral  angles  at  the  base  of  a  tetraedron  meet  in  2 
point. 

S31,  Def. — A  sphere  is  inscribed  in  a  polyedron  when 
its  centre  is  within  the  polyedron  and  its  surface  is  tangent 
to  all  the  faces  of  the  polyedron. 


PROPOSITION   XV.      THEOREM 
H32.  A  sphere  can  be  inscribed  in  any  tetraedron,  and  but 


To  !■ 


the  telraedri-jn  ABiSD. 
—that  one,  and  only  one.  sphere  can  be  inscribed  ii 


Bisect  the  diedral  angles  BC,  CD,  and  DB  by  the  planes 
BOC.  COD,  and  DOB. 

The  plane  BOC  is  the  locus  of  points  equidistant  from 
the  faces  BCD  and  BAG;  the  plane  COD  is  the  locus  of 
points  equidistant  from  the  faces  BCD  and  CAD;  and  the 
plane  DOB  is  the  locus  of  points  equidistant  from  the  faces 
BCD  and  DAB.  %  580 
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Hence  the  intersection  O  of  these  three  planes  is  equi- 
distant from  the  four  faces  of  the  tetraedron,  and  is  the  only 
point  equidistant  from  the  faces. 

^  Therefore  the  sphere  described  with  (7  as  a  centre,  and 
the  perpendicular  distance  from  O  upon  the  face  BCD  as  a 
radius,  will  be  tangent  to  all  the  faces  of  the  tetraedron  and 
hence  will  be  inscribed  in  the  tetraedron.  §  825 

And  it  will  be  the  only  sphere  that  can  be  inscribed  in 
the  tetraedron.  q.  e.  d. 

833.  Cor.  TAe  six  planes  bisecting  the  six  diedral  angles 
of  a  tetraedron  meet  in  a  point. 

SPHERICAL  ANGLES 

834L.  Def, — The  angle  of  two  curves  meeting  in  a  com- 
mon point  is  the  angle  formed  by  the  two  tangents  to  the 
curves  at  that  point. 

835.  Def. — A  spherical  angle  is  the  angle  between  two 
intersecting  arcs  of  great  circles  on  the  surface  of  a  sphere. 

PROPOSITION  XVI.      THEOREM 

83Q.   The  angle  of  two  arcs  of  great  circles  on  a  spherical 

surface  is 

I.  Equal  to  the  plane  angle  of  the  diedral  angle  formed  by 

their  planes. 
II.  Measured  by  the  arc  of  a  great  circle  described  with  its 
vertex  as  a  pole  and  included  between  its  sides,  produced 
if  necessary. 

QiVEN — AB  and  AB\  two  arcs  of  great  circles  whose  planes  form 
a  diedral  angle  having  the  diameter  AD  for  edge. 

With  ^  as  a  pole  describe  a  great  circle  cutting  AB  and  AB\ 
produced,  if  necessary,  in  C  and  C. 
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I.  To  PROVE— the  angle  BAff  is  equal  to  the  plane  angle  of  the  dic- 
V  dra!  angle  BADB'. 

Draw  A  T  and  A  T  tangent  to  the  arcs  AB  and  AB'  re- 
spectively. 

Then  by  definition  the  angles  BAB'  and  TA  7"  are 
identical.  §  S34 

But  AT&nA  A  T  are  perpendicular  to  OA.  %  173 

Hence  TAT',  or  BAB',  is  the  plane  angle  of  the  diedral 
angle  BADB'.  %  56; 

Q.  E.  D. 


II.  To  PROVE— that  the  angle  BAB'  is  measured  by  the  arc  CC 

Join  the  centre  of  the  sphere,  O,  to  C  and  C. 

Then,  since  A  is  the  pole  of  CC,  the  plane  COC  is  per- 
pendicular to  AO.  %  816 

Hence  COC  is  the  plane  angle  of  the  diedral  angle 
BADB'.  %  530 

Therefore  the  angle  BAB'  is  equal  to  the  angle  COC. 

But  COC  is  measured  by  the  arc  CC.  §  191 

Therefore  BAB'  is  measured  by  the  arc  CC.  q.  e.  d. 


380 


GEOMETRY  OF  SPACE 


837.  Cor.  I.  Any great-circle-arc  AC,  drawn  through  the 
pole  of  a  given  great  circle  CC  is  perpendicular  to  the  cir- 
cumference CC. 

//■i«(.— First  prove  ihe  plane  ^OC perpendicular  to  the  plane  COC. 
Then  the  plane  angle  of  the  diedral  angle  OC  U  t,  right  angle. 

S3S.  Cor.  II.  Conversely,  any  great-circle-arc  perpendic- 
ular to  a  given  arc  must  pass  through  the  pole  of  tlte  given. 

Hinf.—Av^\y  §  576. 

SPHERICAL  POLYGONS 
839.   Dcfs. — A    spherical  polygon    is   a   portion   of   a 
spherical  surface  bounded  by  three  or  more  arcs  of  great 
circles;  asABC/)E. 


The  bounding  arcs  are  called  the  sides  of  the  spherical 
polygon;  their  intersections,  the  vertices;  and  the  angles 
formed  by  the  sides  at  the  vertices,  the  angles  of  the 
spherical  polygon. 

H40.  Def.—A  diagonal  of  a  spherical  polygon  is  an  arc 
of  a  great  circle  joining  any  two  vertices  not  consecutive. 
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H^l.  Remark. — The  sides  of  a  spherical  polygon  are  usu- 
ally measured  in  degrees. 

84:2.  Def. — The  polyedrai  angle,  whose  vertex  is  at  the 
centre  of  the  sphere,  formed  by  the  planes  of  the  sides  of  a 
spherical  polygon,  is  said  to  correspond  to  the  spherical 
polygon. 

Thus  ihe  polyedrai  angle  0  —  ABCDE  corresponds  to  Ihe  spherical  poly- 
gon ABCDE. 

PROPOSITION  XVII.      THEOREM 
843.   The  sides  of  a  spherical  polygon  measure  the  corre- 
sponding face  angles  of  the  corresponding  polyedrai  angle; 
and  its  angles  are  equal  to  the  plane  angles  of  the  correspond- 
ing diedral  angles. 


Hint. — This  proiiositioii  is  an  immediale  consequence  of  g§  l()i,  836  I, 
844.  /iewarit. —Since  each  (ace  angle  of  a  polyedrai  an- 
gle is  assumed  to  be  less  than  two  right  angles,  each  side  of 
a  spherical  polygon  will  be  assumed  to  be  less  than  a  semi- 
circumference. 

84li.  Dif. — The  parts  of  a  spherical  polygon  are  its  sides 
and  angles. 
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846.  Remark. — By  means  of  the  relations  between  the 
parts  of  a  spherical  polygon  and  the  parts  of  its  correspond- 
ing polyedral  angle  we  can,  from  any  property  of  polycdral 
angles,  deduce  an  analogous  property  of  spherical  polygons. 

Reciprocally,  from  any  property  of  spherical  polygons,  we 
can  infer  an  analogous  property  of  polyedral  angles. 

847.  Dcfs. — A  spherical  triangle  is  a  spherical  polygon 
of  three  sides.  It  is  called  isosceles,  equilateral,  or  right- 
angled  in  the  same  cases  in  which  a  plane  triangle  would  be 
so  named. 


SYMMETRICAL   SPHERICAL   TRIANGLES  AND   POLYGONS 
848.  Dcf. — Two  spherical  polygons  are  vertical  when 

their  vertices  are  situated  by  pairs  at  opposite  ends  of  the 

same  diameter. 


Thus.  lo  delermine  the  spherical  [lolygon  vertical  In  AHCn  «e  draw 
the  .liamtlers  AOA' .  BOH'.  COC,  DOD'-  Then  A'H'CD'  is  verlkal  to 
ABCD. 

84U.  Theorem.  Two  spherical  polygons  are  vertical,  if 
their  corresponding  polycdral  angles  are  vertical,  and  con- 
versely. 

//hit.—'l'hh  fallows  immedialely  ftuiii  llie  pretedine  definition  and  ^  599. 
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HSOt  Def. — Two  spherical  polygons  are  symmetrical 
when  they  have  the  same  number  of  parts  equal  each  to 
each  and  arranged  in  opposite  order. 

Thus,  in  the  mangles  ABC  and  ABC.  if  A=A\  B=B\  C=C' . 
AB=AB,  BC=SC\  CA  =  C'A'.  and  tiie  order  of  arrangement  of  the 
pans  is  opposite  in  the  two  figures,  the  triangles  are  symmetrical. 


The  meaning  of  ihe  words  "arranged  in  opposite  order" 
win  be  made  clearer  by  the  following  explanation  : 

In  the  figure  above  the  direction  of  motion  in  going  from 
A  Xo  B  Xq  C  to  A  is  the  direction  of  rotation  of  the  hands 
of  a  clock ;  the  direction  of  motion  in  going  from  A'  to  ^ 
to  C  to  A'  is  opposite  to  the  direction  of  rotation  of  the 
hands  of  a  clock :  supposing  that  in  each  case  we  look  at 
the  surface  of  the  sphere  from  the  outside.  If  we  look 
at  the  surface  from  the  inside,  the  directions  will  be  re- 
versed. 

Hiil.  Theokem.  Tivo  spherical  polygons  are  symmetrical, 
if  their  corresponding  polyedral  angles  are  symmetrical,  and 
conversely. 

This  follows  immediately  from  the  preceding  definition  and  gg  600,  843. 
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PROPOSITION  XVIII.     THEOREM 
S53.   Two  vertical  spkerical  polygons  arc  symmetrical. 
Proof. — The  corresponding  polyedral  angles  at  the  centre 
are  vertical.  §  849 

They  are  therefore  symmetrical.  §  601 

Hence  the  spherical  polygons  are  symmetrical.  §  851 

Q.  B.  o. 


PROPOSITION   XIX.      THEOREM 

8S3.  Of  two  symmetrical  spkerical  polygons  either  is  equal 
to  the  vertical  of  the  other. 

Proof. —Tht  corresponding  polyedral  angles  at  the  centre 
are  symmetrical.  g  85 1 

Hence  either  may  be  made  to  coincide  with  the  vertical 
of  the  other.  §  602 

When  this  is  done,  the  two  spherical  polygons  will  be  ver- 
tically  opposite.  ^  849 

Q.  E.  D. 

8l»4.  Remark, — In  general  two  symmetrical  spherical  poly- 
gons cannot  be  made  to  coincide,  and  hence  are  not  equal. 
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Thus,  if  (WO  symmetrical  spherical  triangles  ABC  and  A'B  C  are  not 
isosceles,  the  only  side  oi  A'B'C  with  which  AB  can  be  made  (o  coincide 
is  AS.  If  we  place  A  upon  A'  and  B  upon  B\  C  and  C  will  Fall  on  op- 
posite sides  of  AB.  If  we  place  A  upon  B'  and  £  upon  A',  C  and  C'  will 
fall  on  the  same  side  of  AB,  but  will  not  coincide.  But  if  the  triangles  are 
iseseelta,  they  can  be  made  to  coincide,  as  the  following  proposition  will  show. 


PROPOSITION    XX.      THEOREM 
S55t  Two  symmetrical  isosceles  spherical  triangles  are  equal. 


WS^c 


HtHl. — Show  thai  the  corresponding  triedral  angles  have  two  face  angles 
and  the  included  diedral  angle  respectively  equal,  and  simitarly  arranged 
(A  corresponding  to  A' ,  but  B  to  C  and  CXa  B). 
Then  iuiwrpose  these  triedral  angles  (^  595). 

856.  Cor.  1.  In  an  isosceles  spherical  triangle  the  angles 
opposite  the  equal  sides  are  equal. 

Hint. — In  superposing  the  symmetrical  isosceles  triangles  in  the  above 
figure,  the  angle  B'  is  made  to  coincide  with  C.     But  we  know  that  B'  =  B. 

837.  COK.  II.  1/ a  spherical  triangle  is  equilateral,  it  is 
also  equiangular. 

808.  Cor.  III.  If  two  face  angles  of  a  triedral  angle  are 
equal,  the  opposite  diedral  angles  are  equal. 

.  8ii{),  COR.  IV.  If  the  three  face  angles  of  a  triedral  angle 
are  equal,  its  three  diedral  angles  are  equal. 
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PROPOSITION   XXI.      THEOREM 

860.  If  tiuo  angles  of  a  spherical  triangle  are  equals  the 
opposite  sides  are  equal. 

Hint. — Form  the  symmetrical  triangle.  Show  that  the  corresponding 
triedral  angles  have  a  face  angle  and  the  adjacent  diedral  angles  respectively 
equal,  and  similarly  arranged.     Then  superpose  these  triedral  angles  (§  596). 

86* J.  COR.  I.  If  a  spherical  triangle  is  equiangular^  it  is 
also  equilateral. 

862.  Cor.  \\,  If  two  diedral  angles  of  a  triedral  angle 
are  equal,  the  opposite  face  angles  are  equal, 

863.  Cor.  III.  If  the  three  diedral  angles  of  a  triedral 
angle  are  equal^  the  three  face  angles  are  equal, 

PROPOSITION   XXII.      THEOREM 

864t.  Any  side  of  a  spherical  triangle  is  less  than  the  sum 
of  the  two  others. 

Hint. — Form  the  corresponding  triedral  angle. 
Then  apply  §g  843,  593. 

865.  COR.  I.  Any  side  of  a  spherical  polygon  is  less  than 
.the  sum  of  all  the  others. 

Hint. — Divide  the  polygon  into  triangles  by  diagonals  from  any  vertex. 

866.  COR.  II.  Any  face  angle  of  a  polyedral  angle  is  less 
than  the  sum  of  all  the  others, 

867.  Def. — A  spherical  polygon  is  convex  when  its  cor- 
responding  polyedral  angle  is  convex. 

PROPOSITION   XXIII.      THEOREM 

868.  The  sum  of  tJie  sides  of  a  convex  spherical  polygon  is 
less  than  the  circumference  of  a  great  circle. 

Hint. — Form  the  corresponding  polyedral  angle. 
Then  apply  g§  843,  594. 


PROPOSITION   XXIV.      THEOREM 
869,  If  two  angles  of  a  spherical  triangle  are  unequal,  the 
opposite  sides  are  unequal,  and  the  greater  side  is  opposite  the 
greater  angle. 


Given      the  spherical  triangle  ABC  in  which  angle  ABC>ACB. 
To  PROVE  siAeAOAB. 

Draw  BD  making  angle  DBC=DCB. 

Then  DC=DB.  %%t 

Adding  AD  to  each  of  these  equals  we  have 

AC=AD-^DB. 
But  AD  +  DB>AB.  §  8f 

Therefore  AC>AB.  q.e.  i 


870,  Cor.  If  two  diedral  angles  of  a  triedral  angle  are 
unequal,  the  opposite  face  angles  are  unequal,  and  the  greater 
face  angle  is  opposite  the  greater  diedral  angle. 
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PROPOSITION  XXV.      THEOREM 
Stl.  If  two  sides  of  a  spherical  triangle  are  unequal,  the 
opposite  angles  are  unequal,  and  the  greater  angle  is  opposite 
the  greater  side. 

IConverae  of  Proposition  XXIV.] 


Gives     the  spherical  triangle  ABC  in  which  side  AC>  A B. 
Tu  PKOVE  angie  A liC>ACB. 

If  ABC  were  equal  to  ACS.  tht-n  .-IC  would  equal  AB. 

g86o 

If  AliC  were   k'ss  than  AC'i,  then   AC  would   be   less 

Ihaii  A/i.  ^86g 

Both  these  conclusions  arc  contrary  to  the  hypothesis. 

Therefore  ABC>ACB.  q.  e.  d. 

S7S,  CnK.  //  tii-o  fiiif  angles  of  a  triedrnl  angle  are  uti- 
i-qiial.  till-  opposite  dit'Jral  aiiglfs  iir<  unequal,  and  the  greater 
diedral  niigU  is  opposilf  the  grciter  fice  angle. 
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PROPOSITION   XXVI.      THEOREM 
Ht3.   Two  triangUs  on  the  same  sphere  are  equal: 

I.  If  two  sidis  and  llu  included  angle  of  one  are  (gual  re- 
speetively  lo  two  tides  and  the  included  angle  of  t/ie 

11.  /fa  side  and  Ike  Ivjo  adjacent  angles  of  one  are  equal  re- 
spectively lo  a  side  and  llie  two  adjacent  angles  of  the 

III.  If  tie  three  sides  of  one  are  equal  respectively  to  tlie  three 
sides  of  the  other. 
Provided  in  each  case  that  the  parts  given  equal  are  ar- 
ranged in  the  same  order  in  both  triangles. 


m 


Proof. — In  each  case  the  corresponding  triedral  angles  are 
equal.  §§  595-  59^,  597 

They  can  therefore  be  placed  in  coincidence. 
At  the  same  time  the  triangles  coincide. 
Therefore  the  two  given  triangles  are  equal.  q.  e.  d. 
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PROPOSITION  XXVII.      THEOREM 
874.   Two  triangles  on  the  same  sphere  are  syinmetrUal : 
I.  1/  two  sides  and  the  included  angle  of  one  are  equal  re- 
specli'Vely  to  taio  sides  and  the  included  angle  of  the 

11.  If  a  side  and  the  two  adjacent  angles  of  one  are  equal  re- 
spectively to  a  side  and  the  two  adjacent  angles  of  the 

in.  If  the  three  sides  of  one  are  equal  respectively  to  the  three 
sides  of  the  other. 
Prmided  in  each  case  thai  the  parts  given  equal  are  ar- 
ranged in  opposite  order  in  the  two  triangles. 


Proof.— \n  each  case  the  corresponding  triedral  angles  at 

the  centre  arc  Bymmetrical,  §  603 

Therefore  the  two  given  triangles  are  symmetrical.    ^  851 

Q.  E.  D. 

POLAR   TKIAXC.LKS 

Hti*.  Dif. — If,  with  the  vertices  of  a  spherical  triangle  as 

poles,  arcs    of   ^reat    circles    are    described,  those   arcs    will 

divide  the  s])herical   .surface    into   eight   triangles.     One  of 

tliLse  is  called  the  polar  triangle  of  the  given  triangle. 
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The  method  of  selecting  the  polar  triangle  from  the  eight 
is  as  follows:  Call  the  given  triangle  ABC  and  the  polar 
triangle  A'B'C  Then  A'  is  one  of  the  intersections  of  the 
arcs  described  from  B  and  C  as  poles ;  that  one  which  is  less 
than  a  quadrant's  distance  from  A.  In  a  similar  way  B'  and 
C  are  determined. 

PROPOSITION   XXVIII.      THEOREM 
8TIG.  If  one  spherical  triangle  is  the  polar  triangle  of  an- 
other,  then,  reciprocally,  the  second  spherical  triangle  is  the 
polar  triangle  of  the  first. 

Given  that  A'B'C  is  the  polar  iriangle  of  ABC. 

To  PROVE       ihat  ABC  is  the  polar  triangle  of  A'B'C. 

Since  B  is  the  pole  of  A'C,  the  distance  A' B  is  a  quad- 
rant; since  C  is  the  pole  oiA'B',  the  distance  A'C\s  a  quad- 
rant, g  819 

Tliereforc  A'  is  the  pole  of  BC.  _  §  821 

Similarly,  B'  is  the  pole  of  CA,  and  C  is  the  pole  of  AB. 

Since  also  the  distances  AA',  BR',  and  CC  are  each  less 
than  a  quadrant,  ^fiC  is  the  polar  triangle  oi  A'B'C .    ^875 
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TROPOSITIOX   XXIX.      THEOREM 
877.  In  two  polar  triaHgks,each  angle  of  one  is  measured 
by  the  supplement  of  the  side  of  tvhich  its  vertex  is  the  pole  in 
the  other. 


Given— the  polar  triangles  ABC  and  AB'C.  Let  A.  11.  C.  and 
A'.  B\  C  denote  their  angles,  measured  in  degrees,  and  a,  />,  c,  and 
a',  b',  c'  the  sides  respectively  opposite  these  angles,  also  measured 
in  degrees. 

To  PROVE— .^'^-,I  =  I8o^  fi'+(5=  180°.  c'+^=  180'. 

A  +  a  =  i%c'' .  B  +  b- —  i&o" .  C  +  c'  =  iSo°. 

Produce  A'B'  and  A'C  to  meet  BC  At  R  and  i\ 

Then,  since  B  is  the  pole  of  A'S  and  C  the  pole  of  A'R, 
55  and  t"^  are  quadrants.  ^  819 

Therefore  BS+  CR=  180°, 

or  BR  +  RS->rRS+SC=i^O°, 

or  RS+nC^\Zo°. 

But  BC=ii,^nt\  j?i"  measures  the  angle  yi'.  ^  836  II 

Therefore  ^'  +  rt=i8o°. 
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To  prove  the  relation  A-\-a'=\^  we  would  produce 
B'C  to  meet  AB  and  AC. 

In  a  similar  manner  the  remaining  relations  are  proved. 

Q.  E.  D. 

PROPOSITION  XXX.      THEOREM 
StS.   The  sum  of  the  angles  of  a  spherical  triangle  is 
greater  than  two,  and  less  than  six,  right  angles. 


Given  the  spherical  triangle  ABC. 

Denote  its  angles  by  A,  B,  C,  and  the  sides  opposite  in  the  polar 
triangle  by  a',  b',  c'. 
To  PROVE  .f4  +  J  +  C>i8o''and<S4o°. 

We  have  ^  =  180"- a' 

.5=180°—*' 

^■=180°-?'.  §87; 

Adding  these  equations  we  get 

,^+£+C'  =  540''-(<i'+*'+<:'). 
Hence  ^  +  5+C"<540°.  q.e.d. 

Also,  since  «'  +  *'  +  <:'< 360°,  §  868 

„.  /H-5  +  (r>l8o°.  Q.E.D. 


394  ' 


GEOAfETRV  OF  SPACE 


879.  Cor.  I.  A  spherical  triangle  may  have  two,  or  even 
three,  right  angles  ;  also  two,  or  even  three,  obtuse  angles. 

SSO.  Defs. — A  spherical  triangle  having  two  right  angles 
is  called  a  bi- rectangular  triangle. 

A  spherical  triangle  having  three  right  angles  is  called  a 
tri- rectangular  triangle. 

881.  Cor.  11.  In  a  bi-rectangular  triangle  the  sides  oppo- 
site the  right  angles  are  quadrants. 

J/int.—Ai>^)y  ^i.  83S.  8ig. 

882.  Cor.  III.  Three  planes  passed  through  the  centre  of 
a  sphere,  each  perpendicular  to  the  other  tii-o,  divide  the  sur- 
face of  the  sphere  into  eight  equal  tri-reclangular  triangles. 


PROPOSITION   XXXI.      THEOREM 
883,  If  two  triangles  on  the  same  sphere  are  mutually 
equiangular  : 

I.    They  are  equal,  wAen  the  equal  angles  are  arranged  in  the 

same  order  in  both  triangles. 
II.   They  are  symmetrical, when  the  equal  angles  are  arranged 
in  opposite  order  in  the  two  triangles. 


Given — two  mutually  equiangular  spherical  triangles  R  and  S. 
To  PROVE — that  R  and  S  are  either  equal  or  symmetrical. 

Let  R'  and  S'  be  the  polar  triangles  of  R  and  5  respec- 
tively. 

Then,  since  R  and  5  are  mutually  equiangular,  we  can 
show  by  means  of  the  relations  proved  in  Proposition 
XXIX.  that  R'  and  S'  are  mutually  equilateral. 

Hence  R'  and  S'  are  either  equal  or  symmetrical. 

g  873  III.  874  III 

They  are  therefore  mutually  equiangular.  ^  850 

Hence  wc  can  show  that  R  and  S,  the  polar  triangles  of 
A''  and  S',  are  mutually  equilateral.  • 

Therefore  R  and  5  arc  equal  or  symmetrical,  according  to 
the  arrangement  of  their  homologous  parts. 

S^  873111,874  MI 

P  Q.  E.  D. 
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884.  Cor.  If  two  Iriedral  angles  have  their  diedral  an- 
gles equal  each  to  each  : 

I.    They  an  equal,  ■when  the  equal  diedral  angles  are  ar- 
ranged in  the  tame  order  in  both  triedral  angles. 
1 1 .  They  are  symmetrical,  when  the  equal  diedral  angles  are 
arranged  in  opposite  order  in  the  faro  Iriedral  armies. 


PROPOSITIOX   XXXII.      THEOREM 
88S.   The  shortest  line  that  can  be  drawn  on  the  surface 
of  a  sphere  between  two  points  is  the  arc  of  a  great  circle,  not 
greater  than  a  semi-circumference,  joining  those  points. 


Given — an  arc  of  a  great  circle  AB.  not  greater  than  a  semi -circum- 
ference, joining  the  points  A  and  J  on  a  spherical  surface. 

To  PROVE— thai  AB  is  the  shortest  line  that  can  be  drawn  on  the 
surface  between  A  and  B. 


Cask  I,    U'/wn  AB  is  less  than  a  seiui-ciraiwfi-r 
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Let  C  be  any  point  of  AB. 

With  A  and  B  as  poles  describe  circumferences  whose 
polar  distances  are  -^C  and  BC, 

These  circumferences  hav^  only  the  point  C  in  common. 

For,  let  D  be  any  other  point  of  the  circumference  whose 
pole  is  B, 

Draw  the  great-circle-arcs  AD  and  BD  and  let  AD  meet 
the  circumference  whose  pole  is  A  in  E, 

Then  AD^BD>AC^BC,  %  864 

But  BD=zBC  and  A  C=A£.  §817 

Hence  AD>AE. 

Therefore  D  lies  outside  the  small  circle  whose  pole  is  A, 
and  the  two  small  circles  have  only  the  point  C  in  com- 
mon. 

Now  we  will  prove  that  the  shortest  line  on  the  surface 
between  A  and  B  must  pass  through  C. 

Let  AFGB  be  any  line  on  the  surface  between  A  and  B 
that  does  not  pass  through  C. 

It  must  cut  the  small  circles  in  separate  points  /^and  G. 

Now,  whatever  may  be  the  nature  of  the  line  AF^  an 
equal  line  can  be  drawn  on  the  surface  between  A  and  C. 

[This  can  be  shown  by  supposing  the  spherical  surface  to  revolve  on  the 
axis  of  the  small  circle  FCE,  so  that  F  will  move  along  the  small  circle  to  C,  ,    , 
while /^  remains  fixed.]  \     I  :>^v.  Mi\    v;  k  tf  *•    y  /"/^  '^^ 

Similarly  a  line  equal  to  BG  can  be  drawn  from  B  to  C.    j 

There  will  then  lie  between  A  and  B  and  passing  through 
C  a  line  less  than  AFGB  by  the  portion  FG. 

We  have  now  proved  that  through  C  can  be  drawn  a  line      ^^ 
joining  A  and  B  less  than  any  line  joining  A  and  B  that 
does  not  pass  through  C. 

Hence  the  shortest  line  must  pass  through  C. 

But  C  is  any  point  in  the  arc  AB, 
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Therefore  the  shortest  line  between  A  and  B  must  pass 
through  every  point  of  the  arc  AB  and  hence  must  coincide 
with  that  arc.  q.  e,  o. 

Case  II.   iVfieii  AB  is  a  semi-circumferetice. 

\Vu  can  show  as  above  that  any  porti6n  of  the  shortest 
line  joining  A  and  B  must  be  an  arc  of  a  great  circle,  and 
that  therefore  the  whole  must  be  an  arc  of  a  great  circle. 

Q.  B.  D. 


MEASUREMENT   OF   SPHERICAL   FIGURES 
SSQ.  Defs. — A  lune  is  a  portion  of  a  spherical  surface 


bounded  by  two  \ 
ACBDA. 


tii-circumferences  of  great   circles;   as 


^ 


The  angle  of  a  lune  is  the  angle  formed  by  its  bounding 

arcs. 

Tlui^  CAD  is  tlic  aiidc  of  the  lune  ACBDA. 


PROPOSITION   XXXIII.      THEOREM 
S87'   Two  symmetrical  spherical  triangles  are  fgiiivaleitt. 


Given  two  symmetrical  triangles  AFC  and  A'B'C. 

To  PROVE  ATea.  ABC  =  area  A'B'C. 

Let  P  be  the  pole  of  the  small  circle  passing  through 
A,  B,  and  C,  and  draw  the  great-circle-arcs  PA,  PB,  and  PC. 

Then  PA=PB=PC.  §817 

Now  place  the  two  triangles  vertically  opposite  to  each 
other  and  draw  the  diameter  POP'.  %  853 

Also  draw  the  great-circle^rcs  P'A',  P'B',  and  P'C. 

The  vertical  triangles  PBC  and  P'B'C  are  symmetrical 
and  isosceles  and  therefore  equal.  §  855 

Similarly  PCA=P'C'A'  and  PAB=P'A'B'. 

That  is,  the  three  parts  of  ABC  are  respectively  equal  to 
three  parts  of  A'B'C. 

Therefore  area  /I5t7  =  area  A'£'C'.  q.  b.  d. 
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888.  Cor,  I.  1/  two  semUircumferences  of  great  circles 
BCB'  and  ACA'  intersect  on  the  surface  of  a  hemisphere,  the 
sum  of  the  areas  of  the  two  opposite  spherical  triangles  ABC  • 
and  CA'B'  is  equal  to  the  area  of  a  lune  wfiose  angle  is 
equal  to  BC A. 


/fi»t.—Aie»  ABC+aiea  CA'B'  =  area  A'BC  +  area  CA'B 
889.  Cor.  II.   Two  symmetrical  spherical  polygons  are 
equivalent. 


PKOPOSITtON    XXXIV.      THEURKM 
890,   Two  luncs  on  the  same  sphere  arc  equal,  if  their 
angles  are  equal. 


BOOK    VIII 


40t 


Given— two  lunes  ADBC  and  AEBH  on  the  same  sphere,  their 

angles  DAC  and  HAE  being  equal. 
To  PROVE  that  the  lunes  are  equal. 

Since  the  angles  DAC  and  HAE  are  equal,  the  plane 
angles  of  the  diedral  angles  DABC  and  HABE  are  equal. 

§8361 
Hence  these  diedral  angles  are  equal.  §  572 

They  can  therefore  be  superposed. 
At  the  same  time  the  lunes  coincide. 
Therefore  the  lunes  are  equal.  q,  b.  d. 


PROPOSITION   XXXV.     THEOREM 
S91.   Tzvo  lunes  on  the  same  'sphere  are  to  each  other  as 
their  angles. 

Given— the  lunes  ADBE  and  ACBD.  whose  angles  are  DAE  and 
CAD. 

ADBE     DAE 

To  PROVE  = 

ACBD      CAD 


Case  I.   When  the  angles  are  commensurable  (Fig.  1). 
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Suppose  a  common  measure  of  DAE  and  CAD  to  be 
contained  twice  in  DAE  and  3  times  in  CAD. 
DAE    2 
CAD~i 

Draw  from  A  to  B  semi-circumferences  of  great  circles 
dividing  the  angles  DAE  and  CAD  into  parts  each  equal  to 
their  common  measure. 

The  little  lunes  thus  formed  are  all  equal.  §  890 

Of  these  lunes  ADBE  contains  2  and  ACBD  3. 
ADBE_2 
ACBD~l 
ADBE    DAE 

acbd"  cad' 


Then 


Hence 


Therefore 


§  180 


i  iSo 


Case  II.   When  the  angles  are  ineommensiirabk  (Fig  2). 

Divide  CAD  into  any  number  of  equal  parts  by  arcs  of 
great  circles  drawn  from  A  to  B. 

Apply  one  of  these  parts  to  DAE  as  many  times  as  it 
will  be  contained  in  it,  the  final  bounding  arc  taking  the 
position  AE'B. 


Therefore 


Case  I 


Since  the  angles  are  incommensurable  there  will  be  a  re- 
mainder E'AE  less  than  one  of  these  parts. 

Now  the  angles  DAE'  and  CAD  are  commensurable. 

ADBE'^DAE' 

ACBD      CAD  ' 

Let  the  number  of  parts  into  which  CAD  is  divided  be 

indefinitely  increased. 

Then  the  angle  DAE'  will  approach  DAE  as  a  limit, 

8  "85 
The  lune  ADBE'  will  approach  ADBE  as  a  limit. 

Also 


DAE    .„  .DAE         ..    .. 

will  approach as  a  hmit. 

CAD  '^'  CAD 


S  "90 


.     ,         ADBE'    .„  ,  ADBE         ,.    . 

And  will  approach as  a  limit. 

ACBD  ACBD 

T,       ,  ADBE    DAE 

1  herelore  = 

ACBD     CAD 


§186 
Q.  E.  D. 
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§892 


892.  Cor.  I.  A  lune  is  to  the  surface  of  the  sphere  on 
which  it  lies  as  the  angle  of  the  lune  is  to  four  right  angles. 

Hint. — The  surface  of  a  sphere  may  be  regarded  as  the  limit  of  a  lane 
whose  angle  approaches  four  right  angles  as  a  limit. 

893.  Cor.  II.  Let -4  denote  the  angle  of  a  lune  measured 
in  the  right  angle  as  a  unit  and  L  its  surface  measured  in  the 
tri-rectangular  triangle  as  a  unit. 

Then  the  area  of  the  spherical  surface  will  be  8.         §  882 

Hence  — = — 

8     4 

Therefore  L  =  2A. 

That  is,  if  the  unit  angle  is  the  right  angle  and  the  unit 
surface  the  tri-rectafigular  tria^igle,  a  lune  is  measured  by 
tivice  its  angle, 

894.  Def — The  spherical  excess  of  a  spherical  trian- 
gle is  the  excess  of  the  sum  of  its  angles  over  two  right 
angles. 

Denoting  the  angles  by  A,  B,  C,  and  the  spherical  excess 
by  E^  we  have,  taking  the  right  angle  as  the  unit  angle, 

E=A^B^C-^2, 

Thus,  if  the  angles  of  a  spherical  triangle  are  45°,  60°,  135°^ 
its  spherical  excess  is 

(—4- h^^  — 2)  ricrht  angles  =  -  ric^ht  angle. 

\9o  90^90     y   ^       ^      3   ^ 
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89S.  If  the  unit  angle  is  the  right  angle  and  the  ufiit 
surface  the  tri-rectangular  triangle,  the  area  of  a  spherical 
triangle  is  measured  by  its  spherical  excess. 


:iV£K  the  spherical  triangle  ABC. 

■o  PROVE  area^JC=W  +  £+C-a. . 

the  unit  angle  being  the  right  angle  and  the  unit  surface  the  sur- 
face of  the  tri-rectangular  triangle. 


Complete  the  circumference  of  which  AB  is  an  arc,  and 
let  BC  and  ^C"  intersect  it  again  in  B'  and  A' . 

Then,  since  BCA  and  BCA  together  form  a  lune  whose 
angle  is  B, 

area  5C^  +area  B'CA=2B.  %  893 

Similarly,        area  CAB+Ara  A'CB=2A. 

Also  the  triangles  ABC  and  CA'B'  are  together  equal  to 
a  lune  whose  angle  is  C.  §  888 

Hence  area  ABC+aiea  CA'B'  =  2C. 

Now  the  sum  of  the  areas  of  ABC,  B'CA,  A'CB,  and 
CA'B' IS  the  area  of  the  surface  of  a  hemisphere,  which 
with  the  adopted  unit  is  4. 

Hence,  adding  the  three  equations  above,  we  have, 
2aTea  ABC+4=2A  +  2B+2C. 

Therefore        area  ABC      =A+B+C~2.  q.  b.  d. 
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PROPOSITION   XXXVir.      THEOREM 
896.  If  \he  unit  angle  is  the  right  angle,  and  the  unit  sur- 
face the  trircctangiilar  triangle,  the  area  of  a  spherical  poly- 
gon is  measured  by  the  sum  of  its  angles  minus  twice  the 
number  of  its  sides  less  two. 


Given— the  spherical  polygon  ABCDE.  Denote  its  area  measured 
in  tri-reciangular  triangles  by  K ;  the  sum  of  its  angles  measured 
in  right  angles  by  5/  and  the  number  of  its  sides  by  n. 

To  PROVE  K=S—  2(n  —  2). 


Divide  the  polygon  into  triangles  by  diagonals  drawn 
from  any  vertex  A. 

The  area  of  each  triangle  is  measured  by  the  sum  of  its 
angles  less  two.  ■   ij  895 

The  number  of  triangles  is  «  — 3,  there  being  one  for  every 
side  except  the  sides  intersecting  in  ./. 

Hence  tlie  area  nf  the  polygon  is  measured  by  the  sum  of 
the  angles  of  all  the  triangles  miims  2(«  — 2). 
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But  the  sum  of  the  angles  of  all  the  triangles  is  equal  to 
the  sum  of  the  angles  of  the  polygon. 

Therefore  K=.S  —  2{n  —  2).  q.  e.  d. 

897'  Defs. — A  spherical  pyramid  is  a  solid  bounded 
by  a  spherical  polygon  and  the  planes  of  its  sides ;  as 
0~ABCD. 


The  centre  of  the  sphere  is  called  the  vertex  of  the  spheri- 
cal pyramid,  and  the  spherical  polygon  its  base. 

8QS.  Defs. — A  spherical  ungula,  or  wedge,  is  a  solid 
bounded  by  a  lune  and  the  planes  of  its  bounding  arcs. 

The  lune  is  called  the  base  of  the  ungula;  the  diameter 
in  which  the  bounding  planes  meet  is  its  edge. 

The  angle  of  the  bounding  lune  is  also  called  the  angle 
of  the  ungula. 

8HH.  The  proofs  of  the  following  theorems  relating  to 
spherical  pyramids  and  iingulas  correspond  so  closely  to  the 
proofs  of  the  corresponding  theorems  relating  to  spherical 
polygons  and  lunes  that  they  are  left  as  exercises  for  the 
student. 

I.    Tii'i'  symmetrical  triangular  spherical  pyramids  arc  cquiv- 
aUnf. 
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II.  If  two  great  semicircles  BCB'O  and  AC  A' 0  (see  Fig.  §  888) 
intersect  in  a  hemisphere,  the  sum  of  the  volumes  of  the 
two  opposite  spherical  pyramids  O  —  ABC  and  O  —  CA'B' 
is  equal  to  the  volume  of  an  ungula  whose  angle  is  equal 
to  BCA. 

III.  Two  symmetrical  spherical  pyramids  are  equivalent. 

IV.  Two  ungulas  in  the  same  sphere  are  equal  if  their  angles 

are  equal. 
V.   Two  ungulas  in  the  same  sphere  are  to  each  other  as  their 

angles. 
VI.  An  ungula  is  to  the  sphere  of  which  it  is  a  part  as  its  angle 
is  to  four  right  angles. 

If  the  unit  angle  is  the  right  angle  and  the  unit  solid  the 
tri-rectangular  spherical  pyramid  (that,  whose  base  is  the  tri- 
rectangular  spherical  triangle) : 

VII.  An  ungula  is  measured  by  twice  its  angle. 
VIII.   The  volume  of  a  triangular  spherical  Pyramid  is  measured 
by  the  spherical  excess  of  its  base. 
IX.   The  volume  of  a  spherical  pyramid  is  measured  by  the  sum 
of  the  angles  of  its  base  minus  twice  the  nitmber  of  its 
sides  less  two. 
The  following  theorems  are  simple  corollaries  of  the  pre- 
ceding: 

X.   Two  triangular  spherical  pyramids  in  the  same  sphere  are 
to  each  other  as  their  bases. 
XI.  Any  two  spherical  pyramids  in  the  same  sphere  are  to  each 

other  as  their  bases. 
XII.  Afty  spherical  Pyramid  is  to  the  sphere  of  li'hich  it  is  a  part 
as  its  base  is  to  the  surface  of  the  sphere. 


PROBLEMS   OF   DEMONSTRATION 

900.  Exercise. — The  intersection   of  two   spherical   sur- 
faces is  the  circumference  of  a  circle  whose  plane  is  perpen- 
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dicular  to  the  straight  line  joining  the  centres  of  the  two 
spherical  surfaces,  and  whose  centre  is  in  that  line. 

901.  Exercise, — If  from  a  point  without  a  sphere  a  tangent 
and  a  secant  line  be  drawn,  the  square  of  the  tangent  is  equal 
to  the  product  of  the  whole  secant  and  its  external  segment. 

902.  Exercise, — If  the  centres  of  three  spheres  do  not  lie 
in  the  same  straight  line,  their  surfaces  cannot  have  more 
than  two  points  in  common.  These  points  lie  in  a  straight 
line  perpendicular  to  the  plane  of  centres  and  at  equal  dis- 
tances from  this  plane  on  opposite  sides. 

903.  Exercise, — From  a  given  point  on  the  surface  of  a 
sphere,  and  not  on  a  given  great  circle,  but  two  great-circle- 
arcs  can  be  drawn  perpendicular  to  the  given  great  circle ; 
and  these  are  the  shortest  and  longest  great-circle-arcs  that 
can  be  drawn  from  the  point  to  the  given  great  circle. 

904:.  Exercise, — If  any  number  of  lines  in  space  meet  in 
a  point,  the  feet  of  the  perpendiculars  drawn  to  these  lines 
from  another  point  lie  on  the  surface  of  a  sphere. 

905.  Exercise. — If  from  a  point  within  a  spherical  trian- 
gle arcs  of  great  circles  are  drawn  to  the  extremities  of  one 
side,  the  sum  of  these  arcs  is  less  than  the  sum  of  the  two 
other  sides  of  the  triangle. 

906.  Exercise, — Any  point  in  the  bisector  of  a  spherical 
angle  is  equally  distant  from  the  sides  of  the  angle. 

9011.  Exercise, — The  bisectors  of  the  angles  of  a  spherical 
triangle  meet  in  a  point  which  is  equally  distant  from  the 
sides  of  the  triangle. 

908.  Exercise, — The  three  medians  of  a  spherical  trian- 
gle meet  in  a  point. 

909.  Exercise. — The  perpendicular  bisectors  of  the  sides 
of  a  spherical  triangle  meet  in  a  point. 
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910.  Exercise. — If  a,  b,  c  are  the  sides  of  a  spherical  tri- 
angle and  a',  b',  c'  the  corresponding  sides  of  the  polar  tri- 
angle, if  a>b>c,  then  a' <b' <c'. 

911.  Exercise. — Spherical  triangles  on  equal  spheres  have 
equal  areas  if  their  polar  triangles  have  equal  perimeters. 

LOCI 

912.  Exercise. — Find  the  locus  of  a  point  at  a  given  dis-, 
tance  from  an  indefinite  straight  line. 

913.  Exercise. — Find  the  locus  of  a  point  at  a  given  dis- 
tance from  a  straight  line  of  definite  length. 

914.  Exercise. — Find  the  locus  of  a  point  whose  dis- 
tance from  a  fixed  straight  line  is  in  a  given  ratio  to 
its  distance  from  a  fixed  plane  perpendicular  to  that 
line. 

913.  Exercise. — Find  the  locus  of  a  point  from  which 
tangent  lines  drawn  to  three  mutually  intersecting  spheres 
are  equal. 

916.  Exercise. — Find  the  locus  of  the  centre  of  a  sphere 
which  is  tangent  to  three  given  planes. 

917.  Exercise: — Find  the  locus  of  a  point  in  space  the 
ratio  of  whose  distances  from  two  given  points  is  constant. 

918.  Exercise.— Find  the  locus  of  the  centre  of  the  sec- 
tion of  a  given  sphere  made  by  a  plane  passing  through  a 
given  point. 

919.  E.irrtisc.—l-Tom  a  fixed  point  straight  lines  are 
drawn  to  tJie  .'iurface  of  a  spjieru.  Find  the  locus  of  the 
points  which  divide  tlicse  lines  in  a  given  ratio. 

9'iO.  Exercisi-. — Find  tlie  locus  uf  a  point  on  the  surface 
of  a  sphere  equidistant  from  two  given  points  on  the  sur- 
face. 
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921.  Exercise. — Find  the  locus  of  a  point  on  the  surface 
of  a  sphere  equidistant  from  three  given  points  on  the  sur- 
face. 

9^^'  Exercise. — Find  the  locus  of  a  point  in  space  the 
ratio  of  whose  distances  from  two  given  parallel  straight 
lines  is  constant. 

PROBLEMS   OF  CONSTRUCTIOX 

923.  Exercise. — Through  a  given  straight  line  not  inter- 
secting a  sphere  pass  a  plane  tangent  to  the  sphere. 

924.  Exercise. — Construct  a  spherical  surface  of  given 
radius: 

(a.)  Passing  through  three  given  points, 

{6.)  Passing  through  two  given  points  and  tangent  to  a  given 
plane. 

(f.)  Passing  through  two  given  points  and  tangent  to  a  given 
sphere. 

(rf.)  Passing  through  a  given  point  and  tangent  to  two  given 
planes. 

(e)  Passing  through  a  given  point  and  tangent  to  two  given 
spheres. 

(/.)  Tangtnt  to  three  given  spheres. 

{g)  Tangent  to  a  given  plane  and  two  given  spheres. 
92fi.  Exercise. — Bisect  a  given  arc  of  a  great  circle. 
92G.  Exercise. — Through  a  given  point  on  a  sphere  draw 
a  great  circle  tangent  to  a  given  small  circle. 

r'KOBI.EMS   FOR  COMPUTATION 
927,  (1.)  The  radius  of  a  sphere  is  25  In.     Find  the  area 

of  a  section  mado  by  a  plane  10  in.  distant  from  its  centre. 
(2.)  What  is  the  radius  of  a  sphere  inscribed  in  a  regular 

tetracdron  whose  total  area  is  4  sq.  m.  ? 


J2 
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•  3.1  What  is  the  radius  of  a  sphencal  surface  passing 
through  four  points  each  of  which  is  9  cm.  distant  from  the 
other  three  ? 

14.  p  If  the  volume  of  a  sphere  is  12  cu.  m.,  what  is  the 
volume  of  a  spherical  wedge  the  angles  of  whose  base 
arc  40'  ? 

U.I  If  the  area  of  a  spherical  surface  is  100  sq.  ft.,  what  is 
the  area  of  a  spherical  triangle  whose  angles  are  30°,  120°, 
and  150^? 

{(}.)  The  volume  of  a  sphere  is  1000  cu.  in.  What  is  the 
volume  of  a  spherical  pyramid  the  angles  of  whose  base  are 
30',  90"%  130'%  and  160^? 


<■' 
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BOOK   IX 

MEASUREMENT  OF  THE  CYLINDER.  CONE.  AND  SPHERE 

THE   CYLINDER 

938.  Def. — A  prism  is  inscribed  in  a  cylinder  when  its 

lateral  edges  are  elements  of  the  cylinder  and  its  bases  are 

in  the  planes  of  the  bases  of  the  cylinder. 


93Q.  Dif. — A  prism  is  circumscribed  about  a  cylinder 

when  its  lateral  faces  are  tangent  to  the  cylinder  and   its 
bases  are  in  the  planes  of  the  bases  of  the  cylinder. 
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930.  Def. — A  right  section  of  a  cylinder  is  a  section 
made  by  a  plane  perpendicular  to  its  elements. 


931.  RemaTk.—YxoTa  the  preceding  definitions  it  follows 
immediately  that  the  bases  of  an  inscribed  prism  are  in- 
scribed in  the  bases  of  the  cylinder;  the  bases  of  a  circum- 
scribed prism  are  circumscribed  about  the  bases  of  the 
cylinder;  and  that  a  plane  forming  a  right  section  of  a  cyl- 
inder forms  a  right  section  of  every  inscribed  and  every  cir- 
cumscribed prism. 

932.  Def. — The  lateral  area  of  a  cylinder  is  the  area  of 
its  lateral  surface. 

PROPOSITION   I.      THEOREM 

933.  If  the  number  of  lateral  faces  of  a  prism  inscribed  tit 
or  circumscribed  about  a  cylinder  be  indefinitely  increased  so 
that  each  one  becomes  indefinitely  small,  then 

I.  Any  right  section  of  the  prism  approaches  a  right  section 
t'f  lite  cylinder  as  a  limit. 
1 1.    The  lateral  area  of  the  prism  approaches  the  lateral  area 
of  th,-  eylimhr  as  a  limit. 
III.    The  volume  of  the  prism  approaches  the  i-oliime  of  the  cyl- 
inder as  a  limit. 


Proof. — I,  A  plane  which  forms  a  right  section  of  the 
prism  will  also  form  a  right  section  of  the  cylinder,        §  931 

When  the  number  of  lateral  faces  of  the  prism  is  indefi- 
nitely increased  so  that  each  one  becomes  indefinitely 
small,  the  number  of  sides  of  the  right  section  will  be  in- 
definitely ipcreased,  and  each  will  become  indefinitely  small. 

Therefore  the  right  section  of  the  prism  approaches  the 
right  section  of  the  cylinder  as  a  limit.  g  490 

Q-  E.  D. 

II.  The  lateral  surface  of  the  prism  can  be  generated  by 
a  straight  line  moving  about  its  right  section  as  a  directrix, 
provided  this  line  remains  parallel  to  the  lateral  edges  and 
is  terminated  by  the  two  bases.  g  632 

As  the  number  of  lateral  faces  increases  indefinitely,  the 
directrix  of  this  line  approaches  the  right  section  of  the  cyl- 
inder as  a  limit. 

Hence  the  limit  of  the  surface  generated  by  this  line  is 
the  surface  generated  by  it  when  the  directrix  is  the  perim- 
eter of  the  right  section  of  the  cylinder. 

Hut  this  surface  is  the  lateral  surface  of  the  cylinder.  ^  766 

Therefore  the  limit  of  the  lateral  area  of  the  prism  is  the 
lateral  area  of  the  cylinder.  q.  e.  d. 
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III.  Let  B',  B"  be  the  respective  bases  of  a  circumscribed 
and  corresponding  inscribed  prism,  V ,  V"  their  respective 
volumes,  and  H  their  common  attitude. 

Then  V'  =  B'x  If,  and  V  =  B"  x/f.  g  676 

Hence  i^-V"  =  {B- -B')y.H. 

Now  by  increasing  indefinitely  the  number  of  lateral  faces 
of  the  prisms,  and  consequently  the  number  of  sides  of  their 
bases,  the  difference  B'—B"  can  be  made  as  small  as  we 
please.  g  490 

Hence  {B'—B")  x  H  can  be  made  as  small  as  we  please. 

§  187 

Hence  its  equal  V —V"  can  be  made  as  small  as  we 
please. 

But  the  volume  of  the  cylinder  is  always  intermediate  be- 
tween V  and  V".  Ax.  10 

Tliorefore  the  difference  between  the  volume  of  the  cylin- 
der and  either  l"  or  /"'  can  be  made  as  small  as  we  please. 

Hut  J"  and  /■"'  can  never  equal  the  volume  of  the  cylin- 
der. Ax.  ic 

Therefore  the  volume  of  the  cylinder  is  the  common  limit 
of  I"  and  !"'.  %  185 

Q.  H.  D. 


PROPOSITION   II.      THEOREM 
934:.   The  lateral  area  of  a  cylinder  is  equal  to  the  product 
€f  the  perimeter  of  a  right  section  and  an  element . 


Gives— the  cylinder  AD\  of  which  P  is  the  perimeter  o£  the  right 

section  FGHIJ,  E  an  element,  and  S  the  lateral  area. 
To  PROVE  S  =  P-K  E. 

Inscribe  in  the  cylinder  a  prism.  Let/''  be  the  perimeter 
of  its  right  section  and  5'  its  lateral  area- 
Its  lateral  edge  is  equal  to  E.  §  545 
Hence  S'  =  P'xE.  §649 
Now  let  the  number  of  lateral  faces  of  the  prism  be  in- 
definitely increased. 

Then  S'  approaches  5  as  a  limit,  g  933  II 

F  approaches  Pas  a  limit,  §  933  I 

and  P  Y.E  approaches  Px  £  as  a  limit.  g  1 89 

Therefore  S=PxE.  §  186 

Q.  e.  D. 
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935.  Def. — The  altitude  of  a  cylinder  is  the  perpendicu- 
lar distance  between  its  bases. 

936>  Cor.  I.  The  lateral  area  of  a  right  cylinder  is  equal 
to  the  product  of  the  perimeter  of  its  base  by  its  altitude. 

937.  Cor.  11.  Let  H  denote  the  altitude,  R  the  radius, 
5  the  lateral  area,  and  7"  the  total  area  of  a  cylinder  of  rev- 
olution. 


Then  S=2-7rRH. 

and  7"=  27rRH+  2-kR'  =  2'kR{H+  R). 

938.  Dcf. — Similar  cylinders  of  revolution  are  cylin- 
ders formed  by  the  revolution  of  similar  rectangles  about 
homologous  sides. 
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939.  Cor.  in.   The  lateral  areas,  or  the  total  areas,  of 

two  similar  cylinders  of  revolution  are  to  each  other  as  the 

squares  of  their  altitudes,  or  as  the  squares  of  their  radii. 

_  ^211 

Outline  proof:   -  =  — 


^N     N^H     ff>     /P 


PROPOSITION   III-      THEOREM 
940.   The  volume  of  a  cylinder  is  equal  to  the  product  of 


its  base  and  altitude. 


a  cylinder,  of  which  B  is  the  base,  H  the  altitude,  and  V  the 


Circumscribe  about  the  cylinder  a  prism.  Denote  its  base 
by  B'  and  its  volume  by  V. 

Its  altitude  is  H.  %  545 

Hence                            V'=BxH.  §676 
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Now  let  the  number  of  lateral  faces  of  the  prism  be  in- 
definitely increased. 

Then  V  approaches  V^sa  limit,  §  933  III 

B'  approaches  5  as  a  limit,  §  490 

and  5' X  ^  approaches  Bx//  as  a  limit.  §  '89 

Therefore  V^BxN.  §  186 

Q.  B.  D. 

941.  Cor.  1.  Let  Nhe  the  altitude,  X  the  radius,  and  f 
the  volume  of  a  circular  cylinder. 

Then  V=irR'H. 

942.  Cor.  II.  T/u'  volumes  of  two  similar  cylinders  of 
revoltitioH  are  to  each  other  as  the  cubes  of  their  altitudes,  or 
as  the  cubes  of  their  radii. 

y     vk-^Il     A"      //      H'      H     //'      iV' 

Outline  proof:  -  =  __=_  x —  =  — x -  =  — =_. 


THE   CONE 
943,  Def. — A  pyramid  is  inscribed  in  a  cone  when   its 
lateral  edges  are  elements  of  the  cone  and  its  base  is  in  the 
plane  of  the  base  of  the  cone. 


944.  Def. — A  pyramid  is  circumscribed  about  a  cone 
when  its  lateral  faces  arc  tangent  to  the  cone  and  its  base  is 
in  the  plane  of  the  base  of  the  cone. 


945.  Remark. — From  these  definitions  it  follows  imme- 
diately  that  the  base  of  an  inscribed  pyramid  is  inscribed  in 
the  bas.e  of  the  cone  and  that  the  base  of  a  circumscribed 
pyramid  is  circumscribed  about  the  base  of  the  cone. 

94G.  Defs. — A  truncated  cone  is  the  portion  of  a  cone 
contained  between  its  base  and  a  plane  cutting  all  its  ele- 
ments. 

The  base  of  the  cone  and  the  section  made  by  the  cutting 
plane  are  called  the  bases  of  the  truncated  cone. 


94:t.  Dcf. — A   frustum  of  a  cone   i 

ivhose  bases  are  parallel. 
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948-  Def. — If  a  pyramid  is  inscribed  in  or  circumscribed 
about  a  cone,  a  plane  which  cuts  from  the  cone  a  truncated 
cone  cuts  from  the  pyramid  a  truncated  pyramid,  which  may 
be  said  to  be  inscribed  in  or  circumscribed  about  the 
truncated  cone. 


S4it,  Def. — The  lateral  area  of  a  cone  is  the  area  of  its 
lateral  surface. 

PROPOSITION   IV.      THEOREM 
9S0.  If  the  mimber  of  lateral  faces  of  a  Pyramid  inscribed 
in  or  circumscribed  about  a  cone  be  indefinitely  increased  so 
that  each  one  becomes  indefinitely  small,  then 

I.  Any  section  of  thi  pyramid  approaches  the  section  of  the 
cone  by  the  same  plane  as  a  limit. 
II.    Tie  lateral  area  of  the  pyramid  approaches  the  lateral 
area  of  the  cone  as  a  timit. 
III.    TAe  volume  of  the  pyramid  approaches  the  volume  of  the 

The  proof  o\  this  proposition  is  analogous  to  that  of  I'roposition  I.,  and 
is  therefore  left  to  the  student. 

931.  Remark. — The  proposition  obtained  from  the  pre- 
ceding by  substituting  the  words  "frustum  of  a  pyramid" 
and  "frustum  of  a  cone"  for  "pyramid'"  and  "cone"  can 
be  proved  in  the  same  way. 
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952.  Def.  —  Any  element  of  a  cone  of  revolution  is 
called  its  slant  height. 

953.  Exercise. — Prove  that  the  slant  height  of  a  regular 
pyramid  circumscribed  about  a  cone  of  revolution  is  equal 
to  the  slant  height  of  the  cone  of  revolution. 


PROPOSITION'   V.      THEOREM 


95i.   The  lateral  area  of  a 
one-half  the  product  of  the 
slant  height. 


of  revolution  is  equal  to 
tference  of  its  base  by  its 


Given — the  cone  of  revolution  O-EFGH.  Denote  its  slant  height 
OJi  by  L.  the  circumference  of  its  base  by  C,  and  its  lateral  area 
by  i". 

To  PHOVE  5=iCxi. 

Circumscribe  about  the  cone  a  regular  pyramid.     Denote 
the  perimeter  of  its  base  by  C  and  its  lateral  area  by  S'. 
Its  slant  height  will  also  be  L.  §  953 

Hence  S'=iCy.L.  §688 
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Now  let  the  number  of  lateral  faces  of  the  regular  pyra- 
mid be  indefinitely  increased. 

Then  S'  approaches  5  as  a  limit.  §  950  II 

And  C  approaches  (7  as  a  limit.  §  490 

Hence     ^C  x  L  approaches  iCx  L  as  a  limit.  §  189 

Therefore  S=iCx£..  g  186 

Q,  B.  D. 

!)35.  Cor.  I.  Let  A!  denote  the  radius,  Z.  the  slant  height, 
5  the  lateral  area,  and  7~the  total  area  of  a  cone  of  revolu- 
tion. 

Then  S=i2trR  X  L  =irRL. 

And  T=-itRL  +  wR^=itR{L  +  R). 

.95ff.  Cor.  II.  The  formula  for  the  lateral  area  may  be 

written  5=27r— x£. 

Now,  if  K  is  the  radius  of  a  section  half-way  between  the 
vertex  and  base,  K=^R. 

Therefore  S—2irKxL. 


■—^i 


That  is,  ihc  lateral  area  of  a  cone  of  revolution  is  equal  to 
the  cireumfereiiee  of  a  section  half -'.nay  bct^vcen  its  I'ertcx 
and  base  multiplied  by  its  slant  height. 

9S7.  Def. — Tlie  altitude  of  a  cone  is  the  perpendicular 
iistance  from  its  vcrte.\  to  its  base. 
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itSS'  Def.  —  Similar  cones  of  revolution  are  cones 
formed  by  the  revolution  of  similar  right  triangles  about 
homologous  sides. 

959.  Cor.  III.  The  lateral  areas,  or  the  total  areas,of  two 
similar  cones  of  revolution  are  to  caeh  other  as  the  squares  of 
their  slant  heights,  or  as  the  squares  of  their  altitudes,  or  as 
the  squares  of  the  radii  of  their  bases. 


Hint. — The  method  ol  proof  is  the  same  as  that  followed  in  §  939. 
fmO,  Def. — The  portion  of  an  element  of  a  cone  of  rev- 
olution included  between  the  bases  of  a  frustum  is  called 
the  slant  height  of  the  frustum. 


.961.  Exercise. — Prove  that  the  slant  height  of  a  frustum 
of  a  regular  pyramid  which  is  circumscribed  about  a  frus- 
tum of  a  cone  of  revolution  is  equal  to  the  slant  height  of 
the  frustum  of  a  cone. 
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PROPOSITION   VI.      THEOREM 
909.   The  lateral  area  of  a  frustum  of  a  cone  of  revolu- 
tion is  equal  to  half  the  sum  of  the  eircumfcrcKces  of -its  bases 
multiplied  by  its  slant  height. 


GivE.v  a  Irustum  of  a  cone  of  revolution. 

Denote  the  circumferences  of  its  bases  by  Cand  c.  its  slant  height 
by  L.  and  its  lateral  area  by  S. 
To  PROVE  5=i(C+rtXi. 

Circumscribe  about  the  frustum  a  frustum  of  a  regular 
pyramid. 

Denote  the  perimeters  of  its  bases  by  C  and  c' ,  and  its 
lateral  area  by  S .     Its  slant  height  will  also  be  L.  %  961 

Hence  S' =  \{C ■\-e')xL.  %  693 

Now  let  the  number  of  lateral  faces  of  the  frustum  of  a 
regular  pyramid  be  indefinitely  increased. 

Then  S'  approaches  .S  as  a  limit,  §  95t 

C  -Vc'  approaches  C-\-c  as  a  limit,  g  490 

and      ifC  +  i-'lx  L  approaches  \{C-\-£)Y.L  as  a  limit,     g  189 

Therefore  S^h{C-¥c)y.L.  %  186 

Q.B.D. 
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963.  Cor.  I.  If  R  and  r  are  the  radii  of  the  bases,  L  the 
slant  height,  and  5  the  lateral  area  of  a  frustum  of  a  cone  of 
revolution, 

S=^iwR+2irr)xL  =  iTiR+r)xL. 

964*  Cor.  II.  The  last  formula  may  be  written 

S=2w XL. 

If  K  is  the  radius  of  a  section  halfway  between  the  bases 
of  the  frustum, 


That  is,  t/if  lateral  area  of  a  frustum  of  a  eoue  of  revolu- 
tion is  equal  to  the  cireumference  of  a  section  ltalf-7vay  between 
its  bases  multiplied  by  its  slant  height. 

I'kOFOSITION   VII.      THEOREM 
963.   The  volume  of  a  cone  is  equal  to  one-third  the  proetuct 
of  its  base  and  altitude. 

Given— any  cone,  of  which  B  is  the  base,  H  the  altitude,  and  V  the 


Circumscribe  about  the  cone  a  pyramid.     Denote  its  base 
by  B',  and  Its  volume  by  V.     Its  altitude  is  H. 


GEOMETRY  OF  SPACE 


Then  V'=iB'xH.  §704 

Now  let  the  number  of  lateral  faces  of  the  pyramid  be 

indefinitely  increased. 

Then  V  approaches  f^  as  a  limit,  §  950  III 

B'  approaches  5  as  a  limit,  §  490 

and  ^5' x/^  approaches  i5'x// as  a  limit.  §  189 


Therefore 


F=iBx//. 


966.  Cor.  I.  If  the  base  of  the  cone  is  a  circle  of  radius^, 

967,  Cor.  II.  The  volumes  of  two  similar  tones  of  rtTO- 
lution  are  to  each  other  as  the  cubes  of  their  altitudes,  or  as 
the  cubes  of  the  radii  of  their  bases. 

J/iiil.—T\ie  methmi  of  proof  is  llie  same  at.  llial  followed  in  §  i>4S. 
96H.  Def. — The  altitude  of  a  frustum  of  a  cone  is  the 
perpendicular  distance  between  its  bases. 


PROPOSITION    VIII.      TllKORliM 
969.  A  frustum  of  a  cone  is  equivalent  to  the   sunt    of 
three  cones  whose  common  altitude  is  the  altitude  of  the  _frus- 
turn  and  whose  bases  are  the  lower  base,  the  upper  base,  and  a 
mean  proportional  between  the  bases  of  the  frustum. 


GtVEM— a  frustum  of  a  cone.    Denote  its  bases  by  B  and  b,  its  alti- 
tude by  h.  and  its  volume  by  V. 

To  PROVE—  V=  \  h{B+  t+VB  X  i).  which  is  the  algebraic  statement 
of  the  theorem. 


Circumscribe  about  the  frustum  of  a  cone  a  frustum  of  a 
pyramid.     Denote  its  bases  by  B'  and  d',  and  its  volume 

by  y. 

Its  altitude  will  be  /t.  g  565 

Hence  y'=mB'+i'+ \/B- x6').  §713 

Now  let  the  number  of  lateral  faces  of  the  frustum  of  a 

pyramid  be  indefinitely  increased. 


Then 


and    Ui£'  +  ' 
Therefore 


V  approaches  f'as  a  limit, 
B'  approaches  £  as  a  limit, 
ir'  approaches  ^  as  a  limit, 
+  y/B'^b')  approaches  \k{B-\-b+  y 


§951 
§490 


Q.  B.  D. 

970.  Cor.    If  the  frustum  is  the  frustum  of  a  circular 
cone,  let  R  and  r  be  the  radii  of  its  bases. 

Then  B=-n-IV,b=-n-r\  VBxb=trRr. 

Therefore  V=^h{I^  +  r"  +  Rr). 


r 
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THE   SPHERE 


971.  Defs. — A  zone  is  a  portion  of  the  surface  of  a 
sphere  bounded  by  the  circumferences  of  two  circles  whose 
planes  are  paralld. 


The  bounding  circuinferL-nccs  are  called  ihe  bases,  and 
the  perpendicular  distance  between  their  planes  the  altitude 
of  the  zone. 

972.  Def. — If  the  plane  of  one  bounding  circumference 
■  is  tangent  to  the  sphere,  the  zone  is  called  a  zone  of  one 
base. 

97'i.  Defs. — A  spherical  segment  is  a  portion  of  a 
sphere  contained  between  two  parallel  planes. 

The  bounding  circles  are  called  the  bases,  and  the  per- 
pendicular distance  between  their  planes  the  altitude  of  the 
.segment. 

974:.  Def. — A  spherical  segment  of  one  base  is  a 
spherical  segment  one  of  whose  bounding  planes  is  tangent 
to  the  sphere. 


BOOK  IX 


431 


WtS.  Dcfs. — If  a  semicircle  is  revolved  about  its  diameter 
as  an  axis,  the  solid  generated  by  any  sector  of  the  semi- 
circle is  called  a  apherical  sector. 

The  zone  generated  by  the  base  of  the  sector  of  the  semi- 
circle is  called  the  base  of  the  spherical  sector. 

if7G>  Remarks. — Suppose  a  sphere  generated  by  the  rev- 
olution of  the  semicircle  HAS  about  its  diameter  HS  as  an 
axis.  Let  AA'  and  BB'  be  two  lines  perpendicular  to  HS, 
and  let  OC  and  OD  be  radii  of  the  semicircle. 


Then  the  arc  AB  generates  a  zone  whose  altitude  is  A'B"; 
the  points  A  and  B  generate  the  bases  of  the  zone. 

The  arc  HA  generates  a  zone  of  one  base. 

The  figure  AA'B'B  generates  a  spherical  segment  whose 
altitude  is  A'B';  the  lines  AA'  and  BB'  generate  the  bases 
of  the  spherical  segment. 

The  figure  HAA'  generates  a  spherical  segment  of  one 
base. 

The  sector  COD  of  the  semicircle  generates  a  spherical 
sector.  This  spherical  sector  is  bounded  by  three  curved 
surfaces,  namely:  the  two  conical  surfaces  generated  by  the 
radii  OC  and  OD.  and  the  zone  generated  by  the  arc  CD. 
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PROPOSITION'  IX.  LEMMA 
977.  The  ana  of  the  surface  generated  by  a  straight  line 
revolving  about  an  axis  in  its  plane  {not  crossing  the  straight 
line)  is  equal  to  the  projection  of  the  line  on  the  axis  multi- 
plied by  the  circHmfcrencc  of  the  circle  Xfhase  radius  is  the 
perpendicular  to  the  line  drawn  at  its  middle  point  and  ter- 
minated in  the  axis. 


Given— the  straight  lines  AB  and  XV  in  the  same  plane,  XV  not 

crossing  AB.     Let  S  denote  the  area  of  the  surface  ^nerated  by 

revolving  AB  about  AT  as  an  axis. 

Draw  a  perpendicular  MO  to  .-//>'  at  ils  middle  point  i\f  cutting 

-rK  in  O.  and  let  A'B'  be  the  projection  of  AB  on  XV. 
To  PROVE  S=A'B'x  2^.UO. 

Case  I.    When  A B  is  parallel  to  XV  {Fig.  i). 

The  surface  generated  in  this  case  is  the  lateral  surface  of 
a  cylinder  of  revolution. 


Hence 
Or 


S=ABx2-rrBB'. 
S^A'irx2-rrM0. 


§778 
§937 
§117 

Q-  E.  D. 
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o^re. 


FIG.  I 


FIG.  a 


Case  II.    When  one  end  A  of  AB  is  in  JfF(Fig.  2). 

The  surface  generated  in  this  case  is  the  lateral  surface 


§794 

§956 
§286 


of  a  cone  of  revolution. 

Draw  MM'  perpendicular  to  XY, 

Then  S=ABx27rMM\ 

The  triangles  AB'B  and  MM'O  are  similar. 

AB'     MM'     2irMM' 

Hence  TT:  ~T77r  == TTTT  *  §274 

AB     MO       27rMO  ^    ^^ 

Hence  AB  x  2irM2\r  =  AB'  x  27rJ/a  §  250 

Therefore  S^AB'  x  2irM0.  q.  e.  d. 

Case  III.  When  AB  is  not  parallel  to  XY  and  does  not 
meet  XY{Y\^,  3). 

The  surface  generated  in  this  case  will  be  that  of  a  frus- 
tum of  a  cone  of  revolution. 

Draw  MM'  perpendicular  to  XY  and  AN  perpendicular 
to  BB', 

Then  S^AB  x  2irMM'.  %  964 

The  triangles  ANB  and  MM'O  are  similar.  §  286 

AN    MM'     2irMM' 

Hence  ^^ ^^ • 

AB     MO       zitMO 

n^ncQ  ABx2TrMM'  =  ANx2irMO  =  A'B'x2irMO. 

Therefore  S=A ' B'  x  2irMg^  q.  e.  d. 

•978.  Def. — A  broken  line  is  a  line  which  is  not  straight, 

but  consists  of  several  straight  parts. 
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PROPOSITION   X.      THEOREM 
979.   The  area  of  a  zone  is  equal  to  the  product  of  its  alti- 
tude by  the  circu  mference  of  a  great  circle. 


CivEN— a  zone  formed  by  Ihc  revolution  of  the  arc  AD  of  the  semi- 
circle /M.S"  about  its  diameter  //Sas  an  anis.  Lei  A'ly  be  the  al- 
titude of  the  zone  and  O  the  centre  of  the  semicircle. 

To  pmiVE  area  zone  AD=A'/.rx2nOA. 

Divide  tlic  arc  AD  into  any  number  of  equal  parts,  AB, 
BC,  CD.     Draw  the  chords  AB,  BC,  CD. 

Also  ilr.iw  AA\  BB\  CC .  DD'  perpendicular  to  HS  and 
OM  pi:r[n.'iidicular  to  AB. 

Denote  by  "arcayl^"  the  area  of  the  surface  generated 
by  the  straight  line  AB  in  revolving  about  HS. 


Then  area  AB  =  A'/!' x  ZttOM. 


S977 


Similarly  area  BC^B'C  xi-rrOM.  %%  164,  170 

and  area  CD  =  C'D'  x  ivOM. 

Adding  these  equations  we  have 

area  broken  line  A BCD^\  A ' B'  +  B'C'-^-CD') x  2-irOM 
^A'D'xztOM. 
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Now  let  the  number  of  divisions  of  the  arc  AD  be  in- 
creased indefinitely. 

Then  the  broken  line  approaches  the  arc  AD  as  a  limit 
and  OM  approaches  the  radius  OA  of  the  sphere  as  a  limit. 

Moreover,  the  limit  of  the  surface  generated  by  the  broken 
line  ABCD  will  be  the  surface  generated  by  the  limit  of  the 
broken  line,  that  is,  by  the  arc  AD. 

This  latter  is  the  zone  AD. 

Therefore      area  zone  AD=A'D' xztrOA.  §  i86 

Q.  E.  D. 

980.  COK.  I.  Let  5  denote  the  area  of  the  zone,  /f  its 
altitude,  and  R  the  radius  of  the  sphere. 

Then  S^-2-rrRH. 

981.  Cor.  II.  Two  zones  on  the  same  sphere,  or  on  equal 
spheres,  are  to  each  other  as  their  altitudes. 

982.  Cor.  III.  A  zoneof  ouf  base  is  equivalent  to  a  circle 
whose  radius  is  the  chord  of  the  generating  arc  of  the  zone. 


e  //A  =  iitOMx  HA'  =  xNS>:  IIA-  =  tHA*. 
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983,  Cor.  IV.   T/ic  surface  of  a  splicre  is  equivalent  to 

four  great  firc/es. 

Ilml. — Tlie  surface  may  be  considered  to  be  a  zone  whose  altitude  i(  tlie 
diameter  of  ihe  sphere. 

Hence  its  aren  it.  2irA'  x  aA"  =  4irA''. 

i)8-i>  Cor.  V.   Tivo  spherical  surfaces  are  to  each  other  as 
the  squares  of  tluir  radii  or  as  the  squares  of  their  diameters. 

PROPO.SITION   XI.      LEMMA 
08S,  If  a  triangle  revolve  about  an  axis  situated  in  its 
plane  and  passing  through  the  vertex  ivithout  crossing  its  sur- 
face, the  volume  generated  tvill  be  equal  to  the  area  generated 
by  the  base  multiplied  by  one-third  of  the  altitude. 

Given  — the  triangle  AilC  revolving  about  an  axis  -VK  passing 
through  the  vertex  -J  without  crossing  the  triangle.  Let  the  aItU 
tude  of  the  triangle  he  AD. 

To  PROVF.  vol.  yen.  by  .-lBC=3.Kii  NCXiAn. 


JUJII^H 

^^^^^v^^^i 

^9 

nm^i 

^^^^K^^^^H 

Case  1.    il'lien  one  side  of  the  triangle  AliC,  as  AB,  /ies 
in  the  axis. 

Draw  CE  perpendicular  to  the  axis. 
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If  this  perpendicular  falls  within  the  triangle  (Fig.  i),  the 
volume  generated  by  the  triangle  ABC  is  the  sum  of  the 
volumes  generated  by  the  triangles  BEC  and  AEC.  That 
is,  \o\.ABC=\o\.BEC-\'\o\.AEC.     (i) 

If  the  perpendicular  falls  without  the  triangle  (Fig.  2),  the 
volume  generated  by  the  triangle  ABC  is  the  difference  of 
the  volumes  generated   by  the  triangles  BEC  and  AEC 
That  is,       vol.  ABC^voX.  BEC -vol  AEC     (2) 
Now  in  either  case 

vol.  BEC^WEC"  xBE  §  966 

and  vol.  AEC=^EC^  xAE. 

Substituting  these*  values  in  (i),  we  have 

vol.  ABC=hrEr  X  {BE-^AE). 
For  this  case  BE-\-AE=AB, 

Substituting  in  (2),  we  have 

vol.  ABC=hrEC'  X  {BE--AE). 
For  this  case  BE—AE  =  AB. 

Hence,  in  either  case, 

vol  ABC=i7rEC"xAB 

^i^rECxECxAB. 
But  ECxAB^BCxAD, 

since  each  side  is  twice  the  area  of  the  triangle  ABC. 
Therefore         vol  ABC=hrECxBCx  AD, 
But  irECx  BC  is  the  area  of  the  conical  surface  generated 

hy  BC  §955 

Therefore        vol.^^C=area  BCx  \AD,  q.  e.  d. 

Case  II.  When  the  triangle  ABC  has  neither  side  eoineid- 
ing  with  the  axis,  and  the  base  BC  when  produced  meets  the 
axis  in  F  (Fig.  3). 


Then  vol.  ABC=vol  AFC-vol  AFB. 


/ 
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But  vol.  AFC=z.TtA  FCx^AD, 

and  vol.  AFB=arca  FBxiA/X  Case  I 

Therefore   vol,  /J5C=(area  FC-area  FB)x\AD 

=  area  BC  x  ^A  D.  q.  b.  d. 

,  Case  III.    When  the  base  BC  of  the  triangle  ABC  is  par- 
allel to  the  axis. 


According  as  AD  falls  within  (Fiy.  4)  or  witliout  (Fig,  5) 
the  triangle,  we  have 

vol.  ABC^\-o\.  W/?6>vol.  ADB,     (3) 
or  vol.  ABC=\-iA.  ADC-vol  ADB.     (4) 
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FIG.  4 


FIG.  5 


Draw  BM  2SiA  CW  perpendicular  to  XY. 
Now  for  either  figure 

vol.  ADC=vo\.  A nCN-- wol  ACN 

^m^^'xAN-'^NC'xAN      §§941,966 
•  =^JlC"  X  AN=^Aiy  X  DC 
=  2irADxDCxiAD. 
But  2irAD  X  DC  is  the  area  of  the  cylindrical  surface  gen- 
erated by  DC  §  937 
Therefore        vol.  ^Z?C  =  area  DCx^AD, 
Similarly         vol.  ADB—  area  DB  x  ^AD, 
Now,  substitutingihese  values  for  vol.  ^Z^Cand  vol.  ADB 
in  equations  (3)  and  (4),  and  remembering  that  equation  (3) 
applies  to  Fig.  4  and  equation  (4)  to  Fig.  5,  we  get 

vol.  ^Z?C=area  BCx^AD,  q.  e.  d. 


PROPOSITION   XII.      THEOREM 

i)8(i.  The  vobune  of  a  spherical  sector  is  equal  to  the  area 
of  the  zone  which  forms  its  base  iniiltiplied  by  one-third  the 
radius  of  the  sphere. 
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Given — a  spherical  sector,  formed  by  the  revolution  of  the  sector 

ADD  of  the  semicircle  HAS  about  its  diameter  HS  as  an  axis. 
To  PROVE— vol.  sph.  sect.  .-J(?0  =  area  zone  ^Z*xii3.4. 

Divide  the  arc  AD  into  any  number  of  equal  parts,  AB, 
BC,  CD. 

At  A,  B,  C,  and  D  draw  tangents  AP,  PQ,  QR,  RD. 
Draw  OB,  OC,  OP.  OQ,  OR. 

The  volume  generated  by  the  polygon  OAPQRD  is  the 
sum  of  the  volumes  generated  by  the  triangles  OAP,  OPQ, 
OQR,  ORD. 

But  \'a\.AOP=2.xe:3.APy.\OA  §985 

vol.  (?PC?=area  PQx^OB^^^cil  PQx^OA 
etc. 
Hence 

vol.  OAPQRD  =  (-.irc:i  r?/*+area  J'Q+ctc.)x^OA 
^nrc:i  A PQRDxiOA. 
Now  let  the  luimber  of  divisions  <if  tlic  arc  AD  be  indefi- 
nitely increased. 

riicii  bmUcn  lint  .//'(M'/J  a|i|irnacliea  art  A/)  ay  a  limil ; 
surfact-  jjoturaleii  liy  the  bmkeii  fiiii:  approaclics  surfate  eeiieraled  by  Ihe  arc 

thai  is,  surface  (;et^era[eil  by  Ibe  broken  line  approaclies  the  zone  A  D  as  alimit; 
volume  generated  bv  tbe  polygon  approaches  volume  generileii  by  tile  sector; 
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Ihat  is,  volume  generated  by  the  polygon  approaches  volume  spherical  seclo 

AOD: 
and  OA  is  constant. 
Therefore  vol. spli.sect./It?/?=area  zone  ^/)x^f.^.  §  i8l 


S      987.  Cor.  I.    Let  H  denote  the  altitude  of  the   zone 
^  which  forms  the  base  of  the  spherical  sector. 
(_      Then  vol.  sph.  sector=27rj?//x^y? 

988.  Cor.  II.  The  volume  of  a  sphere  is  equal  to  the  area 
of  its  surface  multiplied  by  one-third  of  its  radius. 

Hint. — A  sphere  may  be  regarded  as  a  spherical  seclor  whose  base  is  the 
surface  of  (he  sphere. 

989.  Cor.  III.  //  V  is  the  volume  of  a  sphere,  R  its 
radius,  and  D  its  diameter. 

V=4TrR'x^R=^vJi'  =  ^TrD'. 

990.  Cor.  IV.  The  volumes  of  tn'o  spheres  arc  to  each 
other  as  the  cubes  of  their  radii,  or  as  the  cubes  of  their 
diameters. 

991.  Cor.  V,  The  volume  of  a  spherical  pyramid  is  equal 
to  the  area  of  its  base  multiplied  by  one-third  the  radius  of 
the  sphere. 

Hull. — Let  -J  be  the  volume  of  the  spherical  pyramid,  j  the  area  ot  jti 
base,  and  R  the  radius  oE  (he  >[>bei'e. 

Also  lei  Fbe  the  volume  of  the  sphere  and  S  the  area  of  its  surface. 

Then  —  =  l.  S  Sot)  XII 

V      S  "    ^' 

And  r  =  i-  X  \H. 
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PROPOSITION   XIII.      THEOREM 
902.   The  volume  of  the  solid  generated  by  a  circuiar  seg- 
ment revolving  about  a  diameter  exterior  to  it  is  equal  to  one- 
sixth  the  area  of  the  circle  whose  radius  is  the  chord  of  tfu 
segment  multiplied  by  the  projection  of  that  chord  upon  the  axis. 


'•^r 


Given — a  circular  segment  ACB  revolving  about  the  diatneter  HS. 
Let  A'B'  be  the  projection  of  AH  upon  H5, 

To  PROVE  vol.  ACB=\jt'aJ^  X  A'B: 

Draw  the  radii  OA,  OB,  and  draw  OAI  perpendicular  to 
AB. 

Then  vol.  ACB=\-ol  sector  AOB~vol  triangle  AOB. 


Now  vol.  sector  ^O^=zone  WC^xid'--' 

=  2-rOAxA'£'xiOA 

=  irOA'xA'B\ 
and  vol.  triangle  ^I£:'/>  =  area  A.UBxiOM 

=  2T7OMxA'B'xi0M 

=  hr'OTl' X  A' B' . 
Hence  vol.  ACB=hrUW -in!')xA'B'. 

But  <ri'-(u7'=.ij7'=i:j>5'.      §§318.167 

Therefore  \ol  ACB=^wAif  X  A'B'.  Q.  n.  o. 
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PROPOSITION   XIV.      THEOREM 
993.   Tke  volume  of  a  spherical  segment  is  equal  to  half 
the  sum  of  its  bases  multiplied  by  its  altitude  increased  by  the 
volume  of  a  sphere  whose  diameter  is  equal  to  that  altitude. 


n 

■■ 

n           X 

B' 

a' 

lg 

r^^i 

GivKN — a  spherical  segment,  generated  by  the  revolution  of  the  fig- 
ure ACB&A'  about  the  diameter  HS  of  the  semicircle  HBS.  the 
lines  AA'  and  BB'  generating  the  bases,  and  the  arc  ACB  generat- 
ing the  curved  surface  of  the  segment.  Denote  BB'  by  r,  A  A'  by 
r",  A'B'  by  k,  and  the  volume  of  the  spherical  segment  by  V. 

To  PROVE  r  =  i(jr?-"-|-jrr'V'+M'- 

The  volume  of  the  spherical  segment  is  the  sum  of  the 
volume  generated  by  the  circular  segment  ACB  and  the 
volume  of  the  frustum  of  a  cone  generated  by  the  trapezoid 
ABB' A'. 

Hence  V  =  i7r/I^x/^  +  i)r<r'+r"  +  rr')A.    (i)     §§992-970 

Draw  AK  perpendicular  to  BB' . 

Then  BK^r-/. 

Hence       !fi^'  =  r'-i-r''-2rr'. 

Now  ZS'  =  ZA''-t-SA^  =  //'-Hr'-|-j'"-2rr'.  §317 

Substituting  this  value  (or  A^  in  (i),  we  get 

r=J(7r/^  +  'rr")A+|7rA'.  q.  b,  d. 
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994.  Cor.    T/ie  formula  for  the  volume  of  a  spfierical 
segintnt  of  one  base  is 


/^.H/.— This  ti  o 
¥  o(  one  base  equal  ti 


y  making  the  radius 


PKOBLEMS    OF    DEMONSTRATION 

99a,  Exercise. — The  lateral  area  of  a  cylinder  of  revolu- 
tion is  equal  to  the  area  of  a  circle  the  radius  of  which  is  a 
mean  proportional  between  the  altitude  of  the  cylinder  and 
the  diameter  of  it«  base, 

99H,  Exercise. — The  volume  of  a  cylinder  is  equal  to  the 
product  of  the  area  of  a  right  section  by  an  element. 

997>  Exercise. — The  area  of  a  sphere  is  equal  to  the  lat- 
eral area  of  a  circumscribed  cylinder  nf  revolution. 

U9S,  Exercise.— "Vhi:  volume  of  a  sphere  is  two-thirds  the 
volume  of  a  circumscribed  cylinder  of  revolution. 

999.  E.vereise.—U  a  cylinder  of  revolution  of  which  the 
a^   ^P  equal  to  the  diameter  of  the  base,  and  a  cone  of 

/     \\ 
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revolution  of  which  the  slant  height  is  equal  to  the  diameter 
of  the  base,  be  inscribed  in  a  sphere ;  the  total  area  of  the 
cylinder  is  a  mean  proportional  between  the  area  of  the 
sphere  and  the  total  area  of  the  cone,  and  the  volume  of  the 
cylinder  is  a  mean  proportional  between  the  volume  of  the 
sphere  and  the  volume  of  the  cone. 

1000.  Exercise. — If  a  cylinder  of  revolution  of  which 
the  altitude  is  equal  to  the  diameter  of  the  base,  and  a  cone 
of  revolution  of  which  the  slant  height  is  equal  to  the  diam- 
eter of  the  base,  be  circumscribed  about  a  sphere;  the  total 
area  of  the  cylinder  is  a  mean  proportional  between  the  area 
of  the  sphere  and  the  total  area  of  the  cone,  and  the  volume 
of  the  cylinder  is  a  mean  proportional  between  the  volume 
of  the  sphere  and  the  volume  of  the  cone. 

1001.  Exercise, — Show  that  two  cylinders  of  revolution, 
whose  lateral  areas  are  equal,  are  to  each  other  as  their  radii, 
or  inversely  as  their  altitudes. 

PROBLEMS   FOR   COMPUTATION 

1002.  (i.)  A  right  section  of  a  cylinder  is  a  circle  whose 
radius  is  3  ft.;  an  element  of  the  cylinder  is  13  ft.  Find 
the  lateral  area. 

(2.)  A  cylindrical  boiler  is  12  ft.  long  and  6  ft.  in  diam- 
eter. Find  its  surface,  and  the  number  of  gallons  of  water 
it  will  hold. 

(3.)  A  cylindrical  pail  is  6  in.  deep  and  7  in.  in  diameter. 
Find  its  contents  and  the  amount  of  tin  required  for  its 
construction. 

(4.)  Find  the  volume  generated  by  a  rectangle  9  dc 
long  and  4  dcm.  broad  {a)  in  revolving  about  its  longer 
ip)  in  revolving  about  its  shorter  side. 


> 
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(5.)  A  conical  cistern  is  13  in.  deep  and  12  in.  across  the 
•  top,  which  is  circular.     Find  its  contents. 

(6.)  A  conical  church  steeple  is  50  ft.  high  and  10  ft.  in 
diameter  at  the  base.  How  much  would  it  cost  to  paint 
the  steeple  at  10  cents  a  square  foot? 

(7.)  A  cube,  an  edge  of  which  is  2  in.,  is  inscribed  in  a 
cone  of  revolution,  of  which  the  altitude  is  5  in.  Find  the 
volume  of  the  cone. 

(8.)  The  sides  of  an  equilateral  triangle  are  each  10  in. 
What  is  the  volume  generated,  if  the  triangle  revolve  about 
its  altitude?     What  is  the  area  of  the  surface  generated  ? 

(9.)  The  sides  of  a  triangle  are  each  12.49  ^"'  What  is 
the  volume  generated  if  the  triangle  revolve  about  one  side  ? 
What  is  the  area  of  the  surface  generated  ? 

(10.)  Find  the  total  area  of  a  frustum  of  a  cone  of  revolu- 
tion, the  radii  of  whose  bases  are  12  cm.  and  7  cm.,  and 
whose  altitude  is  9.7  cm. 

(11.)  Find  the  volume  of  a  frustum  of  a  circular  cone,  the 
areas  of  whose  bases  are  12  sq.  in.  and  8  sq.  in.,  and  whose 
altitude  is  5  in. 

(12.)  If  the  radius  of  a  sphere  is  647  cm., 
{a.)  What  is  its  area  ? 
(b,)  What  is  its  volume? 

{c.)  What  is  the  area  of  a  lune  whose  angle  is  35°  ? 
{d,)  What  is  the  volume  of  the  spherical  ungula  whose 

base  is  the  preceding  lune? 
(r.)  What  is  the  area  of  a  spherical  polygon  whose  an- 
gles are  140'',  65'',  120°,  50°  ? 
(/.)  What  is  the  volume  of  the  spherical  pyramid  whose 
base  is  the  preceding  spherical  polygon. 
(13.)  A  sphere  and  a  cylinder  of  revolution  have  equal 
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areas.  What  is  the  ratio  of  the  area  of  a  sphere  of  half  the 
diameter  to  the  area  of  a  similar  cylinder  of  two-thirds  the 
altitude  ? 

(14.)  How  many  marbles  f  in.  in  diameter  can  be  made 
from  icx)  cu.  in.  of  glass,  if  there  is  no  waste  in  melting? 

(15.)  Assuming  the  earth  to  be  a  sphere  7960  miles  in 
diameter,  what  is  the  area  of  its  surface?  What  is  its 
volume? 

(16.)  The  surface  of  a  sphere  is  1.5 14  sq.  m.  Find  its 
radius. 

(17.)  The  volume  of  a  sphere  is  1000  cu.  in.  Find  its 
radius. 

(18.)  The  surface  of  a  sphere  is  4632  sq.  m.  Find  its 
volume. 

(19.)  Show  that,  if  S  is  the  surface  of  a  sphere  and  Fits 
volume,  367rF  =5  . 

(20.)  A  hollow  rubber  ball  is  2  in.  in  diameter  and  the 
rubber  is  -^  in.  thick.  How  much  rubber  would  be  used  in 
the  manufacture  of  1000  such  balls? 

(21.)  If  a  sphere  of  iron  weighs  999  lbs.,  how  much  would 
a  sphere  of  iron  of  one  third  the  diameter  weigh  ? 

(22.)  A  cone  of  revolution  and  a  cylinder  of  revolution 
each  have  as  base  a  great  circle  of  a  sphere,  and  as  alti- 
tude the  radius  of  the  sphere.  Find  the  ratios  of  the  total 
surfaces  of  the  cone  and  cylinder  to  the  surface  of  the 
sphere. 

(23.)  Find  the  ratio  of  the  volumes  of  a  cone  of  revolu- 
tion and  a  cylinder  of  revolution  to  the  volume  of  a  sphere, 
if  the  bases  of  the  cone  and  cylinder  are  each  equal  to  a 
great  circle  of  the  sphere,  and  the  altitudes  of  the  cone  and 
cylinder  are  each  equal  to  the  diameter  of  the  sphere. 
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(24.)  Find  the  total  area  and  the  volume  of  the  c>''linder 
and  of  the  cone  in  Problem  (22),  if  the  radius  of  the  sphere 
is  I  dcm. 

(25.)  Find  the  total  area  and  the  volume  of  the  cylinder 
and  of  the  cone  in  Problem  (23),  if  the  radius  of  the  sphere 
is  59.77  cm. 

(26.)  If  the  radius  of  a  sphere  is  4.581  in.,  what  is  the  area 
of  a  zone  whose  altitude  is  1.456  in.? 

(27.)  A  dome  is  in  the  form  of  a  spherical  zone  of  one 
base,  and  its  height  is  30  ft.  Find  its  surface  if  the  radius 
of  the  sphere  is  35  ft. 

(28.)  The  radius  of  a  sphere  is  6.742  in. ;  the  altitude  of  a 
zone  is  2  in.  Find  the  volume  of  the  spherical  sector  of 
which  this  zone  is  the  base. 

(29.)  Find  the  volume  of  a  spherical  segment  of  one  base 
whose  altitude  is  3  cm.,  and  the  radius  of  whose  base  is 
9.643  cm. 
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APPENDIX 

1003.  Def, — A  polygon  is  convex,  if  no  straight  line  can  meet  ite 
perimeter  in  more  than  two  points.    [Repeated  from  §  65.] 

1004.  Def. — A  polygon  is  re-entrant,  if  a  straight  line  can  be 
drawn  meeting  its  perimeter  in  more  than  two  points. 


CONVEX  POLYGON 


RB-KNTRANT  POLYGON 


1005.  Def.—K  curved  line,  or  curve,  is  a  line,  no  part  of  which  is 
straight.    [Repeated  from  §  765.] 


CURVBD  LINES 


1006.  Def, — A  curve  is  closed,  if  it  returns  upon  itself. 

1007.  Def.—K  closed  curve  is  convex,  if  no  straight  line  can  meet 
it  in  more  than  two  points. 

1008.  Def, — A  closed  curve  is  re-entrant,  if  a  straight  line  can  be 
drawn  meeting  it  in  more  than  two  points. 


CONVEX  CLOSED  CURVE 


RE-ENTRANT  CLOSED  CURVE 


'5 
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PROPOSITION  I.     THEOREM 

1009*   The  circumference  of  a  circle  is  a  convex  curve. 
For,  if  a  straight  line  could  meet  it  in  three  points,  we  would  have 
three  equal  straight  lines  (the  radii  to  the  points  of  intersection)  from 
a  point  to  a  straight  line.     It  follows  from  §  loo  that  this  is  impossible. 

1010,  Def, — A  secant  of  a  convex  closed  curve  is  a  straight  line 
meeting  it  in  two  points. 

1011,  Def — A  tangent  to  a  convex  closed  curve  is  a  straight  line 
meeting  it  in  only  one  point,  however  far  the  line  is  produced. 


SECANT 


TANCBNT 


PROPOSITION   II.      THEOREM 

1012,  A  tangent  can  be  drawn  at  any  point  of  a  coftvex  closed  curz'e. 


FIG.  I 


If  we  imagine  a  secant  PO  of  a  convex  closed  curve  to  revolve 
about  one  point  of  intersection  P  as  a  pivot,  while  the  intersection  O 
moves  along  the  curve  toward  P,  the  limiting  position  of  this  secant, 
when  O  coincides  with  P,  will  be  a  tangent  PT  to  the  curve  at  P, 

Q.  S.  D. 
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1013,  Remark.— \i  we  suppose  a  secant  PQ  to  revolve  in  the  op- 
posite direction,  so  tliat  Q  approaches  P  on  the  other  side,  its  limiting 
position  will  in  general  be  another  tangent  PT'  at  the  point  P  (Fig.  2). 
In  this  case  there  will  be  an  infinite  number  of  other  tangents,  as  Jf  J' 
These  will  all  lie  in  the  angle  through  which  PTmasi  turn,  in  the  di- 
rection in  which  PO  revolved,  to  coincide  with /T",  In  what  follows 
we  will  suppose  that  the  two  tangents,  PT  and  PT\  are  the  same 
straight  line,  as  in  Fig.  i,  thus  excluding  from  consideration  curves 
like  that  in  Fig.  2. 

That  is,  to  the  curves  here  considered,  only  one  tangent  can  be  dravin 
at  a  given  point. 

PROPOSITION   III.      THEOREM 

1014,  Two  tangents  can  be  drawn  to  a  convex  closed  curve  parallel 
to  a  given  straight  line. 


Draw  a  secant  CD  parallel  to  the  given  straight  line  AB. 

Suppose  CD  to  move  in  a  direction  perpendicular  to  AB,  but  al- 
ways remaining  parallel  to  AB. 

The  points  Cand  D  will  move  along  the  curve  and  will  ultimately 
come  together  so  as  to  coincide.^ 

If  this  limiting  position  of  CD  is  XY,  P  being  the  point  in  which 
C  and  D  coincide,  then  XY  is  tangent  to  the  curve  at  P  and  is  par- 
allel to  AB. 

If  CD  had  moved  in  the  opposite  direction  we  would  have  obtained 
another  tangent  to  the  curve  parallel  to  AB.  Hence^we  see  that  two 
tangents  can  be  drawn  to  a  convex  closed  curve  parallel  to  a  given 
straight  line.  q.  b.  d. 
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PROPOSITION  IV.     THEOREM 

1015*  A  convex  closed  curve  is  greater  than  the  perimeter  of  any 

inscribed  polygon. 

Hint. — The  proof  is  identical  with  that  of  Proposition  V.,  Book  V. 


PROPOSITION   V.      THEOREM 

lOlS*  A  convex  closed  curve  is  less  than  the  perimeter  of  a  circum^ 
scribed  polygon  or  any  enveloping  line. 

Hint, — The  proof  is  identical  with  that  of  Proposition  VI.,  Book  V. 

10t7»  Def. — A  polygon  is  equiangular  when  its  angles   are   all 
equal. 

PROPOSITION  VI.      LEMMA 

1018,  About  any  given  convex  closed  curve  an  equiangular  polygon 
of  any  required  number  of  sides  can  be  circumscribed. 


Given  ABCDEF,  any  convex  closed  curve. 

To  PROVE — an  equiangular  polygon  of  n  sides  can  be  circumscribed. 

Take  the  angle  a  one-«*'^  of  four  right  angles. 

At  any  point  A  on  the  circumference  draw  a  tangent,  and  from  A 

draw  the  secant  AX,  making  the  angle  a  with  the  tangent. 

Draw  a  tangent  to  the  curve  parallel  to  AX,  and  let  the  point  of 

tangency  be  B. 
Then  the  tangent  at  B  makes  the  angle  a  "with  the  tangent  at  A,  §  49 
In  like  manner  draw  a  tangent  at  C,  making  the  angle  a  with  the 
cond  tangent,  and  so  proceed  until  n  tangents  are  drawn. 
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The  last  tangent  must  form  in  like  manner  the  angle  a  with  the 
first  tangent,  otherwise  the  sum  of  the  n  exterior  angles  of  the  poly- 
gon would  not  equal  four  right  angles.  §  69 

Since  the  exterior  angles  are  all  equal,  their  supplementary  angles, 
the  angles  of  the  polygon,  must  be  all  equal. 

Hence  the  polygon  is  equiangular  and  of  n  sides.  q.  e.  d. 


PROPOSITION  VII.     THEOREM 

1019  m  The  circumferefice  of  a  convex  closed  curve  is  the  limit  which 
the  perimeters  of  a  series  of  inscribed  and  circumscribed  polygons  ap- 
proach  when  the  number  of  their  sides  is  indefinitely  increased ;  and 
the  area  of  the  curve  is  the  limit  of  the  areas  of  these  polygons. 


Given  any  convex  closed  curve  C, 

To  PROVE — I.  Its  circumference  is  the  common  limit  which  the  perimeters  of 
a  series  of  inscribed  and  circumscribed  jwlygons  approach  when  tlie  number 
of  their  sides  is  indefinitely  increased. 

II.  The  area  of  the  curve  is  the  common  limit  which  the  areas  of  the  in- 
scribed and  circumscribed  pK)lygons  approach  when  the  number  of  their  sides 
is  indefinitely  increased. 
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A'  A 


Draw  AB  of  any  assigned  length,  no  matter  how  small.  We  shall 
prove  that  the  difference  between  the  inscribed  and  circumscribed 
perimeters  can  be  made  less  than  AB, 

Conceive  the  straight  line  AD,  equal  in  length  to  the  circumfer- 
ence of  C  to  be  drawn  perpendicular  to  AB.    Join  BD. 

Now  divide  4  right  angles  into  such  a  number  of  equal  parts  that 
each  part  a  shall  be  less  than  the  angle  BDA,  Let  n  be  the  number 
of  parts. 

Circumscribe  about  Can  equiangular  polygon  of ;/  sides  whose  ex- 
terior angle  is  a,  §  1018 

Join  the  points  of  tangency,  forming  an  inscribed  polygon  of  n 
sides. 

From  the  vertices  of  the  circumscribed  polygon  draw  perp)endicu- 
lars  to  the  sides  of  inscribed  polygon,  thus  forming  2//  right  triangles. 

The  angles  at  5,  T,  U,  V,  etc.,  between  the  tangents  and  chords. 
SLSxorj^,  are  each  less  than  a  (§  59),  and  therefore  still  less  than  angle 
ADB, 

Of  these  angles  x,jf,  etc.,  select  the  greatest,  and  place  the  right 
triangle  containing  it  within  the  angle  ADB  in  the  position  DEH. 
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In  like  manner  place  all  the  other  right  triangles  along  DA,  as 
EFG,  etc.,  irrespective  of  order.     Let  the  last  one  extend  to  A', 

Thus  the  sum  of  the  bases,  or  DA\  equals  the  inscribed  perimeter 
(less  than  DA\  and  the  sum  of  the  hypotenuses  equals  the  circum- 
scribed perimeter. 

Produce  DH  to  meet  the  perpendicular  AB'  at  K, 

I.  Any  hypotenuse,  as  MP,  can  easily  be  proved  less  than  M'P\  the 
portion  of  DK  included  between  perpendiculars  at  M  and  N,        §  99 

Hence,  adding  all  such  inequalities,  DK  is  greater  than  the  sura 
of  the  hypotenuses  DH,  EG,  etc. 

That  is.  DK  is  greater  than  the  circumscribed  perimeter. 

Now  DA'  is  equal  to  the  inscribed  perimeter. 

Hence  the  difference  of  the  circumscribed  and  inscribed  perimeters 
is  less  than  DK—  DA', 

But  DK—DA'  is  less  than  KA'.  §  137 

And  KA'  is  less  than  A'B'.    And  A'B'  is  less  than  AB. 

Much  more,  therefore,  is  the  difference  of  the  perimeters  less  than 
AB, 

We  can  thus  make  the  difference  of  perimeters  as  small  as  we  please. 

But  the  circumference  is  always  intermediate  between  the  perim- 
eters. 

Hence  either  perimeter  can  be  made  to  differ  from  the  circumfer- 
ence by  less  than  any  assigned  quantity. 

Therefore  the  circumference  is  the  common  limit  to  which  the 
perimeters  approach.  q.  e.  d. 

II.  Moreover,  the  difference  between  the  areas  of  the  inscribed  and 
circumscribed  polygons  consists  of  the  2n  right  triangles,  which  is 
less  than  the  triangle  ADB,  ' 

But  since  the  base  AD  of  this  triangle  is  constant  we  can  make  its 
area  as  small  as  we  please  by  making  its  altitude  AB  as  small  as  we 
please.  §  187 

Hence  the  difference  between  the  polygons  can  be  made  as  small 
as  we  please. 

But  the  area  of  the  curve  is  always  intermediate  between  the 
polygons. 
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Hence  either  polygon  can  be  made  to  differ  from  the  area  of  the 
curve  by  less  than  any  assigned  quantity. 

Therefore  the  area  of  the  curve  is  the  common  limit  to  which  the 
polygon-areas  approach.  q.  b.  d. 

MAXIMA   AND  MINIMA  OF  PLANE  FIGURES 

1020,  Def, — Of  the  values  which  a  variable  quantity  assumes,  the 
largest  value  is  called  the  maximum ;  the  smallest,  the  minimum. 

Thus,  the  diameter  of  a  circle  is  the  maximum  among  all  straight 
lines  joining  two  points  of  the  circumference ;  and  among  all  the  lines 
drawn  from  a  given  point  to  a  given  straight  line  the  perpendicular  is 
the  minimum. 

PROPOSITION  VIII.     THEOREM 

1021,  Of  all  triangles  having  the  same  base  and  equal  areas,  that 
which  is  isosceles  has  the  minimum  perimeter. 


Given — the  isosceles  triangle  ABC  and  any  other  triangle  DBC  having  an 
equal  area  and  the  same  base  BC. 

To  PROVE — the  perimeter  of  ABC  is  less  than  the  perimeter  of  DBC. 

Outline  proof ,—lht,  vertices  A  and  D  are  in  the  straight  line  XY 
parallel  to  BC.    (Why  }) 

Draw  CE  perpendicular  to  BC,  meeting  BA  produced  at  jF.     Join 
DF. 

The  angle  C4£'=  angle  FAE,  and  the  triangle  C^£'=  triangle  FAE. 

Hence  AE  is  perpendicular  to  CF  at  its  middle  point. 

Now  AB+AF<iDB-\-DF. 

Or  AB+AC<DB-\-DC. 

Hence  BC+AB+AC<iBC  +  DB+DC.  q.  ^  jy 
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1022*  Remark. — The  converse  of  the  preceding  proposition  is  also 
true,  viz. :  0/  all  triangles  having  the  same  base  and  equal  areas,  that 
which  has  the  minimum  perimeter  is  isosceles.  In  fact,  it  is  practically 
the  same  theorem  as  the  proposition  itself,  for  there  is  only  one  isos- 
celes triangle  fulfilling  the  given  conditions,  and  only  one  triangle  of 
minimum  perimeter  fulfilling  the  given  conditions ;  just  as  to  say  that 
John  Smith  is  the  tallest  man  in  the  room  is  equivalent  to  saying  that 
the  tallest  man  in  the  room  is  John  Smith,  provided  we  know  that 
there  is  only  one  John  Smith  in  the  room  and  only  one  tallest  man. 

1023*  Cor.  0/  all  triangles  having  the  same  area,  that  which  is 
equilateral  has  the  minimum  perimeter, 

1024.  Def. — When  two  figures  have  equal  perimeters  they  are 
called  isoperimetric 


PROPOSITION  IX.     THEOREM 

1025*  Of  all  isoperimetric  triangles  having  the  same  base,  that 
which  is  isosceles  has  the  maximum  area, 

A 


Given — the  isosceles  triangle  ABC  and  any  other  triangle  DBC  having  an 
equal  perimeter  and  the  same  base  BC. 


To  PROVE 


the  area  ol  ABC>  area  DBC. 


Outline  proof.— Dx2i^  AE  perpendicular  to  BC  and  DF  parallel  to 
BC. 

Join  FB  and  FC. 

The  triangles  FBC  and  DBC  have  equal  areas. 

But  FBC  is  isosceles. 

Therefore  perimeter  FBC<C  perimeter  DBC, 

Or  perimeter  FBC<C  perimeter  ABC, 

Hence  BF<C  BA,  and  FE  <  AE, 

Therefore  the  area  of  triangle  ABC^  area  of  triangle  DBC.    q.  b.  i>. 
15* 
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102€.  Cor.  O/  all  isofierimetn'c  trianghs,  thai  ^vkick  fs  equilattrai 

has  the  maximum  area. 

PROPOSITION   X.     THEOREM 

1027 •  Of  all  triangles  haz'ing  two  sides  of  one  equal  to  izvo  s/tfes  cf 
the  other,  that  in  which  these  two  sides  are  Perpendicular  to  each  other 
is  the  maximum. 


The  proof  is  left  to  the  studenL 


PROPOSITION   XI.     THEOREM 

1028,  The  locus  of  the  vertex  of  a  right  angle  'whose  sides  pass 
through  two  fixed  points  is  the  circumference  of  a  circle  Tvhose  liiame^ 
ter  is  the  straight  line  joining  those  points. 


flint.— 'A\)\i\y  g^  202,  207,  210. 


PROPOSITION   XII.      THEOREM 


1020 •  Of  all  isoperimetric  plane  figures,  the  maximum  figure 


ss  a 


<.  \ 
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N — among  any  number  of  isoperiroelric  plane  figures  the  figure  of 

a  A  BCD  A. 

ROVE  thit  ABCDA  is  a  circle.  . 


s  perimeter  ii 


First,  draw  any  straight  line  AC  (Fig.  i),  dividing  it 
two  pans  of  equal  length. 

Then  AC  will  also  divide  its  surface  into  two  parts  of  equal  area. 

For,  if  not,  as  for  example  if  area  ABC^  area  ADC,  form  the  figure 
AB'C  symmetrical  to  ABC  by  revolving  ABC  on  AC  as  an  axis. 

Then  the  figure  ABCB'A  would  be  greater  than  ABCDA  and  would 
have  the  same  perimeter. 

Hence  ABCDA  would  not  be  the  maximum. 

This  would  be  contrary  to  the  hypothesis. 

Therefore  AC  does  divide  the  surface  Into  two  equivalent  parts. 

Secondly,  take  any  point  B  in  the  semiperimcter  ABC. 

We  wili  prove  that  the  angle  ABC  is  a  right  angle. 

Form  the  figure  /ffl'C  symmetrical  to  ABC. 

Then  area  /ifi'C=area  ABC. 

But  we  have  just  proved  area  .45C=area  ADC. 

Therefore  area  ABCB'A=arta  ABCDA. 

That  is,  ABCB'A  is  equivalent  to  the  maximum  figure. 

Now.  if  the  angle  ABC  were  not  a  right  angle,  J 
the  area  of  the  equal  triangles  ABC  and  AB'C  bjj 
A  and  C  nearer  te^ethcr  or  farther  apart,  s 
angle,  without  changing  the  lengths  of  the  straigll 
B'C,  and  without  changing  the  areas  of  the  s 
AM'B;  B'N'C. 
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FIG.  9 


In  doing  this  the  area  of  the  whole  figure  ABCB'A  would  be  in- 
creased. 

But  this  is  impossible,  since  ABCB'A  is  equivalent  to  the  maximum 
figure. 

Therefore  ABC  must  be  a  right  angle. 

In  like  manner,  if  we  should  choose  any  point  D  in  the  semipe- 
rimeter  ADC,  we  could  show  that  ADC  would  be  a  right  angle. 

Therefore  the  figure  ABCDA  is  a  circle.  §  1028 

Q.  K.  D. 


PROPOSITION   XIII.      THEOREM 

1030*  Of  all  plane  figures  containing  the  same  area,  the  circle  has 
the  minimum  perimeter. 


Given — a  circle  C,  and  any  other  figure  A  having  the  same  area  as  C. 
To  PROVE  the  perimeter  of  C  is  less  than  that  of  A. 

Let  -5  be  a  circle  having  the  same  perimeter  as  the  figure  A, 

Then  area  A  <  area  B,  or  area  C<  area  B.  $  1029 

Now.  of  two  circles,  that  which  is  the  less  has  the  less  perimeter. 

§8  49*.  499 
Therefore  the  perimeter  of  C  is  less  than  the  perimeter  of  B^  or  less 

e  perimeter  of  A,  q,  b.  d. 
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PROPOSITION  XIV.     THEOREM 

103 !•  Of  all  the  polygons  cotistructed  with  the  same  given  sides,  that 
is  the  maximum  which  can  be  inscribed  in  a  circle. 


Given — a  polygon  P  inscribed  in  a  circle,  and  P,  any  other  polygon  construct- 
ed with  the  same  sides  and  not  inscriptible  in  a  circle. 


To   PROVE 


that  P>P. 


Upon  the  sides  of  the  polygon  P'  construct  circular  segments  equal 
to  those  on  the  corresponding  sides  of  P, 

The  whole  figure  5'  thus  formed  has  the  same  perimeter  as  the 
circle  5. 

Therefore  area  of  5  >  area  of  5*.  §  1029 

Subtracting  the  circular  segments  from  both, 

P>P\  Q.  E.D. 

PROPOSITION  XV.     THEOREM 

1032.  Of  all  isoperimetric  polygons  having  the  same  number  of  sides 
the  maximum  is  a  regular  polygon. 


B 


Given — P  the  maximum  of  all  the  isoperimetric  polygons  of  the  same  number 
of  sides. 


To  PROVE 


that  /'  is  a  regular  polygon. 
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B 


If  two  of  its  sides,  as  AB',  B'C,  were  unequal,  the  isosceles  triangle 
ADC,  having  the  same  perimeter  as  AB'C  and  a  greater  ar^a,  could 
be  substituted  for  the  triangle  ABC.  §  1025 

This  would  increase  the  area  of  the  whole  polygon  without  chang- 
ing the  length  of  the  perimeter  or  the  number  of  its  sides. 

Hence  the  sides  of  the  maximum  polygon  must  be  all  equal. 

But  the  maximum  of  all  polygons  constructed  with  the  same  given 
sides  must  be  inscriptible  in  a  circle.  §  103 1 

Therefore  /*  is  a  regular  polygon.  §§  164,  469 

Q.  E.  D. 

PROPOSITION   XVI.      THEOREM 

1033*  Of  all  polygons  having  the  same  number  of  sides  and  the 
same  area,  the  regular  polygon  has  the  minimum  perimeter. 


N 


Given — P,  a  regular  polygon,  and  M,  any  other  polygon  of  the  same  number 
of  sides  and  area  as  P. 


To   PROVE 


the  perimeter  of  /'<  perimeter  of  M. 


Let  iVbe  a  regular  polygon  having  same  perimeter  and  same  num- 
ber of  sides  as  M. 

Then  area  J/<  area  N,  or  area  /*<  area  A'^  §  jq^ 

But  of  two  regular  polygons  of  the  same  number  of  sides  the  one 
of  less  area  has  the  less  perimeter.  §^  j^g2  48^ 

Therefore  the  perimeter  P  is  less  than  that  of  N,  or  less  than  that 

Q.  E.  D. 
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PROBLEMS  OP  DEMONSTRATION 

1.  The  bisector  of  an  angle  of  a  triangle  is  less  than  haU  the  sum 
of  the  sides  containing  the  angle. 

5?.  The  median  drawn  to  any  side  of  a  triangle  is  less  than  half  the 
sum  of  the  other  two  sides,  and  greater  than  the  excess  of  chat  half 
sum  above  half  the  third  side. 

3.  The  shortest  of  the  medians  of  a  triangle  is  the  one  drawn  to  the 
longest  side. 

4.  The  sum  o(  the  three  medians  of  a  triangle  is  less  than  the  sum 
of  the  three  sides,  but  greater  than  half  their  sum. 

Ji.  In  any  triangle  the  angle  between  the  bisector  of  the  angle  op- 
posite any  side  and  the  perpendicular  from  the  opposite  vertex  on  that 
side  is  equal  to  half  the  difference  of  the  angles  adjacent  to  that  side. 

6.  LM  and  PR  are  two  parallels  which  are  cut  obliquely  by  AB  in 
the  points/j.  f.  and  at  right  angles  by  ^Cin  the  points  A,  C;  the  line 
BED,  which  cuts  AC  in  E  and  LAf  in  D.  is  such  that  ED  is  equal  to 
2AB.     Prove  that  the  angle  DBC  is  one-third  the  angle  ABC. 

7.  The  sum  of  the  diagonals  of  a  quadrilateral  is  less  than  the  sum 
of  the  four  lines  joining  any  point  other  than  the  intersection  of  the 
diagonals  to  the  tour  vertics. 

8-  The  dilTerence  between  the  acute  angles  of  a  right  triangle  is 
equal  to  the  angle  between  the  median  and  the  perpendicular  drawn 
from  the  vertex  of  the  right  angle  to  the  hypotenuse. 

9.  In  a  right  triangle  the  bisector  of  the  right  angle  also  bisects 
the  angle  between  the  perpendicular  and  the  median  from  the  vertex 
of  the  right  angle  to  the  hypotenuse. 
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10.  In  the  triangle  formed  by  the  bisectors  of  the  exterior  angles 
of  R  given  triangle,  each  angle  is  one-half  the  supplement  of  the  oppo- 
site angle  in  the  given  triangle. 

11.  A  right  triangle  can  be  divided  into  two  isosceles  triangles. 

12.  A  median  ol  a  triangle  is  greater  than,  equal  to.  or  less  than 
half  of  the  side  which  it  bisects,  according  as  the  angle  opposite  that 
side  is  acute,  right,  or  obtuse. 

13.  The  point  of  intersection  of  the  perpendiculars  erected  at  the 
middle  of  each  side  of  a  triangle,  the  point  of  intersection  of  the 
three  medians,  and  the  point  of  intersection  of  the  three  perpendicu- 
lars from  the  vertices  to  the  opposite  sides  are  in  a  straight  line ;  and 
the  distance  of  the  tirst  point  from  the  second  is  half  the  distance  of 
the  second  from  the  third. 

14.  Find  the  locus  of  a  point  the  sum  or  the  difference  of  whose 
distances  from  two  fined  straight  lines  is  given. 

15.  On  the  side  AB,  produced  if  necessary,  of  a  triangle  ABC,  AC 
is  taken  equal  to  AC;  similarly  on  AC,  AB'  is  taken  equal  to  AB,  and 
the  line  B'C  drawn  to  cut  BC  in  P.  Prove  that  the  line  AP  bisects 
the  angle  BAC. 

IG,  The  point  of  intersection  of  the  straight  lines  which  join  the 
middle  points  of  opposite  sides  of  a  quadrilateral  is  the  middle  point 
of  the  straight  line  joining  the  middle  points  of  the  diagonals. 

17.  The  angle  between  the  bisector  of  an  angle  of  a  triangle  and 
the  bisector  of  an  exterior  angle  at  another  vertex  is  equal  to  half  the 
third  angle  of  the  triangle. 

18.  If  Z. and  <1/ are  the  middle  points  of  the  sides  AB,  CB  oi  a  par- 
allelogram A  BCD.  the  straight  lines,  DL,  B.Vf  trisect  the  diagonal  AC. 

10.  ABC  is  an  equilateral  triangle;  BDand  CD  an  the  bisectors  of 
the  angles  at  //  and  C.  Prove  that  lines  through  D  parallel  to  the 
sides  ^A'and  ^C  trisect  BC. 

20.  The  angle  between  the  bisectors  (produced  only  to  their  point 
of  intersection)  of  two  adjacent  angles  of  a  quadrilateral  is  equal  to 
half  the  sum  of  the  two  other  angles  of  the  quadrilateral.  The  acute 
angle  between  the  bisectors  of  two  opposite  angles  of  a  quadrilateral 
is  equal  to  half  the  difference  of  the  other  angles. 
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21*  The  bisectors  of  the  angles  of  a  quadrilateral  form  a  second 
quadrilateral  of  which  the  opix)site  angles  are  supplementary.  When 
the  first  quadrilateral  is  a  parallelogram,  the  second  is  a  rectangle 
whose  diagonals  are  parallel  to  the  sides  of  the  parallelogram  and 
each  equal  to  the  difference  of  two  adjacent  sides  of  the  parallelogram. 
When  the  first  quadrilateral  is  a  rectangle,  the  second  is  a  square. 

22*  Two  quadrilaterals  are  equal  if  an  angle  of  the  one  is  equal  to 
an  angle  of  the  other,  and  the  four  sides  of  the  one  are  respectively 
equal  to  the  four  similarly  situated  sides  of  the  other. 
•  23.  If  two  polygons  have  the  same  number  of  sides  and  this  num- 
ber is  odd,  and  if  one  polygon  can  be  placed  upon  the  other  so  that 
the  middle  points  of  the  sides  of  the  first  fall  upon  the  middle  points 
of  the  sides  of  the  second,  the  polygons  are  equal. 

PROBLEMS   OF  CONSTRUCTION 

24.  Find  a  point  in  a  straight  line  such  that  the  sum  of  its  distances 
from  two  fixed  points  on  the  same  side  of  the  straight  line  shall  be  the 
least  possible. 

25.  Find  a  point  in  a  straight  line  such  that  the  difference  of  its 
distances  from  two  fixed  points  on  opposite  sides  of  the  line  shall  be 
the  greatest  possible. 

26.  Draw  through  a  given  ^point  within  a  given  angle  a  straight 
line  such  that  the  part  intercepted  between  the  sides  of  the  angle 
shall  be  bisected  by  the  given  point. 

27*  Through  a  given  point  without  a  straight  line  to  draw  a  straight 
line  making  a  given  angle  with  the  given  line. 

28.  Divide  a  rectangle  7  in.  long  and  3  in.  broad  into  three  figures 
which  can  be  joined  together  so  as  to  form  a  square. 

BOOK   II 

PROBLEMS  OF  DEMONSTRATION 

29.  If  a  circle  is  circumscribed  about  an  equilateral  triangle  and 
from  any  point  in  the  circumference  straight  lines  are  drawn  to  the 
three  vertices,  one  of  these  lines  is  equal  to  the  sum  of  the  other  two. 
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PROBLEMS  OF  CONSTRUCTION 

4.9.  Draw  four  circles  through  a  given  point  and  tangent  to  two 
given  circles. 

50.  Through  a  given  point  draw  a  straight  line  cutting  a  given 
straight  line  and  a  given  circle,  such  that  the  part  of  the  line  between 
the  point  and  the  given  line  may  be  equal  to  the  part  within  the  g^iven 
circle. 

51.  Find  a  point  in  a  given  straight  line  such  that  tangents  from  it 
to  two  given  circles  shall  be  equal. 

Ii2.  Construct  a  right  triangle,  having  given  one  side  and  the  per- 
pendicular from  the  vertex  of  the  right  angle  on  the  hypotenuse. 

53.  The  distances  from  a  point  to  the  three  nearest  corners  of  a 
square  are  i  in.,  2  in.,  2j  in.    Construct  the  square. 

64k*  Construct  a  right  triangle,  having  given  the  medians  from  the 
extremities  of  the  hypotenuse. 

65.  Construct  a  right  triangle,  having  given  the  difference  between 
the  hypotenuse  and  each  side. 

6Q.  Construct  a  triangle,  having  given  one  angle  and  the  medians 
drawn  from  the  vertices  of  the  other  angles. 

67.  Construct  a  triangle,  having  given  an  angle,  the  perpendicular 
from  its  vertex  on  the  opposite  side,  and  the  sum  of  the  sides  includ- 
ing that  angle. 

6S.  Having  given  two  concentric  circles,  draw  a  chord  of  the  larger 
circle,  which  shall  be  divided  into  three  equal  parts  by  the  circumfer- 
ence of  the  smaller  circle. 

69.  Inscribe  in  a  circle  a  quadrilateral  ABCD,  having  the  diagonal 
AC  given  in  direction,  the  diagonal  BD  in  magnitude,  and  having 
given  the  position  of  the  point  E  in  which  the  sides  AB  and  CD  meet 
when  produced. 

00.  Draw  a  chord  of  given  length  through  a  given  point,  within  or 
without  a  given  circle. 

01.  Construct  an  equilateral  triangle  such  that  one  vertex  is  at  a 
given  point,  and  the  other  two  vertices  are  on  a  given  straight  line 
and  a  given  circumference  respectively. 
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BOOK  III 

PROBLEMS  OF  DEMONSTRATION 

Q2*  If  from  a  given  point  straight  lines  are  drawn  to  the  extremi- 
ties of  any  diameter  of  a  given  circle,  the  sum  of  the  squares  of  these 
lines  will  be  constant. 

0«9«  The  straight  line  joining  the  middle  of  the  base  of  a  triangle  to 
the  middle  point  of  the  line  drawn  from  the  opposite  vertex  to  the 
point  at  which  the  inscribed  circle  touches  the  base,  passes  through 
the  centre  of  the  inscribed  circle. 

C4.  The  square  of  the  straight  line  joining  the  centre  of  a  circle  to 
to  any  point  of  a  chord  plus  the  product  of  the  segments  of  the  chord 
is  equal  to  the  square  of  the  radius. 

C5.  P  and  Q  are  two  points  on  the  circumscribing  circle  of  the  tri- 
angle ABCt  such  that  the  distance  of  either  point  from  /I  is  a  mean 
proportional  between  its  distances  from  B  and  C  Prove  that  the  dif- 
ference between  the  angles  PAB,  QAC  is  half  the  difference  between 
the  angles  ABC,  ACB, 

60*  If  a  quadrilateral  be  circumscribed  about  a  circle,  prove  that 
the  middle  points  of  its  diagonals  and  the  centre  of  the  circle  are  in  a 
straight  line. 

67*  From  the  vertex  of  the  right  angle  C  of  a  right  triangle  ACB 
straight  lines  CD  and  CE  are  drawn,  making  the  angles  ACD,  ACE 
each  equal  to  the  angle  B,  and  meeting  the  hypotenuse  in  D  and  E, 
Prove  that  ^^ ' :  ^F =AE  :  EB, 

68.  A  BCD  is  a  parallelogram ;  the  circle  through  A,  B,  and  C  cuts 
AD  in  A',  and  DC  in  C\    Prove  that 

A'D  :  A'C^A'C  :  A'B, 

69.  If  two  intersecting  chords  are  drawn  in  a  semicircle  from  the 
extremities  of  the  diameter,  the  sum  of  the  products  of  the  segment 
adjacent  to  the  diameter  in  each  by  the  whole  chord  is  equal  to  the 
square  of  the  diameter. 

70.  If  a  quadrilateral  circumscribe  a  circle  the  two  diagonals  and 
the  two  lines  joining  the  points  where  the  opposite  sides  of  the  quad- 
rilateral touch  the  circle  will  all  four  meet  in  a  point. 
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7i.  There  are  two  points  whose  distances  from  three  fixed  points  are 
in  the  ratios  p-  q:  r.  Prove  that  the  straight  line  joining  them  passes 
through  a  tixed  point  whatever  be  the  values  of  the  ratios. 

72.  The  lines  joining  the  vertices  of  an  equilateral  triangle  .,4irC  to 
any  point  D  meet  tlie  circumscribing  circle  in  the  points  A',  ff,  C. 
I'rove  that         AD.  AA'+BD.  liU'+CD.  CC=iAB'. 

73.  H  from  any  point  perpendiculars  are  drawn  to  all  the  sides  of  a 
polygon,  the  two  sums  of  the  squares  of  the  alternate  segments  of  the 
sides  are  equal. 

7^>  One  circle  touches  another  internally,  and  a  third  circle  whose 
radius  is  a  mean  proportional  between  their  radii  passes  through  the 
point  of  contact.  Prove  that  the  other  intersections  of  the  third  circle 
with  the  first  two  are  in  a  line  parallel  to  the  common  tangent  of  the 
first  two. 

75.  If  two  tangents  are  drawn  to  a  circle  at  the  extremities  of  a' 
diameter,  the  portion  of  any  third  tangent  intercepted  tKtwecn  them 
is  divided  at  its  point  of  contact  into  segments  whose  product  is  equal 
to  the  square  of  the  radius. 

70,  A  straight  line  AS  is  divided  harmonically  at  F  and  Q;  M.  N 
are  the  middle  points  of  AB  and  PQ.  If  ^  be  any  point  on  the  line, 
prove  that  XA.  X/l+XP.  XQ=2XM.  XN. 

77.  The  radius  of  a  circle  drawn  through  the  centres  of  the  in- 
scribed and  any  two  escribed  circles  of  a  triangle  is  double  the  radius 
of  the  circumscribed  circle  of  the  triangle. 

78.  The  centres  of  the  four  escribed  circles  of  a  quadrilateral  lie  on 
the  circumference  of  a  circle. 

79.  O,  Oj.  O,.  O,  are  the  centres  of  the  inscribed  and  three  escribed 
circles  of  a  triangle  ABC.     Prove  that 

AO.  AO,.  AO,.  A0,='a7?.  AC'. 

80.  The  opposite  sides  of  a  quadrilateral  inscribed  in  a  circle,  when 
produced,  meet  at  P  and  Q;  prove  that  the  square  of  PQ  is  equal  to 
the  sum  of  the  squares  of  the  tangents  from  P  and  Q  to  the  circle," 

LOCI 

81.  A  is  a  point  on  the  circumference  of  a  given  circle,  P  a  point 
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without  the  circle.  AP  cuts  the  circle  again  in  B,  and  the  ratio  AP'. 
AB  is  constant. 

Find  the  locus  of  P, 

82*  Find  the  locus  of  a  point  whose  distances  from  two  given 
points  are  in  a  given  ratio. 

83*  Find  the  locus  of  a  point  the  sum  of  the  squares  of  whose  dis- 
tances from  the  vertices  of  a  given  triangle  is  constant. 

PROBLEMS   OF  CONSTRUCTION 

84,  Draw  a  circle  such  that,  if  straight  lines  be  drawn  from  any 
point  in  its  circumference  to  two  given  points,  these  lines  shall  have 
a  given  ratio. 

85,  Construct  a  triangle,  having  given  the  base,  the  line  bisecting 
the  opposite  angle,  and  the  diameter  of  the  circumscribed  circle. 

86,  Construct  a  right  triangle,  having  given  the  difference  between 
the  sides  and  the  difference  between  the  hypotenuse  and  one  side. 

87*  Construct  a  triangle,  having  given  the  perimeter,  the  altitude, 
and  that  one  base  angle  is  twice  the  other. 

88.  Construct  a  triangle,  having  given  an  angle,  the  length  of  its 
bisector,  and  the  sum  of  the  including  sides. 

89.  From  one  extremity  of  a  diameter  of  a  given  circle  draw  a 
straight  line  such  that  the  part  intercepted  between  the  circumference 
and  the  tangent  at  the  other  extremity  shall  be  of  given  length. 

90.  Divide  a  semi-circumference  into  two  parts  such  that  the  radius 
shall  be  a  mean  proportional  between  the  chords  of  the  parts. 

91*  Construct  a  triangle,  similar  to  a  given  triangle,  such  that  two 
of  its  vertices  may  be  on  lines  given  in  position,  and  its  third  vertex 
be  at  a  given  point. 

92,  Through  four  given  points  draw  lines  which  will  form  a  quad- 
rilateral similar  to  a  given  quadrilateral. 

93,  Find  a  point  such  that  its  distances  from  three  given  points 
may  have  given  ratios. 

94,  Divide  a  straight  line  harmonically  in  a  given  ratio. 

9i$,  A  line  perpendicular  to  the  bisector  of  an  angle  of  a  triangle 
is  drawn  through  the  point  in  which  the  bisector  meets  the  opposite 
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side.     Prove  that  the  segment  on  either  of  the  other  sides  between 
this  line  and  the  vertex  is  a  harmonic  mean  between  those  sides. 

96.  Draw  through  a  given  point  within  a  circle  a  chord  which  shall 
be  divided  at  that  point  in  mean  and  extreme  ratio. 

PROBLEMS   FOR  COMPUTATION 

07 •  (I.)  The  sides  of  a  right  triangle  are  15  ft.  and  18  ft.  The 
hypotenuse  of  a  similar  triangle  is  20  ft.     Find  its  sides. 

(2.)  The  sides  of  a  right  triangle  are  16.213  in.  and  32426  in.  Find 
the  ratio  of  tlie  segments  of  the  hypotenuse  formed  by  the  altitude 
upon  the  hypotenuse. 

(3.)  In  an  isosceles  triangle  the  vertex  angle  is  45°;  each  of  the  equal 
sides  is  16  vds.     Find  the  base  in  meters. 

(4.)  In  a  triangle  whose  sides  are  247.93  mm.»  641.98  mm.,  521.23 
mm.,  find  the  altitude  upon  the  shortest  side. 

(5.)  In  a  triangle  whose  sides  are  4,  7,  and  9,  find  the  median  drawn 
to  the  shortest  side. 

(6.)  In  a  triangle  whose  sides  are  123.41  in.,  246.93  in.,  157.62  in., 
compute  the  bisector  of  the  largest  angle. 

(7.)  Two  adjacent  sides  of  a  parallelogram  are  49  cm.  and  53  cm. 
One  diagonal  is  58  cm.     Find  the  other  diagonal. 

(8.)  If  the  chord  of  an  arc  is  720  ft.,  and  the  chord  of  its  half  is  376 
ft.,  what  is  the  diameter  of  the  circle  } 

(9.)  From  a  point  without  a  circle  two  tangents  are  drawn  making 
an  angle  of  60^.  The  length  of  each  tangent  is  15  in.  Find  the  diam- 
eter of  the  circle. 

(10.)  Find  the  radius  of  a  circle  circumscribing  a  triangle  whose 
sides  are  35.421  cm.,  36.217  cm.,  423.92  cm. 

BOOK   IV 

PROBLEMS  OF  DEMONSTRATION 

98*  A  straight  line  AB  is  bisected  in  Cand  divided  unequally  in  Z>. 
Prove  that  the  sum  of  the  squares  on  AD  and  DB  is  equal  to  twice 
the  sum  of  the  squares  on  AC  And  CD, 
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99.  The  area  of  a  triangle  is  equal  to  the  product  of  its  three  sides 
divided  by  four  times  the  radius  of  its  circumscribed  circle. 

100.  Prove,  by  a  geometrical  construction,  that  the  square  on  the 
hypotenuse  of  a  right  triangle  is  equal  to  four  times  the  triangle  plus 
the  square  on  the  difference  of  the  sides. 

101.  Prove,  by  a  geometrical  construction,  that  the  square  on  the 
hypotenuse  of  a  right  triangle  is  equal  to  the  square  on  the  sum  of 
the  ."^ides  minus  four  times  the  triangle. 

102.  On  the  side  BC  of  the  rectangle  ABCD  as  diameter  describe 
a  circle.  From  its  centre  E  draw  the  radius  EG  parallel  to  CD  and  in 
the  direction  C  to  D.  Join  G  and  C  by  a  straight  line  cutting  the 
diagonal  BD  in  H,  From  H  draw  the  line  HK  parallel  to  CD  and 
in  the  direction  C  to  D,  cutting  the  circumference  of  the  circle  in  K, 
Join  BK  and  produce  to  meet  CD  in  L,  Then  CL  is  the  side  of  a 
square  which  is  equivalent  to  the  rectangle  ABCD. 

103.  Construct  any  parallelograms  ACDE  and  BCFG  on  the  sides 
AC  and  BC  of  a  triangle  and  exterior  to  the  triangle.  Produce  ED 
and  GF  to  meet  in  f/  and  join  NC;  through  A  and  B  draw  AL  and 
BAf  equal  and  parallel  to  NC.  Prove  that  the  parallelogram  ALMB 
is  equal  to  the  sum  of  the  parallelograms  which  have  been  constructed 
on  the  sides. 

104.  If  similar  triangles  be  circumscribed  about  and  inscribed  in  a 
given  triangle,  the  area  of  the  given  triangle  is  a  mean  proportional 
between  the  areas  of  the  inscribed  and  circumscribed  triangles. 

105.  Any  fourth  point  P  is  taken  on  the  circumference  of  a  circle 
through  A,  B,  and  C.  Prove  that  the  middle  points  of  PA,  PB,  PC 
form  a  triangle  similar  to  the  triangle  ABC  of  one-fourth  the  area, 
and  such  that  its  circumscribing  circle  always  touches  the  given  circle 
at  P. 

100.  Equilateral  triangles  are  constructed  on  the  four  sides  of  a 
square  all  lying  within  the  square.  Prove  that  the  area  of  the  star- 
shaped  figure  formed  by  joining  the  vertex  of  each  triangle  to  the 
two  nearest  corners  of  the  square  is  equal  to  eight  times  the  area 
of  one  of  the  equilateral  triangles  minus  three  times  the  area  of  the 
square. 
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107 •  A  hexagon  has  its  three  pairs  of  opposite  sides  parallel.  Prove 
that  the  two  triangles  which  can  be  formed  by  joining  alternate  ver- 
tices are  of  equal  area. 

108.  A  quadrilateral  and  a  triangle  are  such  that  two  of  the  sides 
of  the  triangle  are  equal  to  the  two  diagonals  of  the  quadrilateral  and 
the  angle  between  these  sides  is  equal  to  the  angle  between  the  diag- 
onals.    Prove  the  areas  of  the  quadrilateral  and  triangle  are  equal. 

109.  Prove  that  the  straight  lines  drawn  from  the  corners  of  a 
square  to  the  middle  points  of  the  opposite  sides  taken  in  order  form 
a  square  of  one-fifth  the  area  of  the  original  square. 

110.  The  area  of  the  octagon  formed  by  the  straight  lines  joining 
each  vertex  of  a  parallelogram  to  the  middle  points  of  the  two  op- 
posite sides -is  one-sixth  the  area  of  the  parallelogram. 

111.  A  BCD  is  a  parallelogram.  A  point  E  is  taken  on  CD  such 
that  CE  is  an  n^^  part  of  CD ;  the  diagonal  AC  cuts  BE  in  F,  Prove 
the  following  continued  proportion  connecting  the  areas  of  the  parts 
of  the  parallelogram 

ADEFA  :  AFB  :  BFC  :  CFE=n*-{-n—i  :  n*  :  n  :  i 

112.  The  squares  ACKE  and  BCID  are  constructed  on  the  sides 
of  a  right  triangle  ABC;  the  lines  AD  and  BE  intersect  at  G\  AD 
cuts  CB  in  //,  and  BE  cuts  AC  in  F.  Prove  that  the  quadrilateral 
FCHG  and  the  triangle  ABG  are  equivalent. 

PROBLEMS  OF  CONSTRUCTION 

113.  Construct  an  equilateral  triangle  which  shall  be  equal  in  area 
to  a  given  parallelogram. 

114.  Construct  a  square  wWch  shall  have  a  given  ratio  to  a  given 
square. 

115.  A  pavement  is  made  of  black  and  white  tiles,  the  black  being 
squares,  the  white  equilateral  triangles  whose  sides  are  equal  to  the 
sides  of  the  squares.  Construct  the  pattern  so  that  the  areas  of  black 
and  white  may  be  in  the  ratio  Vs  :  4- 

110.  Produce  a  given  straight  line  so  that  the  square  on  the  whole 
line  shall  have  a  given  ratio  to  the  rectangle  contained  by  the  given 
line  and  its  extension.    When  is  the  problem  impossible  ? 
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117 •  Find  a  point  in  the  base  produced  of  a  triangle  such  that  a 
straight  line  drawn  through  it  cutting  a  given  area  from  the  triangle 
may  be  divided  by  the  sides  of  the  triangle  into  segments  having  a 
given  ratio. 

118.  Bisect  a  given  quadrilateral  by  a  straight  line  drawn  through 
a  vertex. 

PROBLEMS   FOR  COMPUTATION 

119»  (I.)  If  the  area  of  an  equilateral  triangle  is  164.51  sq.  in.,  find 
its  perimeter. 

(2.)  The  perimeter  of  an  equilateral  pentagon  is  25.135  ft.  Its  area 
is  23.624  sq.  ft.  Find  the  area  of  a  similar  pentagon  one  of  whose 
sides  is  10.361  ft. 

(3.)  Find,  in  acres,  the  area  of  a  triangle,  if  two  of  its  sides  are  16.342 
rds.  and  23.461  rds.,  and  the  included  angle  is  135°. 

(4.)  Find  the  area  of  the  triangle  in  the  preceding  example  in  hec- 
tares. 

(5.)  The  sides  of  a  triangle  are  13.461,  16.243,  and  20.042  miles.  Find 
the  areas  of  the  parts  into  which  it  is  divided  by  any  median. 

(6.)  The  sides  of  a  triangle  are  12  in.,  15  in.,  and  17  in.  Find  the 
areas  of  the  parts  into  which  it  is  divided  by  the  bisector  of  the  small- 
est angle. 

(7.)  Two  sides  of  a  triangle  are  in  the  ratio  2  to  5.  Find  the  ratio 
of  the  parts  into  which  the  bisector  of  the  included  angle  divides  the 
triangle. 

(8.)  The  altitude  upon  the  hypotenuse  of  a  right  triangle  is  98.423 
in.  One  part  into  which  the  altitude  divides  the  hypotenuse  is  four 
times  the  other.     Find  the  area  of  the  triangle. 

(9.)  Find  the  perimeter  of  the  triangle  in  the  preceding  example. 

(10.)  The  areas  of  two  similar  polygons  are  22.462  sq.  in.  and  14.391 
sq.  m.  A  side  of  the  first  is  2  in.  Find  the  homologous  side  of  the 
second. 

(II.)  The  sides  of  a  triangle  are  .016256,  .013961,  and  .020202.  Find 
the  radius  of  the  inscribed  circle. 

(12.)  A  mirror  measuring  33  in.  by  22  in.  is  to  have  a  frame  of  uni- 
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form  widtli  whose  area  is  to  equal  the  area  of  the  mirror ;  find  what 
the  width  of  the  frame  should  be. 

(13.)  The  sum  of  the  radii  of  the  inscribed,  circumscribed,  and  an 
escribed  circle  of  an  equilateral  triangle  is  unity.  What  is  the  area  of 
the  triangle  ? 


PROBLEMS  OF  DEMONSTRATION 

120.  An  equilateral  polygon  inscribed  in  a  circle  is  regular.  An 
equilateral  polygon  circiimscribed  aboiit  a  circle  is  r^^ular,  if  the 
number  of  sides  is  odd. 

121.  An  equiangular  polygon  inscribed  in  a  circle  is  regular  if  the 
number  of  sides  is  odd.  An  equiangular  polygon  circumscribed  about 
a  circle  is  regular. 

122.  The  diagonals  of  a  regular  pentagon  are  equal. 

123.  Tlie  pentagon  formed  by  the  diagonals  of  a  regular  pentagon 
is  regular. 

12i.  An  inscribed  regular  octagon  is  equivalent  to  a  rectangle 
whose  sides  are  equal  to  the  sides  of  an  inscribed  %nd  a  circumscribed 

125,  If  a  triangle  is  formed  having  as  sides  the  radius  of  a  circle, 
the  side  of  an  inscribed  regular  pentagon,  and  the  side  of  an  inscribed 
regular  decagon,  this  triangle  will  be  a  right  triangle. 

12G,  The  area  of  a  reguiar  hexagon  inscribed  in  a  circle  is  a  mean 
proportional  between  ihe  areas  of  the  inscribed  and  circumscribed 
equilateral  triangles. 

127,  If  perpendiculars  are  drawn  from  the  vertices  o(  a  reg:ular 
polygon  to  any  straight  line  through  its  centre,  the  sum  of  those 
which  fall  upon  one  side  of  the  line  is  equal  to  the  sum  of  those  which 
fall  upon  the  other  side. 

128,  The  area  of  any  regular  polygon  inscribed  in  a  circle  is  a 
mean  proportional  between  the  areas  of  the  inscribed  and  circum- 
scribed polygons  of  halt  the  number  of  sides. 

129,  If,  on  the  sides  of  a  right  triangle  as  diameters,  semi-circum- 
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ferences  are  described  exterior  to  the  triangle,  and  a  circumference  is 
drawn  through  the  three  vertices,  the  sum  of  the  crescents  thus  formed 
is  equivalent  to  the  triangle. 

ISO,  If  two  circles  are  internally  tangent  to  a  third  circle  and  the 
sum  of  their  radii  is  equal  to  the  radius  of  the  third  circle,  the  shorter 
arc  of  the  third  circle  comprised  between  their  points  of  contact  is 
equal  to  the  sum  of  the  arcs  of  the  two  small  circ  es  from  their  points 
of  contact  with  the  third  circle  to  their  intersection  which  is  nearest 
the  large  circle. 

131.  If  CD  is  the  perpendicular  from  the  vertex  of  the  right  angle 
of  a  right  triangle  ABC^  prove  that  the  areas  of  the  circles  inscribed 
in  the  triangles  ACD,  BCD  are  proportional  to  the  areas  of  the  tri- 
angles. 

PROBLEMS  OF  CONSTRUCTION 

132,  To  construct  a  circumference  whose  length  shall  equal  the 
sum  of  the  lengths  of  two  given  circumferences. 

133*  To  construct  a  circle  equivalent  to  the  sum  of  two  given  circles. 

134.  To  inscribe  a  regular  octagon  in  a  given  square. 

135.  To  inscribe  a  regular  hexagon  in  a  given  equilateral  triangle. 

136.  DiviJe  a  given  circle  into  any  number  of  parts  proportional 
to  given  straight  lines  by  circumferences  concentric  with  it. 

137*  Find  four  circles  whose  radii  are  proportional  to  given  lines, 
and  the  sum  of  whose  areas  is  equal  to  the  area  of  a  given  circle. 

138,  In  a  given  equilateral  triangle  inscribe  three  equal  circles 
each  tangent  to  the  two  others  and  to  two  sides  of  the  triangle. 

139,  In  a  given  circle  inscribe  thsee  equal  circles  each  tangent  to 
the  two  othe^s  and  to  the  given  circle. 

140,  The  length  of  the  circumference  of  a  circle  being  represented 
by  a  given  straight  line,  find  approximately  by  a  geometrical  con- 
struction the  radius. 

PROBLEMS  FOR  COMPUTATION 

141,  (I.)  A  regular  octagon  is  inscribed  in  a  circle  whose  radius  is 
4  ft.  Find  the  segment  of  the  circle  contained  between  one  side  of 
the  octagon  and  its  subtended  arc. 
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(2.)  Find  the  area  of  an  equilateral  triangle  circumscribed  about  a 
circle  whose  radius  is  14.361  in. 

(3.)  An  isosceles  right  triangle  is  circumscribed  about  a  circle  whose 
radius  is  3  cm.  Find  {a)  each  side;  (b)  its  area;  (r)  the  area  in  each 
corner  of  the  triangle  bounded  by  the  circumference  of  the  circle  and 
two  sides  of  the  triangle. 

(4.)  Find  the  area  of  the  circle  inscribed  in  an  equilateral  triangle, 
one  side  of  which  is  7.4631  ft. 

(5.)  Find  the  difference  between  the  area  of  a  triangle  whose  sides 
are  4.6213  mm.,  3.7962  mm.,  and  2.6435  mm.,  and  the  area  of  the  cir- 
cumscribed circle. 

(6.)  The  area  of  a  circle  is  14632  sq.  ft.  Fmd  its  circumference  in 
yards. 

(7.)  Find  the  area  of  a  ring  whose  outer  circumference  is  15.437  ft., 
and  whose  inner  circumference  is  9.3421  ft. 

(8.)  Find  the  ratio  of  the  areas  of  two  circles  inscribed  in  equilateral 
triangles,  if  the  perimeter  of  one  triangle  is  four  times  that  of  the 
other. 

(9.)  If  the  area  of  an  equilateral  triangle  inscribed  in  a  circle  is  12 
sq.  ft.,  what  is  the  area  of  a  regular  hexagon  circumscribed  about  the 
same  circle  ? 

(10.)  Find  the  side  of  a  regular  octagon  whose  area  shall  equal  the 
sum  of  the  areas  of  two  regular  hexagons,  one  inscribed  in  and  the 
other  circumscribed  about  a  circle  whose  radius  is  10.462  in. 

(II.)  A  man  has  a  circular  farm  640  acres  in  extent.  He  gives  to 
each  of  his  four  sons  one  of  the  four  largest  equal  circular  farms  which 
can  be  cut  off  from  the  original  farm.  How  much  did  each  son  re- 
ceive ? 

(12.)  A  man  has  a  circular  tract  of  land  700  acres  in  area;  he  wills 
one  of  the  three  largest  equal  circular  tracts  to  each  of  his  three  sons, 
the  tract  at  the  centre  included  between  the  three  circular  tracts  to 
his  daughter,  and  the  tracts  included  between  the  circumference  of 
the  original  tract  and  the  three  circular  tracts  to  his  wife.  How  much 
will  each  receive  ? 

(13.)  A  man  owned  a  tract  of  land  323.250  sq.  m.  in  area,  and  in  the 
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form  of  an  equilateral  triangle.  To  each  of  his  three  sons  he  gave  one 
of  the  three  largest  equal  circular  tracts  which  could  be  formed  from 
the  given  tract ;  to  each  of  his  three  daughters  one  of  the  corner  sec- 
tions cut  off  by  a  circular  tract ;  to  each  of  his  three  grandchildren 
one  of  the  side  sections  cut  off  by  two  of  the  circular  tracts  ;  he  him- 
self retained  the  central  section  included  between  the  three  circular 
tracts.     Find  the  share  of  each. 

BOOK  VI 

PROBLEMS  OF  DEMONSTRATION 

142*  If  a  straight  line  is  parallel  to  a  plane,  the  shortest  distance  of 
the  line  from  all  straight  lines  of  the  plane  which  are  not  parallel  to 
it  is  the  same. 

143.  If  a  straight  line  is  parallel  to  a  plane  it  is  everywhere  equi- 
distant from  the  plane. 

144.  If  a  plane  is  passed  through  two  vertices  of  a  parallelogram, 
the  perpendiculars  to  it  from  the  other  vertices  are  equal. 

145.  If  from  the  foot  of  a  perpendicular  to  a  plane  a  straight  line 
is  drawn  perpendicular  to  any  line  of  the  plane,  and  the  intersection 
of  these  lines  is  joined  to  any  point  of  the  perpendicular  to  the  plane, 
the  last  line  will  be  perpendicular  to  the  line  of  the  plane. 

140.  The  plane  angle  of  a  right  diedral  angle  is  a  right  angle,  and 
conversely.    Two  diedral  angles  are  to  each  other  as  their  plane  angles. 

147.  If  a  line  is  drawn  in  each  face  plane  of  any  triedral  angle 
through  its  vertex  and  perpendicular  to  the  opposite  edge,  prove  that 
these  three  lines  lie  in  the  same  plane. 

148.  A,  B,  C  are  points^  on  the  three  edges  of  a  triedral  angle  of 
which  the  face  angles  are  right  angles ;  S  is  the  projection  of  the  ver- 
tex O  on  the  plane  ABC.  Prove  that  the  triangle  AOB  is  a  mean 
proportional  between  the  triangles  ABC  and  ASB. 

LOCI 

149.  Find  the  locus  of  a  point  in  space  the  difference  of  the  squares 
of  whose  distances  from  two  given  points  is  constant. 
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150.  Defs, — The  angle  between  two  straight  lines  not  in  the  same 
plane,  that  is,  neither  parallel  nor  intersecting,  is  the  angle  between 
two  lines  drawn  through  any  point  in  space  parallel  respectively  to 
the  two  lines  and  in  the  same  directions. 

Two  straight  lines  in  space  are  perpendicular  when  their  angle,  as 
defined  above,  is  a  right  angle. 

151.  Find  the  locus  of  the  middle  point  of  a  straight  line  of  given 
length  which  has  its  extremities  upon  two  given  perpendicular  but 
non-intersecting  straight  lines. 

132.  A  straight  line  moves  parallel  to  a  fixed  plane  and  intersects 
two  fixed  straight  lines  not  in  the  same  plane.  Find  the  locus  of  a 
point  which  divides  the  part  intercepted  in  a  constant  ratio. 

153.  Find  the  locus  of  a  point  in  a  given  plane  such  that  the 
straight  lines  joining  it  to  two  given  points  not  in  the  plane  make 
equal  angles  with  the  plane. 

154.  Find  the  locus  of  a  point  the  sum  of  whose  distances  from 
two  given  planes  is  equal  to  a  given  straight  line. 

155.  Find  the  locus  of  a  point  equidistant  from  the  three  faces  of 
a  tried ral  angle. 


PROBLEMS  OF  CONSTRUCTION 

156.  Draw  a  line  in  a  given  plane,  and  through  a  given  point  in  the 
plane,  which  shall  be  perpendicular  to  a  given  straight  line  in  space. 

157*  Pass  a  plane  cutting  the  faces  of  a  polyedral  angle  of  four 
faces  in  such  a  manner  that  the  section  shall  be  a  parallelogram. 

158.  Given  a  straight  line  AB  parallel  to  a  plane  M.  From  any 
point  A  in  AB  draw  a  straight  line  AX,  of  given  length,  to  the  plane 
M,  so  as  to  make  the  angle  BAX  equal  to  a  given  angle. 

159.  Through  a  given  point  in  a  plane,  to  draw  a  straight  line  in 
that  plane  which  shall  be  at  a  given  distance  from  a  given  point  oi:i- 
side  of  the  plane. 

100.  A  given  straight  line  intersects  a  given  plane.  Through  the 
intersection  draw  a  straight  line  in  the  given  plane,  making  a  given 
angle  with  the  given  line. 
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101»  Given  three  straight  lines  in  space.  Draw  a  straight  line 
from  the  first  to  the  second  parallel  to  the  third. 

102*  Given  two  straight  lines  not  in  the  same  plane.  Find  a  point 
in  one  at  a  given  perpendicular  distance  from  the  other. 

103»  Through  a  given  point  draw  a  straight  line  to  meet  a  given 
straight  line  and  the  circumference  of  a  given  circle  not  in  the  same 
plane  with  the  given  line. 


BOOK  VII 

PROBLEMS  OF  DEMONSTRATION 

164»  A  triangular  pyramid  is  cut  by  a  plane  parallel  to  the  base,  and 
a  plane  is  passed  through  each  vertex  of  the  base  and  the  points  where 
the  cutting  plane  meets  the  two  opposite  lateral  edges.  Determine 
the  locus  of  the  point  of  intersection  of  the  three  planes  thus  passed. 

165»  At  any  point  in  the  base  of  a  regular  pyramid  a  perpendicular 
to  the  base  is  erected,  intersecting  the  lateral  faces  of  the  pyramid,  or 
these  faces  produced.  Prove  that  the  sum  of  the  perpendicular  dis- 
tances from  the  points  of  intersection  to  the  base  is  constant. 

160»  The  perpendicular  from  the  centre  of  gravity  of  a  tetraedron 
(§  749)  to  any  plane  is  one-fourth  the  sum  of  the  four  perpendiculars 
from  the  vertices  of  the  tetraedron  to  the  same  plane. 

107»  If  the  edges  of  a  hexaedron  meet  four  by  four  in  three  points, 
the  four  diagonals  of  the  hexaedron  meet  in  a  point. 

108.  Prove  that  straight  lines  through  the  middle  points  of  the 
sides  of  any  face  of  a  tetraedron  each  parallel  to  the  straight  line  con- 
necting a  fixed  point  D  with  the  middle  point  of  the  opposite  edge, 
meet  in  a  point  E  such  that  DE  passes  through  and  is  bisected  by  the 
centre  of  gravity  of  the  tetraedron. 

169.  The  sum  of  the  perpendiculars  drawn  to  the  faces  of  a  regular 
tetraedron  from  any  point  within  is  equal  to  the  altitude  of  the  tetrae- 
dron. 

170.  A  regular  octaedron  is  cut  by  a  plane  parallel  to  one  of  Its 
faces ;  prove  that  the  perimeter  of  the  section  is  constant. 

16 
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17 !•  In  a  tetraedron  the  sum  of  two  opposite  edges  is  equal  to  the 
sum  of  two  other  opposite  edges.  Prove  that  the  sum  of  the  diedral 
angles  whose  edges  are  the  first  pair  of  lines  is  equal  to  the  sum  of 
the  diedral  angles  whose  edges  are  the  other  pair  of  lines. 

172.  C  and  U  are  the  feet  of  the  perpendiculars  drawn  from  any 
point  to  the  faces  opposite  the  vertices  C.  Z>  of  a  tetraedron  ABCD, 

Prove  that  AC^—BC^='AD^—BD'*. 

173.  If  the  opposite  edges  of  a  tetraedron  are  perpendicular  to 
each  other,  the  perpendiculars  drawn  from  the  vertices  to  the  opposite 
faces  meet  in  a  point. 

17^»  If  a  tetraedron  is  cut  by  ^  plane  which  passes  through  the 
middle  points  of  two  opposite  edges,  the  section  is  divided  into  two 
equivalent  triangles  by  the  straight  line  joining  these  points. 

17fi»  From  the  middle  point  of  one  of  the  edges  of  a  r^^lar  tetrae- 
dron a  fly  descends  by  crawling  around  the  tetraedron,  and  reaches 
the  base  at  the  point  where  this  edge  meets  the  base.  Find  at  what 
points  the  fly  must  cross  the  other  edges  if  its  path  is  everywhere 
equally  inclined  to  the  plane  of  the  base. 

170.  The  plane  bisecting  a  diedral  angle  of  a  tetraedron  divides 
the  opposite  edge  into  segments  which  are  proportional  to  the  faces 
which  include  the  diedral  angle. 

177 •  Straight  lines  are  drawn  from  the  vertices  A,B,  C,/?  of  a  tetrae- 
dron through  a  point  P,  to  meet  the  opposite  faces  in  A',  B\  C,  U. 

Prove  that =  /, 

A  A'    BB'    cc    Dry 


a" 


17S.  If  a  is  the  edge  of  a  regular  tetraedron,  its  volume  is  —  y^. 

1  Jm 


a" 


179.  If  a  is  the  edge  of  a  regular  octaedron,  its  volume  is  — V^- 

150.  The  lateral  surface  of  a  pyramid  is  greater  than  its  base. 

151.  The  volume  of  a  triangular  prism  is  equal  to  the  area  of  a 
lateral  face  multiplied  by  one-half  its  perpendicular  distance  from  any 
point  in  the  opposite  lateral  edge. 

182.  The  volume  of  a  regular  prism  is  equal  to  the  product  of  its 
lateral  area  by  one-half  the  apothem  of  its  base. 
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183.  The  three  lateral  faces  of  a  tetraedron  are  perpendicular  to 
each  other.  If  a  triangle  drawn  in  the  base  is  projected  on  each  of  the 
three  lateral  faces,  prove  that  the  sum  of  the  pyramids  having  these 
projections  as  bases  and  a  common  vertex  anywhere  in  the  base  of  the 
given  tetraedron  is  equivalent  to  the  pyramid  having  the  given  triangle 
for  its  base  and  its  vertex  at  the  vertex  of  the  given  tetraedron. 

184.  Extend  the  last  exercise  to  the  case  where  the  common  vertex 
is  at  any  point  in  the  plane*of  the  base  by  regarding  the  volume  of  a 
pyramid  as  negative  if  the  altitude  is  in  the  opposite  direction  from 
that  in  which  it  was  measured  for  the  pyramid  on  the  same  base  in 
the  last  exercise. 

185.  De/s.—  li  A  BCD  is  a  rectangle,  and  EFz,  straight  line  parallel 
to  AB,  and  not  in  the  plane  of  the  rectangle,  the  solid  bounded  by  the 
rectangle  ABCD,  the  trapezoids  ABFE,  CDEF,  and  the  triangles  ADE. 
BCF  is  a  wedge. 

The  rectangle  is  called  the  back  of  the  wedge ;  the  trapezoids,  its 
laces ;  the  triangles,  its  ends ;  the  line  EF,  its  edge ;  AB  is  the  length 
of  the  back  and  AD  its  breadth ;  the  perpendicular  from  any  point  of 
EF  upon  the  back  is  the  altitude  of  the  wedge. 

186.  If  A  is  the  altitude,  prove  that  the  volume  of  the  above  wedge  is 

iAxADx(2AB+EF). 

187.  De/s. — If  ABCD  and  EFGH  are  two  rectangles  lying  in  par- 
allel planes,  AB  and  BC  being  parallel  to  EF  and  FG,  respectively, 
the  solid  bounded  by  these  two  rectangles  and  the  trapezoids  ABFE, 
BCGF,  CDHG,  DAEH,  is  called  a  rectangular  prismoid.  The  rec- 
tangles are  called  the  Immcs  of  the  prismoid  and  the  perpendicular 
distance  between  them  the  altitude. 

188.  Prove  that  the  volume  of  a  rectangular  prismoid  is  equal  to 
the  product  of  the  sum  of  its  bases,  plus  four  times  a  section  equidis- 
tant from  the  bases,  multiplied  by  one-sixth  the  altitude. 

PROBLEMS  OF  CONSTRUCTION 

189.  Having  given  the  four  perpendiculars  from  the  vertices  of  a 
tetraedron  to  the  opposite  faces,  and  the  distance  of  a  point  in  space 
from  three  of  the  faces,  find  its  distance  ftom  the  fourth  face. 
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190.  Through  a  given  straight  line  in  one  of  the  faces  of  a  tetrae- 
dron  pass  a  plane  which  shall  cut  oft  from  the  tetraedron  another 
tetraedron  which  is  to  the  first  in  a  given  ratio. 

191.  Find  two  straight  lines  whose  ratio  shall  be  the  ratio  of  the 
volumes  of  two  given  cubes. 

192.  Find  a  point  within  a  given  tetraedron,  such  that  the  four 
pyramids  having  this  point  for  vertex,  and  the  faces  of  the  tetraedron 
for  bases,  shall  be  equivalent.  • 


PROBLEMS  FOR  COMPUTATION 

193.  (I.)  Find  the  lateral  area,  total  area,  and  volume  of  a  regular 
triangular  prism  the  perimeter  of  whose  base  is  16413  in.  and  whose 
altitude  is  14.718  in. 

(2.)  Find  the  lateral  area,  total  area,  and  volume  of  a  regular  hex- 
agonal pyramid  each  side  of  whose  base  is  8.84  in.  and  whose  altitude 
is  4.92  in. 

(3.)  The  area  of  the  base  of  a  pyramid  is  13  sq.  m. ;  its  altitude  is  4 
m.  Find  the  area  of  a  section  parallel  to  the  base  and  distant  i^  m. 
from  it.    Also  find  the  volume  of  the  pyramid  cut  off  by  this  plane. 

(4.)  Find  the  volume  of  a  frustum  of  a  pyramid  whose  base  is  a 
regular  octagon  having  each  side  equal  to  4  in.,  and  whose  altitude  is 
9  in.,  made  by  a  plane  5  in.  from  the  vertex. 

(5.)  The  diagonal  of  a  cube  is  24.16  cm.    Find  its  surface  and  volume. 

(6.)  The  volume  of  a  polyedron  is  984.62  cu.  ft.  Find  the  volume  of 
a  similar  polyedron  whose  edges  are  nine  times  the  edges  of  the  first 
polyedron. 

(7.)  The  volume  of  a  given  tetraedron  is  6.86  cu.  m.  Find  the  vol- 
ume of  the  tetraedron  whose  vertices  are  a  vertex  of  the  given  tetrae- 
dron and  the  intersections  of  the  medians  of  the  faces  including  that 
vertex. 

(8.)  Find  the  surface  and  volume  of  a  regular  tetraedron  whose  edge 
is  I. 

(9.)  Find  the  surface  and  volume  of  a  regular  octaedron  whose  edge 
is  16.247  mm. 
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(10.)  Find  the  ratio  of  the  volumes  of  a  cube  and  a  regular  tetrae- 
dron  whose  edges  are  equal. 

(II.)  Find  the  ratio  of  the  volumes  of  a  regular  octaedron  and  a 
regular  tetraedron  whose  edges  are  equal. 

(12.)  Find  the  number  of  cubic  feet  of  water  that  will  be  contained 
by  a  trench  in  the  shape  of  a  wedge  the  length  of  whose  back  is  20  m., 
whose  breadth  is  3  m.,  whose  edge  is  16  m.,  and  whose  depth  is  2^  m. 
How  many  pounds  of  water  will  the  trench  hold,  each  cubic  foot  of 
water  weighing  62^  lbs.  ?    How  many  metric  tons  ? 

(13.)  An  embankment  is  in  the  form  of  a  rectangular  prismoid.  The 
length  and  breadth  of  its  base  are  246  ft.  and  8  ft. ;  the  length  and 
breadth  of  its  top  are  239  ft.  and  3  ft.  Its  height  is  4  ft.  Find  the 
number  of  cubic  yards  of  earth  it  contains. 


BOOK   VIII 

PROBLEMS  OF  DEMONSTRATION 

194.  If  two  circles  in  space  are  such  that  their  centres  are  the  pro- 
jections of  the  same  point  on  their  planes,  and  the  tangents  to  the 
circles  drawn  from  a  point  in  the  intersection  of  their  planes  are 
equal,  the  two  circles  are  on  the  same  sphere. 

195.  If  through  a  fixed  point  within  or  without  a  sphere  three 
straight  lines  are  drawn  at  right  angles  to  each  other  so  as  to  inter- 
sect the  surface  of  the  sphere,  the  sum  of  the  squares  of  the  three 
chords  thus  formed  is  constant.  Also  the  sum  of  the  squares  of  the 
six  segments  of  these  chords  is  constant. 

190.  If  three  radii  of  any  sphere  perpendicular  to  each  other  are 
projected  upon  any  plane,  the  sum  of  the  squares  of  the  three  projec- 
tions is  equal  to  twice  the  square  of  the  radius  of  the  sphere. 

197*  If  from  a  point  without  a  sphere  any  number  of  straight  lines 
be  drawn  to  touch  the  sphere,  the  points  of  contact  will  all  be  in  one 
plane. 

198.  A  sphere  can  be  inscribed  in  or  circumscribed  about  any 
regular  polyedron. 
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199.  A  regular  tetraedron  and  a  regular  octaedron  are  inscribed  in 
the  same  sphere ;  compare  the  radii  of  the  spheres  which  can  be  in- 
scribed in  the  tetraedron  and  in  the  octaedron. 

200.  From  any  point  Z'  in  a  diameter  of  a  given  sphere  straight 
hnes  PQ,  PR  are  drawn  perpendicular  to  that  diameter,  in  any  direc- 
tion and  of  any  length,  provided  Q  and  R  lie  within  the  sphere. 
Through  P,  g.  P  two  spherical  surfaces  are  passed  touching  the  given 
spherical  surface.  Prove  that  the  sum  of  their  radii  is  equal  to  the 
radius  of  the  given  sphere. 

201.  If  a  square  is  inscribed  in  a  face  of  a  cube,  the  plane  deter- 
mined by  one  side  of  the  square  and  the  corner  of  the  opposite  face 
in  the  same  edge  as  the  adjacent  corner  of  the  same  face,  touches  the 
inscribed  sphere. 

202.  If  the  opposite  edges  of  a  tetraedron  are  equal,  its  four  ver- 
tices may  be  taken  as  four  non-adjacent  vertices  of  a  rectangular 
parallelopiped.  Prove  that  of  the  five  spheres  touching  the  faces  of 
such  a  tetraedron,  or  the  faces  produced,  four  have  their  centres  at 
the  remaining  four  vertices  of  the  parallelopiped,  and  the  fifth  at  the 
intersection  of  the  diagonals  of  the  parallelopiped. 

203.  ABC  is  a  spherical  triangle  and  ATzu  arc  of  a  great  circle 
tangent  to  the  circumscribing  small  circle  at  A,  Prove  that  the  angle 
PAT  IS  equal  to  the  angle  C  minus  half  the  spherical  excess  of  the 
triangle. 

204.  ABC  is  a  spherical  triangle;  through  the  middle  points  of 
AB  and  ACsiti  arc  of  a  great  circle  is  drawn  cutting  BC  produced  in 
D,    Prove  that  DB  is  the  supplement  of  DC. 

206.  How  many  spheres,  each  equal  to  a  given  sphere,  can  be 
tangent  to  the  given  sphere  at  the  same  time  ? 

LOCI 

206.  Find  the  locus  of  a  point  whose  distances  from  three  given 
points  in  space  are  in  the  ratio  of  three  given  lines. 

207*  Find  the  locus  of  the  intersection  of  planes  tangent  to  a 
sphere  at  the  extremities  of  chords  which  pass  through  a  fixed 
point. 
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208.  Find  the  locus  of  a  point  which  divides  in  a  given  ratio  a 
straight  line  drawn  from  a  fixed  point  to  the  surface  of  a  sphere. 

PROBLEMS  OF  CONSTRUCTION 

209.  Find  the  centre  of  a  sphere  which  passes  through  the  cir- 
cumference of  a  given  circle,  and  through  a  given  point  not  in  the 
plane  of  the  circle. 

210*  Through  a  given  point  pass  two  spherical  surfaces  tangent  to 
a  given  sphere. 

211.  Find  the  radius  of  a  sphere  which  shall  circumscribe  four 
equal  spheres  which  touch  each  other. 

PROBLEMS  FOR  COMPUTATION 

212.  (i.)  The  area  of  the  base  of  a  circular  cone  is  43  sq.  in.  Its 
altitude  is  19  in.  Find  the  area  of  a  section  parallel  to  the  base  and 
10  in.  from  the  vertex. 

(2.)  If  the  area  of  a  circle  of  a  sphere  distant  10  cm.  from  its  centre 
is  40  sq.  cm.,  find  the  radius  of  the  sphere. 

(3.)  The  polar  distance  of  a  circle  of  a  sphere  is  30°.  If  its  circum- 
ference is  6  m.,  what  is  the  radius  of  the  sphere  ? 

(4.)  Find  the  area  in  square  feet  of  a  lune  whose  angle  is  36°  on  a 
sphere  whose  surface  is  46  sq.  m. 

(5.)  If  the  area  of  a  spherical  triangle  whose  angles  are  1 10®,  46°, 
and  I5o^  is  84.662  sq.  yds.,  what  is  the  area  of  a  trirectangular  triangle 
on  the  same  sphere  ? 

(6.)  The  angles  of  a  spherical  pentagon  are  68°  97°  1 56^  80°,  and 
142°.    Its  area  is  8  sq.  ft.    Find  the  area  of  the  sphere. 

(7.)  Find  the  volume  of  a  spherical  ungula  the  angles  of  whose  base 
are  each  43°,  in  a  sphere  whose  volume  is  18.561  cu.  m. 

(8.)  Find  the  volume  of  a  spherical  pyramid  the  angles  of  whose 
base  are  70°,  98°,  153°,  89°,  and  150°,  in  a  sphere  whose  volume  is 
77.253  cu.  yds. 

(9.)  The  radii  of  two  spheres  are  14  ra.  and  9  m.  respectively.  The 
distance  between  their  centres  is  20  m.  Find  the  length  of  the  cir- 
cumference in  which  their  surfaces  intersect. 
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(lo.)  Find  the  radii  of  the  spheres  inscribed  in  and  circumscribed 
about  a  regular  tetraedron  whose  edge  is  6.5438  in. 

(II.)  If  the  radius  of  the  sphere  circumscribed  about  a  cube  is 
10.643  ^^M  find  the  volume  of  the  cube. 

(12.)  Find  the  surface  of  a  regular  octaedron,  the  radius  of  whose 
circumscribed  sphere  is  32.147  in. 

(13.)  A  hollow  cone  of  revolution  of  which  the  altitude  is  equal  to 
three-fourths  the  slant  height  is  cut  open  in  a  straight  line  drawn 
from  the  vertex  to  a  point  in  the  base.  Find  (in  right  angles)  the  ver- 
tical angle  of  the  unrolled  surface. 


BOOK  IX 

PROBLEMS  OF  DEMONSTRATION 

213.  The  volume  of  a  cylinder  of  revolution  is  equal  to  its  lateral 
area  multiplied  by  one-half  the  radius  of  its  base. 

214*  The  volume  of  a  cylinder  of  revolution  is  equal  to  the  area  of 
its  generating  rectangle  multiplied  by  the  circumference  of  a  circle 
whose  radius  is  the  distance  from  the  centre  of  the  rectangle  to  the  axis. 

215.  The  volume  of  a  cone  of  revolution  is  equal  to  the  area  of  its 
generating  triangle  multiplied  by  the  circumference  of  a  circle  whose 
radius  is  the  distance  from  the  intersection  of  the  medians  of  the  tri- 
angle to  the  axis. 

216.  Express  the  volume  of  a  cone  of  revolution  in  terms  of  its 
lateral  area  and  the  perpendicular  from  the  centre  of  its  base  upon  an 
element. 

217*  Express  the  volume  of  a  cone  of  revolution  in  terms  of  its 
total  surface  and  the  radius  of  the  inscribed  sphere. 

218.  The  volumes  of  polyedrons  circumscribed  about  equal  spheres 
are  proportional  to  their  surfaces. 

219.  Two  spheres  intersect,  the  centre  of  the  first  lying  on  the  sur- 
face of  the  second.  Prove  that  the  surface  intercepted  by  the  first  on 
the  second  is  independent  of  the  size  of  the  second  sphere.  Prove 
that  this  surface  is  one-fourth  the  surface  of  the  first  sphere. 


EXERCISES  489 


PROBLEMS  OF  CONSTRUCTION 

220*  Cut  a  sphere  by  a  plane  so  that  the  area  of  the  section  shall 
be  equal  to  the  difference  of  the  areas  of  the  two  zones  which  the 
plane  determines. 

221.  Divide  a  zone  in  mean  and  extreme  ratio  by  a  plane  parallel 
to  its  bases. 

222 •  Inscribe  in  and  also  circumscribe  about  a  sphere  a  cone  of 
which  the  total  area  shall  be  in  a  given  ratio  to  the  area  of  the 
sphere. 

223»  Inscribe  in  and  also  circumscribe  about  a  given  sphere  a  cone 
of  which  the  volume  shall  be  in  a  given  ratio  to  the  volume  of  the 
sphere. 

224.  Determine  a  point  on  the  diameter  of  a  sphere  such  that  if  a 
plane  is  passed  through  this  point  perpendicular  to  the  diameter,  the 
surface  of  the  zone  limited  by  this  plane  and  containing  the  nearer 
extremity  of  the  diameter  shall  be  equal  to  the  lateral  surface  of  the 
cone  whose  base  is  the  circle  of  intersection  of  the  plane  with  the 
sphere  and  whose  vertex  is  the  farther  extremity  of  the  diameter. 

PROBLEMS  FOR  COMPUTATION 

225*  (I.)  If  the  perimeter  of  a  right  section  of  a  cylinder  is  16  in., 
and  its  lateral  area  is  256  sq.  in.,  what  is  the  length  of  an  element  ? 

(2.)  Find  the  volume  of  a  cylinder  of  revolution  whose  total  area  is 
i6on-  and  whose  radius  is  4. 

(3.)  Find  the  radius  of  a  cylinder  of  revolution  whose  total  area  is 
Son-  and  whose  altitude  is  6. 

(4.)  An  oil  tank  is  in  the  form  of  a  circular  cylinder.  If  the  tank  is 
26  ft.  long  and  78  in.  in  diameter,  how  many  liters  of  oil  will  it  contain  ? 

(5.)  Find  the  volume  of  a  cone  of  revolution  whose  total  area  is  2oojr 
and  whose  altitude  is  16. 

(6.)  The  lateral  area  of  a  cone  of  revolution  is  39jr.  Its  altitude  is  9. 
Find  the  height  of  an  equivalent  cylinder  of  revolution  whose  radius 
is  4. 

(7.)  In  a  sphere  whose  diameter  is  14  in.  the  altitude  of  a  zone  of 
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one  base  is  2  in.  Find  the  altitude  of  a  cylinder  of  revolution  whose 
lateral  area  shall  equal  the  area  of  the  zone  and  whose  base  shall  equal 
the  base  of  the  zone. 

(8.)  Find  the  radius  of  a  circle  whose  area  shall  equal  the  area  of  a 
zone  of  altitude  16.954  m.  on  a  sphere  whose  diameter  is  20  m. 

(9.)  Find  the  radius  of  a  sphere  whose  area  shall  equal  the  area  of 
the  zone  in  the  previous  example. 

(la)  A  conical  glass  is  5  in.  high  and  4  in.  across  at  the  top.  A 
marble  is  within  the  glass  and  water  is  poured  in  till  the  marble  is  just 
immersed.  If  the  amount  of  water  poured  in  is  \  the  contents  of  the 
glass,  what  is  the  diameter  of  the  marble.^ 

(II.)  If  two  spheres  of  radii  13  in.  and  8  in.  are  inscribed  in  a  cone 
of  revolution  so  that  the  greater  may  touch  the  less  and  also  the  base 
of  the  cone,  find  the  volume  of  the  cone. 

(12.)  A  sphere  and  an  octaedron  are  inscribed  in  the  same  cube,  the 
vertices  of  the  octaedron  being  at  the  centres  of  the  faces  of  the  cube. 
Compare  the  volumes  of  the  three  solids. 

(13.)  Find  the  ratio  of  the  volume  of  a  sphere  touching  the  edges 
of  a  regular  tetraedron  to  the  volume  of  a  sphere  touching  one  face 
and  the  other  faces  produced. 

(14.)  The  volume  of  a  spherical  sector  is  19.463  cu.  mm.  Its  base  is 
one-third  the  surface  of  the  sphere.     Find  the  surface  of  the  sphere. 

(15.)  Find  the  volume  of  a  spherical  shell  whose  two  surfaces  are 
20ir  and  I  Sir. 

(16.)  Find  the  volume  of  a  spherical  segment  whose  altitude  is  9  in. 
and  the  radii  of  whose  bases  are  4  in.  and  5  in. 

(17.)  Assuming  the  diameter  of  the  earth  to  be  7960  miles,  what  is 
the  area  of  the  portion  which  would  be  visible  from  a  point  3980  miles 
above  its  surface  } 

(18.)  Show  that  if  R  is  the  radius  of  the  ear^h  and  h  the  height  of  a 

point  of  observation  above  its  surface,  the  area  of  the  visible  surface 

.   2nR*h 
IS 

R-\-h 

(19.)  In  a  sphere  whose  radius  is  20  in.  find  the  volume  of  a  seg- 
ment of  one  base  whose  altitude  is  6  in. 
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(20.)  Show  that  if  R  is  the  radius  of  a  sphere  and  h  the  altitude  of 
a  spherical  segment  of  one  base,  the  volume  of  the  spherical  segment 
is  irhXR-lhy 

PROBLEMS  IN   MAXIMA   AND   MINIMA   IN   PLANE   AND   SOLID  GEOM- 
ETRY 

226»  Through  a  given  point  draw  a  straight  line  which  shall  form 
with  two  given  lines  a  triangle  of  minimum  area. 

227*  Through  a  given  point  within  a  given  angle  draw  a  straight 
line  which  shall  form  with  the  sides  of  the  given  angle  a  triangle  of 
minimum  perimeter. 

228.  Through  the  intersection  of  two  tangents  to  a  circle  draw  a 
straight  line  cutting  the  circumference  in  two  points  such  that,  if  they 
are  joined  to  the  points  of  tangency,  the  product  of  either  pair  of  oppo- 
site sides  of  the  inscribed  quadrilateral  thus  formed  shall  be  a  maximum. 

229.  In  an  acute-angled  triangle  inscribe  a  rectangle,  such  that  its 
diagonal  shall  be  a  minimum. 

230.  From  a  given  point  in  a  diameter  AB  of  a  circle  produced 
draw  a  straight  line  cutting  the  circumference  in  two  points  C  and  H, 
so  that  the  triangle  ACH  shall  be  a  maximum. 

231.  Two  straight  lines  containing  a  given  angle  are  drawn  from  a 
given  point  in  the  base  of  a  triangle,  forming  a  quadrilateral  with  the 
two  other  sides.  Prove  that,  of  all  the  quadrilaterals  which  may  be 
thus  formed,  that  one  whose  sides  passing  through  the  given  point  are 
equal  is  a  maximum,  if  the  given  angle  is  less  than  the  supplement  of 
the  opposite  angle  of  the  triangle ;  a  minimum,  if  the  given  angle  is 
greater  than  the  supplement  of  the  opposite  angle ;  neither  a  maximum 
nor  a  minimum,  if  the  given  angle  is  equal  to  the  supplement  of  the 
opposite  angle. 

232*  In  the  last  exercise  a  maximum  or  a  minimum  quadrilateral 

can  be  formed  for  each  point  in  the  base  (except  in  the  case  when  the 

given  angle  is  the  supplement  of  the  opposite  angle  of  the  triangle). 

Prove  that,  of  all  these  maximum  or  minimum  quadrilaterals,  the  least 

maximum  or  the  greatest  minimum  is  that  whose  equal  sides  make 

equal  angles  with  the  base. 
I 
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233.  Find  a  point  in  a  plane  such  that  the  sum  of  its  distances 
from  two  fixed  points  on  the  same  side  of  the  plane  shall  be  a  mini- 
mum. 

234.  Find  a  point  in  a  plane  such  that  the  difference  of  its  dis- 
tances from  two  fixed  points  on  opposite  sides  of  the  plane  shall  be  a 
maximum. 

235.  Of  all  quadrangular  prisms  of  which  the  volumes  are  equal, 
the  cube  has  the  least  surface. 


INTRODUCTION  TO 

MODERN    GEOMETRY 

[The  numbers  of  the  figures  are  the  same  as  of  the  articles  to  which  they  belong.] 
DIVISION  OF  LINES.     THE  COMPLETE  QUADRILATERAL 

!•  The  lines  connecting  any  point  with  the  three  vertices  of  a  tri- 
angle so  divide  the  opposite  sides  that  the  product  of  three  non- 
adjacent  segments  is  equal  to  the  product  of  the  other  three  non- 
adjacent  segments. 

^m/.— Draw  MCN  parallel  to  AB, 
From  similar  triangles, 

AZ  BX   CY_CM  AB  CN_j^ 

Zb'  XC'  YA"  CN  cm'  AB^  ' 


PIGS.  I  AND  a 


2,  Q)nversely,  if  the  sides  of  a  triangle  are  so  divided  (either  two 

or  not  any  of  the  points  of  division  being  on  the  sides  produced)  that 

the  product  of  three  non-adjacent  segments  is  equal  to  the  product 

of  the  other  three  non-adjacent  segments,  the  lines  connecting  the 

points  of  division  with  the  opposite  vertices  meet  in  a  point. 
J/int. — Use  the  method  of  reductio  ad  absordam. 
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3.  Def. — A  line  which  cuts  a  system  of  lines  is  a  transversal. 
In  §  4  and  g  5  XZ  is  a  transrersal  which  cats  the  lines  ^^,  AC,  BC. 

4.  If  the  sides  of  a  triangle  are  cut  by  a  transversal,  the  product  of 

three  non-adjacent  segments  is  equal  to  the  product  of  the  other 

three  non-adjacent  segments. 

^m/.— Draw  CM  parallel  to  AB. 
From  similar  triangles, 

AX  BY  CZ      AX  XB  CM 


XB    YC   ZA      XB  CM  AX 


=  i. 


FIGS.  4  AND  5 


5.  Conversely,  if  the  sides  of  a  triangle  are  so  divided  (either  one 
or  three  of  the  points  of  division  being  on  the  sides  produced)  that 
the  product  of  three  non-adjacent  segments  is  equal  to  the. product 
of  the  other  three  non-adjacent  segments,  the  points  of  division  are 
in  a  straight  line. 

Hint, — Use  the  method  of  reductio  ad  absurdum. 

6.  Exercise, — If  A  BCD  be  four  points  taken  in  order  on  a  straight 
line.  AB,CD'\'BC,ADz=AC,BD. 


A 


B 

-t- 


C 


D 


FIG.  6 


7.  Def. — A  complete  quadrilateral  is  the  figure  formed  by  four 
straight  lines  intersecting  in  six  points.    The  six  points  are  the  ver- 
tices ;  the  three  lines  connecting  opposite  vertices  are  the  diagonals. 
ABCDEF  is  a  complete  quadrilateral ;  AD^  BE,  CF^  are  the  diagonals. 
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riGS.  7  AND  8 

S.  The  middle  points  of  the  diagonals  of  a  complete  quadrilateral 

are  in  a  straight  line. 

Hint. — Let  L^  M,  Nh^  the  middle  points  of  the  diagonals.  Construct  the 
triangle  XYZ,  whose  vertices  are  at  the  middle  points  of  BD,  DC^  CB  \  the 
sides  of  this  triangle  pass  through  Z,  J/,  N. 

Since  FA  is  a  transversal  cutting  the  sides  of  the  triangle  BCD^ 

DF,BA.CE-FB.AC.ED,  §4 

But  YN=\DF,  NZ^\FB,  etc 

Hence  YN,XL.ZM=NZ,L  Y.MX, 

Therefore  the  points  Z,  Af,  N^  being  on  the  sides  of  the  triangle  XYZ^ 
are  in  a  straight  line.  §  5 


HARMONIC   SECTION 

9.  Def, — If  a  line  AB  is  divided  harmonically  at  C  and  D,  the 

points  C  and  D  are  harmonic  conjugates  to  the  points  A  and  B,    The 

four  points  A,  B,  C  D  are  harmonic  points,  and  AB  is  a  harmonic 

mean  between  AC  and  AD, 

A  line  is  divided  harmonically  if  it  is  divided  internally  and  externally  in 
the  same  ratio.  §  332,  p.  151 

AC_AD 

CB"  DB 
AB  is  divided  harmonically  at  Cand  Z>. 


Thus,  if 


A 


0 


B 


D 

•4 


FIG.  9 


IO0  Exercise. — The  above  definition  of  a  harmonic  mean  is  equiva- 
lent to  the  algebraic  definition. 


I/iHt. — In  Algebra  the  harmonic  mean  between  a  and  d  is 


2ad 
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11*  Def. — A  pencil  of  rays  is  a  system  of  straight  lines  (rays)  pass- 
ing through  a  point  (the  vertex). 

Thus  OA,  OB,  OC,  OD,  Fig.  13,  form  a  pencil  of  rays. 

12.  Def, — A  harmonic  pencil  is  a  pencil  of  four  rays  which  pass 

through  the  harmonic  points  of  a  line. 

IS.  Any  transversal  is  cut  harmonically  by  a  harmonic  pencil. 

Hint. — Let  A^  B,  C^  D  h^  harmonic  points,  P  and  /  the  perpendiculars 

ac     ad  ac.db 

from  O  on  AD  and  ad.     To  prove  "i  =  ^  *  that  is,  zjzi  =  •*• 

The  ratio  of  the  areas  of  two  corresponding  triangles  as  aOc  and  AOC  is 

Oa^^^M^  §398.  p.  180 

OA,OC     \P,AC 
Oa.Oc.Od.Ob 
Hence     ^±^_OA^Oa^DOB     AC.DB  _AC.Dp  _^ 
ad.a"    Oa.Od.Oc.Ob        AD.CB^ ADXB 
OA.OD.OC.OB 


FIG.  14 


14*  Each  diagonal  of  a  complete  quadrilateral  is  divided  harmon* 
ically  by  the  other  two. 

Hint. — Since  BN  is  a  transversal  cutting  the  sides  of  the  trian^e  AC/^^ 

(1)  AB.CN.F£  =  BC.NF.EA.  §4 

(2)  Also  AB.CM.F£  =  BC.MF.EA.  §  i 

CN      NF 
By  dividing  (i)  by  (2) 


Therefore 


CM     MF 
CM  _CN 

MF"  NF 
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15.  If  two  harmonic  pencils  have  one  pair  of  corresponding  rays 
coincident,  the  intersections  of  the  other  three  pairs  of  corresponding 
rays  are  in  a  straight  line. 


PIG.  IS 

Hint, — Use  the  method  of  reductio  ad  absurdum. 

SOME  PROPERTIES  OF  CIRCLES 

16.  The  product  of  the  perpendiculars  drawn  from  a  point  on  a 
circle'*'  to  two  tangents  is  equal  to  the  square  of  the  perpendicular 
drawn  from  the  point  to  their  chord  of  contact. 


FIG.  I6 


Hint.—\.€l  RT,  R'The  the  Ungents  and  TT  their  chord  of  contact. 

A  circle  can  be  circumscribed  about  each  of  the  quadrilaterals  APRT  and 
APR'  T\  since  the  sum  of  the  opposite  angles  in  each  is  equal  to  two  right 
angles. 

Hence  angle  ARP=^ATPz:zPrR=zRAP.  Likewise  angle  ARP:= 
PAR, 

Therefore  the  triangles  ARP  and  RAP  are  similar  and  AP^z=.PR.PR. 


*  1'he  word  circle  instead  of  circumference  is  used  except  where  ambiguity 
would  result 


17 


/■ 
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17*  Def. — The  angle  at  which  two  circles  cut  each  other  is  the  an- 
gle between  the  tangents  drawn  at  the  point  of  intersection. 


FIGS.  17  AKD  18 

18,  Def. — If  two  circles  cut  each  other  at  right  angles  they  are 
said  to  cut  orthogonally. 

19.  If  the  square  of  the  distance  between  the  centres  of  two  circles 
is  equal  to  the  sum  of  the  squares  of  their  radii,  the  circles  cut  each 
other  orthogonally  and  conversely. 


PIG.   19 


20.   If  a  circle  be  circumscribed  about  a  triangle,  the  lines  joining 

the  extremities  of  the  diameter  which  is  perpendicular  to  the  base,  to 

the  vertex,  are  the  internal  and  external  bisectors  of  the  vertex  angle. 
If  int. — Angle  DCK  is  a  right  angle. 

21*  Defs, — The  point  of  intersection  of  the  direct  common  tangents 
of  two  circles  is  their  external  centre  of  similitude  :  the  point  of  inter- 
section of  their  inverse  common  tangents,  their  internal  centre  of 
similitude. 

The  centres  of  simililude  are  on  the  line  of  centres  of  the  circles,  and  di- 
vide that  line  externally  ami  internally  in  the  ratio  of  the  radii 
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EXTKKNAL  CENTKB 


FIG.  ai 


INTBKNAL  CBNTKB 


22.  The  six  centres  of  similitude  of  three  circles  are  three  by 

three  on  four  straight  lines. 

The  three  external  centres  of  similitude  are  in  a  straight  line,  and  each 
]>air  of  internal  centres  of  similitude  is  in  a  straight  line  passing  througli  an 
external  centre  of  similitude. 


:^/S, 


PIG.    23 


Hint. — L,et  S^,  5j.  5,  be  the  external,  7",,   7\,  7,  the  internal  centres  of 
similitude  ;  al»u  let  R^,  R^,  A*,  be  the  radii  of  the  circles. 

S,0,   V^,   S,O^^R,  R,  A>3^^ 

SxOt  ^\0,   S^O^      R^RyR^ 

Hence  ^'j,  S^,  S^  are  in  a  straight  line.  g  5 

.      .  S,0,   T,0,    T^O^^R^  R,   A',_ 

Aeain • =  —  •  — =  i. 

^  5,0,    T,0^   7\0,      A',  R^  R, 

Hence  7\,  T^,  5,  are  in  a  strai^lu  line.  §  5 

23,  Cor. — If  a  variable  circle  touch  two  fi.xed  circles,  the  chord  of 
contact  passes  through  an  external  centre  of  similitude  of  the  fixed 
circles;  for  each  point  of  contact  is  a  centre  of  similitude  of  the  vari- 
able circle  and  one  of  the  fixed  circles. 
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INVERSION 

24k.  Def, — Two  points  are  inverse  to  each  other  with  respect  to  a 
given  centre  of  inversion  if  they  are  in  the  same  straight  line  with  this 
centre,  and  if  the  product  of  their  distances  from  it  is  equal  to  a  con- 
stant. 

Two  curves  are  inverse  to  each  other  if  the  successive  points  of  the 
one  invert  into  the  successive  points  of  the  other  with  respect  to  a 
given  centre. 


FIG.  04 


Q  is  the  inverse  of  P  with  respect  to  the  centre,  0  if  OP  =  —  • 

^  OQ 

The  curve  Y  is  the  inverse  of  the  curve  X,  if,  for  every  point  P  oi  X  there 

is  a  point  Qoi  Y  such  that  OP.OQ—K, 

25.  The  inverse  of  a  circle  is  a  straight  line  if  the  centre  of  inver- 
sion is  on  the  circle. 


FIG.  as 


y 


Hint.— OP.  OQ=OA.OB  =  K. 
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2B.  This  principle  makes  it  possible  to  draw  a  line  mathematically 
straight ;  for  in  the  four  linkages***  shown  below  the  point  P  inverts 
into  Q  with  respect  to  the  centre  0,  and  if  P  move  in  a  circle  passing 
through  the  fixed  point  0^  then  Q  will  move  in  a  straight  line. 

L 

L 


FIG  a6  (x) 


PIG.  36(a) 


FIG.  a6(3) 


FIG.  a6(4) 


In  each  linkage  the  bars  (links)  denoted  by  the  same  letter  are  equal. 
To  prove  the  properly  of  inversion : 

In  linkages  (i)  and  (2) 
OP-OM-PM,  and    OQ-OM-\-PM\    then    OP.OQz^OM^-PAn, 
But  OM'^-a^-^LM'^  and  PM^^b'^-LM^, 

Therefore  OP.  OQ  =  a'  —  ^',  a  constant. 

In  linkage  (3)  the  points  O,  P,  Q  divide  the  links  in  the  same  ratio. 

op=rp-ro=vap*-a/^^-\/ao*-ar*', 

and  OQ=OS+SQ  =  y/  BO^-BS^  +  \/ BQ^  -  BS'^. 


Hut 


BS-—^AR,    BQ=.—  AP, 

AO  ^     AO 

BO 


OP.OQ=  —-iAP^-AO^i^a.  constant. 
AO  i  ) 


Therefore 

Compare  linkage  (4)  with  the  pantograph. 


1>   139 


*  A  linkage  is  a  system  of  bars  pivoted  together. 

The  original  account  of  linkages  (1)  and  (2)  was  published  in  **  Nouvelles 
Annales,"  1873;  of  (3)  in  the  **  Report  of  the  British  Association,"  1874;  of  (4) 
in  the  **  Report  of  the  British  Association,"  1884. 
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27.  The  inverse  of  a  circle  is  a  second  circle  if  the  centre  of  inver- 
sion is  not  on  the  first  circle. 


FIG.  97 


Hitit, — Let  C  be  the  first  circle,  O  the  centre  of  inversion,  Q  the  inverse  of 

P.     Draw  QC  parallel  to  RC  to  meet  OC  in  C, 

00 
Since  OP. OR  is  constant  and  OP, 00  is  constant,  —  is  constant. 

OR 

OC      00        CO      00 

By  similar  triangles      =  —  and =  —  • 

'  ^  OC       OR        CR       OR 

Therefore  C  is  a  fixed  point  and  C'Qti  constant  length. 

2S.  Exercise. — The  centre  of  inversion  is  a  centre  of  similitude  of 

a  given  circle  and  its  inverse. 
2U,  Exercise. — If  two  circles  touch  each  other,  their  inverses  also 

touch  each  other. 
•W.  Exercise. — A  circle  can  be  inverted  into  itself. 

Hint. — The  constant  of  inversion  must  be  equal  to  the  square  of  the  tan- 
gent drawn  to  the  circle  from  the  centre  of  inversion. 

SI.  The  inverse  of  a  sphere  is  a  plane,  if  the  centre  of  inversion  is 
on  the  sphere. 


FIG.  31 


Hint. — Every  point  on  the  sphere  is  on  a  great  circle  passing  through  the 
centre  of  iuversion.  and  will  invert  into  a  point  of  the  plane ;  compare  with 
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32.  The  inverse  of  a  sphere  is  a  second  sphere,  if  the  centre  of  in- 
version is  not  on  the  first  sphere. 


FIG.  3« 


Hint, — Compare  with  §  27. 

3S*  If  two  circles  intersect,  their  angle  of  intersection  is  equal  to 
the  angle  of  intersection  of  their  inverses. 


PIG.  33 


Hint.—Tht  circles  A' and  K  invert  into  X'  and  Y'. 

A  circle  can  be  described  tangent  io  X  ^i  P  and  passing  through  Q.  This 
circle  inverts  into  itself  and  is  therefore  tangent  to  X'  at  Q.  §§  30,  29 

Likewise  a  circle  can  be  described  tangent  to  Y  2X  P  and  passing  through 
Q.     This  circle  is  tangent  to  Y'  at  Q. 

The  angle  at  which  these  tangent  circles  intersect  is  equal  to  the  angle  at 
which  X  and  Y  intersect  and  also  to  the  angle  at  which  X'  and  Y'  intersect. 

34.  Cor. — If  a  straight  line  and  a  circle,  or  two  straight  lines,  inter- 
sect, their  angle  of  intersection  is  equal  to  the  angle  of  intersection  of 
their  inverses. 

35^^  A  single  inversion  may  be  found  equivalent  to  any  series  of  an 

odd  number  of  inversions  from  the  same  centre. 

//int. — If  a  invert  into  ^,  d  into  c,  c  into  d,  .  .  ,  m  into  n  where  the  num- 
ber of  inversions  is  odd,  find  an  inversion  by  which  a  inverts  into  n. 
Why  does  not  this  theorem  apply  to  an  even  number  of  inversions? 


f 
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RADICAL  AXIS  AND  COAXAL  CIRCLES 

36.  The  locus  of  a  point,  from  which  tangents  drawn  to  two  circles 
are  equal,  is  a  straight  line  perpendicular  to  the  line  of  centres. 


FIG.  36  (x) 


VXG.  36  (9) 


Hint.—{\.)  If  the  circles  intersect,  the  locus  is  the  common  chord. 
(2.)  If  the  circles  do  not  intersect,  let^  be  the  point  in  the  line  of  centres 
from  which  tangents  to  the  circles  are  equal.     Erect  the  perpendicular  AP, 

PM*=PO*-0M* 

=AO*  +  AP*-0M* 

=  AT^+0M*  +  AP*-0M^  =  A7^-hAP*. 
Similarly  PAT^  =  AP^-\-A  T*, 

Therefore  PM^ = PN*. 

37*  Def. — The  straight  line,  which  is  the  locus  of  the  points  from 
which  tangents  drawn  to  two  circles  are  equal,  is  the  radical  axis  of 
the  circles. 

38.  The  three  radical  axes  of  three  circles  meet  in  a  point. 


I   i 


FIG.  38 


/ 


Hint. — The  tangents  drawn  to  the  three  circles  from  the  point  of  intenec- 
^  of  two  of  the  radical  axes  are  equal ;  hence  the  third  radical  axis  moit 
rough  the  point. 
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30,  The  difference  between  the  squares  of  the  tangents  drawn 
from  any  point  to  two  circles  is  equal  to  twice  the  product  of  the  dis- 
tance of  the  point  from  the  radical  axis  by  the  distance  between  the 
centres  of  the  circles. 

i¥iM/.— Let  C  be  Ihe  centre  of  00\  AB  the  radical  axis,  PR  the  perpen- 
dicular from  P  on  00> . 

pr*-pr*={po'-or*)-{pff*-o'r*). 
PC  -po'*  =  ox'-o'R*=20o:cx. 

OT*-aT'=OA*-OA'^  =  iOa.AC. 
Therefore  PT'-PT*  =  zOO\AX. 


40.  Con— The  square  of  the  tangent  drawn  from  a  point  on  one 
circle  to  another  circle  is  equal  to  twice  the  product  of  the  diitance 
between  the  centres  of  the  circles  by  the  distance  of  the  point  from 
their  radical  axis. 

dl,  Def. — A  system  of  circles  such  that  some  line  is  a  radical  axis 
common  to  every  pair  of  circles  of  the  system  is  a  ciMUud  sjstem. 
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d2.  To  describe  a  system  of  circles  coaxal  with  two  given  circles. 


f  I.)  If  the  circles  intersect. 

J/inl. — The  common  chord  is  the  radical  axis,  and  any  circle  through  the 
points  of  intersection  of  the  twu  circles  is  coaxal  with  them. 
(2.)  If  the  circles  do  not  intprseci. 

J/int. — Let  A  be  the  intersection  of  the  radical  axis  with  the  line  of  cen- 
tres. About  A  with  a  radius  equal  to  the  tangent  W  T.  describe  a  circle. 
This  circle  will  cut  the  given  circles  orthogonally.  Any  circle  which  luu  its 
centre  on  00'  and  is  cut  orthogonally  by  this  circle  is  coaxal  with  the  given 
circles.  §§  37,  41 

In  a  system  of  coaxal  circles  which  do  not  intersect,  the  circles 
grow  smaller  as  the  points  in  which  they  are  cut  by  the  orthogonal 
circle  approach  more  nearly  the  line  of  centres.  The  points  in  which 
the  orthogonal  circle  cuts  the  tine  of  centres  may  be  considered  as 
circles  of  indefinitely  small  radius,  the  limiting  circles  of  the  system. 

i*,y.— These  points  are  called  the  limitiag  points  of  the  system. 

Thus  in  Fig.  42  (J)    the  limiting  points  are  L.  L. 

43.  From  the  last  article  it  follows  thai  there  are  two  forms  of  co- 
axal circles:  in  the  one  the  circles  intersect  and  there  are  no  limiting 
points,  in  the  other  the  circles  do  not  intersect  and  there  are  limiting 

44,  The  following  special  cases  of  Che  theorem  of  §  39  are  of  im- 

(I.)  The  square  of  the  distance  from  any  point  /"  of  a  given  circle 
of  a  coaxal  system  to  either  of  the  limiting  points  of  the  system  is 
proportional  to  the  distance  of  F  from  the  radical  axis. 
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(I.)  If  three  circles  are  coaxal,  the  tangents  drawn  from  any  point 
of  the  first  to  the  other  two  arc  in  a  given  ratio, 

(3.)  If  tangents  drawn  from  a  variable  point  to  two  given  circles 
are  in  a  given  ratio,  the  locus  of  the  point  is  a  circle  coaxal  with  the 
given  circles. 

46.  A  system  of  coaxal  circles  can  be  described  such  that  each 
circle  will  cut  orthogonally  all  the  circles  of  a  given  coaxal  system. 


Def. — The  two  systems  are  called  orthogoiml  sjatems  of  coaxal 

4ii.  Exercise. — If  a  system  of  circles  is  cut  orthi^onally  by  two 
circles  it  is  a  coaxal  system. 
<7.  The  inverse  of  a  system  of  concentric  circles  is  a  coaxal  sys- 


Hinl.  — Two  sitfliBli'  iines  through  Ihc  cenlre  of  the  concentric  system  will 
invert  into  two  circles  cutting  the  circles  q\  the  inverse  o(  the  concentric  sys- 
lein  orthogonally.  gg  34,  46 
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48.  Remark.— \  system  of  straight  lines  passing  through  a  point  is 
a  system  of  intersecting  coaxal  circles;  the  other  point  of  intersection 
is  at  inanity.  A  system  of  concentric  circles  is  a  system  of  non-inter- 
seciing  coasal  circles;  the  centre  is  one  of  the  limiting  points,  the 
other  limiting  point  is  at  infinity. 

4:9,  Lines  drawn  through  either  of  the  points  of  intersection  of  a 
system  of  intersecting  coaxal  circles  are  divided  proportionally  by  the 


Angle  OAO'^OA'O-.  anfile  0BO  =  0Ba. 
Hence  triangle  AOB  is  similar  to  triangle  A'O'ff. 


THE  STF.RFOCRAPHIC   PROJECTION 

SO,  The  stereographic  projection  furnishes  a  useful  and  interest- 
ing application  of  the  principles  of  inversion  and  coaxal  circles. 

It  has  been  shown  in  §  3t  that  if  a  sphere  be  inverted  from  a  point 
on  itself,  the  inverse  is  a  plane.     The  result  of  such  a 
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the  steTeogrkphic  projection  of  the  sphere.  In  this  projection  any 
fig;ure  on  the  sphere  is  represented  by  the  figure  on  the  plane  into 
which  it  inverts:  in  the  inversion,  anf;les  of  the  figure  on  the  sphere 
and  the  corresponding  angles  of  its  projection  on  the  plane  are  equ^l. 

The  steren(;raphic  projection  mxy  also  be  delinGd  as  follnws :  Suppoiie  a 
transparent  liphere  have  opaque  in:ri<liaris.  parallels  of  latitude,  and  other 
lines  or  figures  drau-n  upon  It.  I'lie  stereographic  projection  is  llie  picture 
c}(  these  lines  and  figures  obtained  if  a  photographic  lens  have  its  optical 
centre  on  the  surface  of  the  sphere.  Or.  it  is  ilie  shailoiv  cast  upon  a  plane 
without  the  sphere,  if  a  point  of  light  )>e  at  the  farther  eitremily  of  the 
diameter  perpendicular  to  this  plane.  Again,  if  a  line  be  dravvn  from  the 
extremity  of  a  diameter  of  the  sphere  to  any  point  on  the  ^iurlace  of  the 
sphere,  its  intersection  with  a  plane  perpendicular  to  the  diameter  is  the 
stereographic  projection  of  this  point. 

Thus  Figures  (1),  (3),  {3},  show  three  forms  of  the  slerec^raphic  projection 
upon  s  diametral  plane.  Any  plane  parallel  to  this  diametral  pl.-ine  would 
serve  as  well,  and  the  figure;  upon  the  two  planes  would  be  similar.  'I'he 
centre  of  inversion  is  al  E  in  each  case. 

Exfrdse.—Vicy^  by  aid  of  the  triangles  PRS.  QRS  of  Fig.  {4),  that  the  as- 
sumption that  angles  are  pre-erved  iu  this  jirojeclion  is  correct.  Prove  also 
from  Fig.  (4)  that  a  circle  projects  inio  3  circle 


The  equatorial  stereographic  projection  is  that  obtained  if  the  ceii' 
tre  of  inversion  is  at  one  of  the  poles  o(  the  sphere ;  it  is  shown  it 
Fig.  (i)  and  Fig.  fs).  The  parallels  of  liititude  are  represented  by  coii' 
centric  circles  of  which  the  centre  is  the  opposite  pole,  and  the 
ridians  by  straight  lines  through  this  centre. 


/ 
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The  meriilioiuU  sterec^raphic  projection  is  that  obtained  if  the  cen- 
tre o(  inversion  is  on  the  equator ;  it  is  shown  in  Fig.  (i)  and  Fig.  <6), 
The  parallels  of  latitude  are  represented  by  a  system  of  coaxal  circles 
of  which  the  poles  are  the  limiting  points,  and  the  equator  the  radical 
axis.  The  meridians  are  represented  by  a  system  of  intersecting  co- 
axal circles  of  which  the  poles  are  the  points  of  intersection. 

The  boriiontAl  steret^raphic  projection  is  that  obtained  if  the  cen- 
tre of  inversion  is  on  a  parallel  of  latitude  other  than  the  equator.  It 
is  shown  in  Fig.  (3)  and  Fig.  (7).  The  parallels  of  latitude  invert  into  a 
system  of  non-intersecting  coaxal  circles;  the  poles  inverting  into  the 
limiting  points,  and  the  parallel  through  the  centre  of  inversion  into 
the  radical  axis.  The  meridians  invert  into  a  system  of  intersecting 
coaxal  circles,  the  poles  inverting  into  their  points  of  ii 


It  has  already  been  shown  that  a  system  of  concentric  circles  and  a 
system  of  straight  lines  passing  through  their  centre  invert  into  or- 
thogonal systems  of  coaxal  circles.  In  accordance  with  this  principle 
ilic  equatorial  projection  can  be  inverted  into  either  the  meridional 
iir  any  desired  horizontal  projection  by  properly  choosing  the  centre 
of  inversion ;  pictures  of  this  inversion,  as  performed  by  one  of  the 
linkages  before  described,  are  shown  in  Figs.  (8)  and  (g),*  Moreover, 
the  meridional  projection  can  be  inverted  into  any  desired  form  of 
the  horizontal  in  the  same  manner.  It  is  possible  then  by  a  proper 
choice  of  the  centre  of  inversion  to  invert  any  form  of  the  stereo- 
graphic  projection  into  any  other  form  desired. 


jorl  of  the  British  A 
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POLES  AND   POLARS 

St,  Def.—\i  a  point  is  taken  on  the  radius  of  a  circle  and  an- 
other point  on  the  same  radius  produced,  so  that  the  product  of  their 
distances  from  the  centre  is  equal  to  the  square  of  the  radius,  each  is 
the  pole  of  the  line  (its  polar)  drawn  through  the  other  perpendicular 
to  the  radius. 

Thus  i(  OP.OQ  =  lP  the  point  P  is  the  pole  ol  ihe  line  QS,  and  the  line 

QS  is  the  polar  at  the  point  P  with  lespect  to  the  circle  X. 


S2,  If  a  line  passes  through  a  given  point,  the  pole  of  the  line  is 
[  on  the  polar  of  the  point. 
'  //iHt.—LttPbe  the  given  point.  /"C  the  line,  ^5  the  polar  of /". 

Draw  OC ptrpendicuUr  (o  PC.     Since  OC.OB  =  OP.OQ,  B  is  the  pole  of 
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53.  Cor. — The  line  joining  two  points  is  the  polar  of  the  inter- 
section of  their  polars;  and  the  point  of  intersection  of  two  lines  is 
the  pole  of  the  line  joining  their  poles. 

It  follows  that  the  poles  of  lines  which  meet  in  a  point  are  in  a 
straight  line,  and  the  polars  of  points  which  are  in  a  straight  line 
meet  in  a  point. 


FIG.  53  (r) 


FIG.  S3  (•) 


Thu§  if  PM  and  PJV  [Fig.  53  (i)]  are  the  polars  of  A  and  B,  AB  is  the 
polar  of  P,  and  if  A  and  B  are  the  poles  of  PM  and  PN,  P  is  the  pole  of 
AB. 

If  several  lines  meet  in  a  point  P  [Fig.  53  (2)]  their  poles  are  in  a  straight 
line  AB,  and  vice  versa. 

54,  The  locus  of  the  intersection  of  tangents  to  a  circle,  drawn  at 

the  extremities  of  a  chord  which  passes  through  a  given  point,  is  the 

polar  of  the  point. 

///,;/.^Let  P  be  the  given  point,  Q  a  ijoint  on  OP  such  that  OP.  OQ  =  R^, 
and  B  the  intersection  of  the  tangents  at  the  extremities  of  7'7". 
By  right  triangles  OC.OB=OT\ 


PIG.  54 


PIC    55 
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Hence  C  inverts  into  B  with  respect  to  the  centre  of  inversion  0.  But  the 
locus  of  C  is  a  circle  on  OP  as  diameter. 

Therefore  the  locus  of  B  is  the  straijjht  line  QS  perpendicular  to  OQ.     %  25 

^J.  If  four  points  on  a  straight  line  form  a  harmonic  system,  their 

four  polars  form  a  harmonic  pencil. 

Hint. — Let  A  BCD  be  harmonic  points  on  the  line  QS,  and  P  the  pole  of 
QS  with  respect  to  the  circle  X. 

OA,  OB,  OC,  OD  form  a  harmonic  pencil.  Also  the  polars  of  the  four 
l^oints  A,  B^  C,  D  pass  through  P  and  are  respectively  perpendicular  to  the 
rays  of  this  harmonic  pencil. 

Hence  the  four  polars  form  a  pencil  which  is  equiangular  with  the  pencil 
{O.ABCD)  and  therefore  harmonic. 

i$Om  A  line  cutting  a  circle  and  passing  through  a  fixed  point  is  cut 

harmonically  by  the  circle,  the  point,  and  the  polar  of  the  point. 

Hint. — Let  P  be  the  fixed  point,  ZC  its  polar,  and  PAf  the  line  cutting 
the  circle. 

Since  PO.PC-=PA.PB-=.PM.PS^,  a  circle  may  be  circumscribed  about 
the  quadrilateral  OCNM. 

Hence  angle  OCM=.OMN=PC!\^\  then  C/'and  CL  are  the  external  and 
internal  bisectors  of  the  angle  MCN.  Therefore  P,  K,  N,  M  are  harmonic 
points.  S  334,  p.  151 


FIG.  57 


^7.  A  method  of  drawing  the  polar  of  a  given  point  follows  from 

§56. 

iYm/.— Draw  the  secants  PA,  PM\  also  draw  AM,  AN,  BAf,  BN. 
The  line  through  L  and/  is  then  the  polar  of  P. 

For  LMAJNB  is  a  complete  quadrilateral  ;  and  A,  B,  C,  P,  and  At,  N, 
K,  /*,  are  therefore  two  systems  of  harmonic  points.  g  14 
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NINE  POINTS  CIRCLE 

58.  The  circle  through  the  middle  points  of  the  sides  of  a  triangle 
passes  through  the  feet  of  the  perpendiculars  from  the  opposite  ver- 
tices, and  through  the  middle  points  of  the  segments  of  the  perpen- 
diculars included  between  their  point  of  intersection  and  the  vertice^. 
Hint. — Let  ABC\)^  the  triangle,  Z.,  M^  A'' the  middle  points  of  the  sides. 
0  the  intersection  of  perpendiculars,  X  the  middle  point  of  CO, 

MX  is  parallel  io  AP  and  consequently  perpendicular  to  AfL.  Hence  a 
circle  on  LX  as  diameter  passes  through  M,  For  a  similar  reason  it  passes 
tlirough  N. 

Since  LSX  is  a  right  angle,  the  circle  passes  through  S.     The  circle  on 
MY  Z.S  diameter  must  coincide  with  this  circle  since  it  passes  through  the 
points  Z,  J/,  iV.     Hence  the  circle  also  passes  through  P,  etc. 
Therefore  the  circle  passes  through  Z,  M^  jV,  P,  R^  5",  X,   K,  Z. 

59*  Def. — This  circle  is  the  nine  points  circle  of  the  triangle. 
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CO.  The  circumscribing  circle  of  a  triangle  can  be  inverted  into 
the  nine  points  circle  of  the  triangle  formed  by  joining  the  points  in 
which  the  inscribed  circle  of  the  original  triangle  touches  the  sides. 
The  centre  of  inversion  is  the  centre  of  the  inscribed  circle;   the 

constant  of  inversion  is  equal  to  the  square  of  its  radius. 

/j^/;;/.— Since  OP.OB=  OC"*,  etc.,  the  vertices  A,  B,  C  invert  into  the 
middle  points  of  the  sides  of  the  triangle. 

Hence  the  circle  through  A^  i9,  C  inverts  into  a  circle  through  the  middle 
points  of  the  sides  of  the  triangle  A'B'C,  §  27 
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PERSPECTIVE 

«i.  De/.—Tvo  figures  are  in  perspectiTe  if  the  lines  joining  their 
corresponding  points  meet  :n  a  common  point,  the  centre  of  perapective. 

If  the  figures  are  in  the  same  plane,  and  if,  when  the  lines  of  the 
figures  are  indefinitely  produced,  the  lines  joining  the  corresponding 
points  of  intersection  meet  in  a  common  point,  the  figures  are  in 
plane  perspective. 

Thus  if  in  Fig.  (l)  lines  Aa.  Bt,  Ce  meet  in  &  poini  0.  the  triangles  ABC. 

abc  are  in  perspective. 

Bft,  If  two  triangles  are  in  perspective  their  corresponding  sides 
intersect  in  points  which  are  in  a  straight  line. 
.?(0 


<i.)  tf  the  triangles  are  in  different  planes. 

HiiL—X-tX  O be  the  centre  of  peispective  of  ABC,  ahi* 

Since  ..4  a  and  a*  are  Iwth  in  the  plane  AOB  (hey  must  meet  ;  since  ..4 .B  is 
in  the  plane  MN  and  ah  in  the  plane  M'N,  the  point  of  meeting  must  be  in 
LNxVt  line  of  intersection  of  these  planes. 
(2.)  If  the  two  triangles  are  in  the  same  plane. 

///nA— Draw  any  line  OCO"  not  in  the  plane  of  the  triangles  through  the 
•entre  of  perspective.  From  any  two  points  0',  O"  on  this  line  draw  lines 
through  the  vertices  of  the  triangles. 

O'A  and  0"a  meet  in  a  point  A'  because  both  are  in  the  plane  0"0A  ; 

Thus  both  the  triangles  ABC  and  aic  are  projected  into  A'B'C;  hence, 
their  corresponding  sides  meet  on  the  line  of  intersection  of  the  plane  M.V 
with  the  plane  of  ABC. 

63.  Exercist.—  U  two  polygons  are   in   perspective  their  ccwre- 
sponding  sides  meet  in  points  which  are  in  a  straight  line. 

*  If  MiV  be  a  transparent  plane  and  a  point  of  light  be  at  O.  the  shallow 
r>   cast  upon  the  plane  Af'A'  by  the  triangle  ABC  is  the  triangle  abc. 
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G4.  Di/.—The  line  on  which  the  corresponding  lines  of  two  fig- 
ures in  perspective  meet  is  tlie  axis  of  perspective  of  the  figures. 

OB.  Conversely,  if  the  corresponding  sides  of  two  plane  triangles 
intersect  in  points  on  a  straight  l^e,  the  triangles  are  in  perspective. 


(I.)  Ifthelriangk-Sf 

IliHl.—li  ABanA,h 

and  must  therefore  meet. 

Hence  Aa.  Bb.  Ce  inlerecct  in  pairs,  and  since  tliey  are  not  all  three  in  the 
sanne  plane,  miisL  tlierefore  meet  in  a  point. 
(2.)  11  the  triangles  are  not  in  the  same  plane, 

JJinl. — Pass  any  plane  through  tlie  line  in  which  the  corresponding  sides 
meet  and  construct  in  it  a  triangle  in  perspective  irith  each  of  the  given  tri- 
angles [§  63  (I)].  The  line  thr.iugh  the  centres  of  perspective,  0  .  0" .  thus 
fi.iind  will  meet  A(t.  Bh,  CV.  Therefore  An,  Bl:  CV  meet  in  ,T  piiint. 
ins.  If  three  triangles  are  in  perspective  two  by  tno.  and  have  the 
samt  axis  of  perspective,  their  three  centres  of  perspective  are  in  a 
straight  line. 
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//in/.— Let  ABC,  A'B'C\  A"B"C"  be  the  triangles,  and  X,  K.  Z  the 

points  in  which  their  corresponding  sides  meet. 

The  triangles  AA'A'\  B&B"  are  in  perspective  from  the  centre  X, 
Hence  the  intersections  of  their  corresponding  sides  are  in  a  straight  line. 

But  these  intersections  are  the  centres  of  perspective  of  tne  original  triangles. 

^7.  Cor. — If  three  triangles  are  in  perspective  two  by  two  and 
have  the  same  axis  of  perspective,  the  three  triangles  formed  by  join- 
ing the  corresponding  vertices  of  these  triangles  are  also  in  perspec- 
tive two  by  two  and  have  the  same  axis  of  perspective ;  and  the  axis 
of  perspective  of  either  system  of  triangles  passes  through  the  centres 
of  perspective  of  the  other  system. 

S8.  If  three  triangles  are  in  perspective  two  by  two  and  have  the 
same  centre  of  perspective,  their  three  axes  of  perspective  meet  in  a 
point. 


FIG.  flB 


^m/.— Let  ABC,  A'B'C\  A"B"C"  be  the  triangles  and  O  their  centre  of 
perspective. 

The  triangles  formed  by  the  lines  AS,  A'B\  A"B"  and  by  the  lines  AC, 
A'C\  A"C"  are  in  perspective,  since  their  corresponding  sides  meet  on  the  line 
A  A'.     Therefore  the  lines  joining  their  corresponding  vertices  meet  in  a  point. 

69.  Cor, — If  three  triangles  which  are  in  perspective  two  by  two 
have  the  same  centre  of  perspective,  the  three  triangles  formed  by 
the  corresponding  sides  of  these  triangles  are  also  in  perspective  two 
by  two  and  have  the  same  centre  of  perspective ;  and  the  three  axes 
of  perspective  of  either  system  meet  in  the  centre  of  perspective  of 
the  other  system. 

70.  Exercise. — Extend  the  theorems  of  §§  66  and  68  to  figures 
other  than  triangles. 
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DUALITY 

tl.  If  the  polar  of  each  point  and  the  pole  of  each  line  of  a  figure 
be  taken,  a  second  figure  is  formed  having  a  peculiar  relation  to  the 
first  and  called  its  reciprocal. 


Thus  the  triangle  A' B' C  is  the  reciprocal  of  ABC.  The  sides  of  ABC 
are  the  polars  of  the  vertices  oi  ABC ;  the  vertices  of  A'B C  are  the  poles  of 
the  sides  oi  ABC. 

To  a  point  of  the  first,  corresponds  a  line  of  the  second. 

To  a  line  of  the  first,  corresponds  a  point  of  the  second. 

To  points  in  a  straight  line  in  the  first,  correspond  lines  through  a 
point  in  the  second.  §  53 

To  lines  through  a  point  in  the  first,  correspond  points  in  a  straight 
line  in  the  second.  §  53 

It  follows  from  these  relations,  that  from  a  theorem  concerning  the 
points  and  lines  of  a  figure,  a  reciprocal  theorem  concerning  the  lines 
and  points  of  the  reciprocal  figure  can  be  inferred. 

72,  Def. — The  principle  upon  which  these  relations  between  a  fig- 
ure and  its  reciprocal  depend  is  called  the  principle  of  duality. 

7S*  The  principle  of  duality  in  a  plane  is  not  necessarily  derived 
from  the  consideration  of  poles  and  polars.  A  plane  figure  may  be 
looked  upon  as  composed  either  of  points  and  the  lines  joining  them, 
or  of  lines  and  their  points  of  intersection,  so  that  the  point  and  line 
are  elements  correlative  to  each  other;  the  relations  between  recip- 
rocal figures  which  have  already  been  obtained  would  follow  from 
this  conception. 
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7^*  Neither  is  the  principle  confined  to  plane  figures ;  in  the  same 
way  figures  in  space  may  be  considered  as  composed  either  of  points 
or  of  planes,  so  that  in  the  geometry  of  space  the  point  and  plane  are 
elements  correlative  to  each  other. 

It  follows,  that  for  reciprocal  figures  in  space  : 

To  a  point  in  the  first,  corresponds  a  plane  in  the  second. 

To  a  plane  in  the  first,  corresponds  a  point  in  the  second. 

To  points  in  a  plane  in  the  first,  correspond  planes  through  a  point 
in  the  second,  and  vice  versa. 

To  points  in  a  straight  line  in  the  first,  correspond  planes  through 

a  straight  line  in  the  second,  and  vice  Versa. 

Remark. — In  the  geometry  of  space  the  straight  line  is  correlative  to  itself. 

75.  Examples  of  reciprocal  theorems  of  plane  geometry. 

1.  Two  points  determine  a  straight  i.  Two  straight  lines  determine  a 
line.                                                               point,  their  point  of  intersection. 

2.  If  the  points  of  intersection  of  2.  If  the  lines  joining  the  corre- 


the  corresponding  sides  of  two  trian- 
gles are  in  a  straight  line,  the  lines  join- 
ing the  corresponding  vertices  of  the 
triangles  meet  in  a  point.  §  65 

3.  If  three  triangles  are  in  perspec- 
iive  two  by  two  and  have  the  same 
centre  of  perspective,  their  three  axes 
of  perspective  meet  in  a  point.       §  68 


sponding  vertices  of  two  triangles  meet 
in  a  point,  the  corresponding  sides  of 
the  triangles  intersect  in  points  which 
are  in  a  straight  line.  g  62 

3.  If  three  triangles  are  in  perspec- 
tive two  by  two  and  have  the  same  axis 
of  perspective,  their  three  centres  of 
perspective  are  in  a  straight  line.    §  66 


76.  Examples  of  reciprocal  theorems  of  the  geometry  of  space. 


1.  A  straight  line  and  a  point  deter- 
mine a  plane. 

2.  Three   points   not  in   the  same 
straight  line  determine  a  plane. 

3.  Two  straight  lines  which  meet  in 
a  point  are  in  the  same  plane. 


1.  A  straight  line  and  a  plane  deter- 
mine a  point,  the  point  in  which  the 
line  meets  the  plane. 

2.  Three  planes  which  do  not  pass 
through  the  same  straight  line  deter- 
mine a  point. 

3.  Two  straight  lines  which  are  in 
the  same  plane  meet  in  a  point. 


ANHARMONIC   SECTION 


77*  Def. — If  ^,  B,  C  D  are  four  points  taken  in  order  on  a  straight 
line,  any  one  of  the  following  six  ratios. 
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AB.CD  AD.BC  AC.DB 
AD.CB*  ACBD  AB.DC 
AD.CB  AC.BD  AB,DC 
AB.CD*  AD.BC  AC.DB 
is  an  anharmonic  ratio  of  the  points  A^  B,  C,  D, 


^ 


B 

— t- 


c 

—I— 


D 


FIG.  77 


7S.  If  a  pencil  of  four  rays  cuts  two  transversals,  each  anhamionic 
ratio  of  the  four  points  of  intersection  with  one  transversal  is  equal 
to  the  corresponding  ratio  of  the  four  points  of  intersection  with  the 
other  transversal. 


Hint. — To  prove 
Compare  with  §  13. 


AB.CD      ab.cd   ^^^ 
AD.CB^  ad.ch 


79,  Cor,  I.— Anharmonic  ratios  are  preserved  in  perspective. 

80,  Def^—\x.  follows  from  §  "jZ  that  the  anharmonic  ratios  of  a  pen- 
cil of  four  rays  may  be  dellned  as  the  anharmonic  ratios  of  its  four 
points  of  intersection  with  a  transversal.  §  78 

St,  Cor,  2. — If  the  corresponding  rays  of  two  pencils  meet  on  a 
common  transversal,  the  pencils  are  equal,  that  is,  have  equal  an- 
harmonic ratios. 


PIG.  8c 


MODERN  GEOMETRY 


53) 


S8.  Cor,  3.— If  two  pencils  are  equal,  have  a  common  vertei,  and 
three  rays  of  the  first  coincide  with  three  rays  of  the  second,  the 
fourth  ray  of  the  first  coincides  with  the  fourth  ray  of  the  second. 

8S,  Exercise. — If  two  pencils  have  their  vertices  on  a  circle  and 
their  corresponding  rays  intersect  in  points  on  the  circle,  the  pencils 
are  equal. 


8^.  If  two  equal  pencils  have  a  common  ray,  the  Intersections  of 
the  three  remaining  pairs  of  corresponding  rays  are  in  a  straight  line, 
ffin/.— Employ  the  method  of  reduclio  ad  absardum. 
S5.  Exercise. — Prove  by  means  of  §  84  that  if  two  triangles  are  in 
plane  perspective,  the  intersections  of  their  corresponding  sides  are 
in  a  straight  line. 
H6.  (Pascal's  Theorem.)  If  a  hexagon  is  Inscribed  in  a  circle, 
IS  of  the  opposite  sides  are  in  a  straight  line. 


Mini. — The  opposite  lides  are  the  1st  and  4th,  3d  and  Jth,  3d  and  6lb. 
Lei  L,  M,  A' be  <hc  imersections  of  the  opposite  sides. 
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PIG.  86(1) 


Pencil  I  N.AEDL  \  =  |  A.NEDL  [  by  §  8i.  =  j  C.FEDB  \  by  §  83, 

=  ^N.AEDM\hy%%i, 
Therefore  Z,  Af,  N  are  in  a  straight  line.  g  82 

Remark. — This  theorem  is  true  of  any  of  the  sixty  hexagons  which 
can  be  constructed  with  six  given  points  as  vertices. 

S7»  Exercise. — If  six  points  are  three  by  three  on  two  straight 
lines,  the  intersections  of  the  opposite  sides  of  a  hexagon  of  which 
these  points  are  the  vertices  are  in  a  straight  line. 


FIG.  87 


SS,  (Brian'CHON's  Theorem.)  If  a  hexagon  is  circumscribed  about 

a  circle,  the  three  lines  joining  the  opposite  vertices  meet  in  a  point. 
Hint, — The   vertices  of  the  circumscribed   hexagon  are  the  poles  of  the 
sides  of  an  inscribed  hexagon.     Therefore  this  theorem  may  be  inferred  from 
§  86  by  the  principle  of  duality. 

8U.  Exercise. — If  four  points  are  in  a  straight  line,  their  anharmon- 

ic  ratio  is  equal  to  the  an  harmonic  ratio  of  their  four  polars. 
Hint. — Compare  with  §  55. 
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INVOLUTION 

90,  Def. — If  the  distances  of  several  points,  A^  A\  etc.,  in  a  straight 
line  from  a  point  O  in  that  line,  are  connected  by  the  relation 

OA.OA'=OB.OB'=OC.OC:= 
the  points  form  a  range  in  involution. 

91*  If  six  points  form  a  range  in  involution,  the  anharmonic  ratios 
of  any  four  of  the  points  are  equal  to  the  anharmonic  ratios  of  their 
four  conjugates. 

P 


Iltnt. — At  O  erect  a  perpendicular  OP=.^OA.OA'.    Then  OP  is  tangent 
to  the  circle  described  through  A,  A\  P.  §  321,  p.  145 

Hence  angle  OPA  =  OA'P  ;  likewise  angle  OPB=OB'P,  etc. 
Therefore  angle  APB=A' PB\  etc.  ;  that  is,  the  angles  of  the  pencil  of 

four  rays  ]  P.AA'BC  f-  are  equal  to  the  angles  of  the  pencil  \  P.A'AB'C  >  . 

The  anharmonic  ratios  of  the  points  A,  A\  B,  C  are  consequently  equal  to 
the  anharmonic  ratios  of  the  points  A\  A,  B\  C\ 

92,  Cor. — The  anharmonic  ratios  of  four  points  in  a  straight  line 
are  equal  to  the  anharmonic  ratios  of  their  inverses,  if  the  centre  of 
inversion  is  on  this  line. 

93,  Def, — A  pencil  of  which  the  rays  pass  through  the  points  of  a 
range  in  involution  is  a  pencil  in  involution. 


ANTIPARALLELS 

94:.  Def. — If  two  lines  are  such  that  the  inclination  of  the  first  to 
one  side  of  an  angle  is  equal  to  the  inclination  of  the  second  to  the 
other  side  of  the  angle,  the  lines  are  antiparallel  to  each  other  with 
respect  to  the  angle. 

K 
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FIG.  9S 


95.  An  antiparallel  to  a  side  of  a  triangle  with  respect  to  the  op- 
posite angle  is  parallel  to  the  tangent  to  the  circumscribing  circle 

drawn  at  the  vertex  of  that  angle. 
J/in/.— Angle  YCB=CAB=CB'A' . 

9O0  Exercise. — The  lines  joining  the  feet  of  the  perpendiculars  of  a 
triangle  are  antiparallel  to  the  sides  with  respect  to  the  opposite 
angles. 


THE  GEOMETRICAL  AXIOMS 

Plane,  Spherical,  and  Pseudo-Spherical  Geometries 

97.  The  geometrical  axioms  in  the  Introduction  of  this  Geometry 

really  define  the  surface  on  which  the  theorems  of  plane  geometry 

are  true.     This  surface  is  the  plane.     The  axioms  also  hold  true  of 

any  surface  into  which  the  plane  can  be  bent  without  stretching. 

such  as  the  cylinder  or  cone,  provided  the  definitions  of  a  straight 

line  and  parallel  lines  be  modified  to  apply  to  these  surfaces. 

US,  A  sheet  of  paper  may  be  wrapped  about  a  pencil  to  form  a  cylindrical 
surface  ;  every  layer  of  the  paper  forms  a  different  part  of  the  surface,  and  two 
points  that  lie  in  different  layers  one  above  the  other  are  separated  by  the  dis- 
tance which  must  be  traversed  to  get  from  one  to  the  other  without  piercing 
the  paper — that  is,  by  the  distance  they  would  be  separated  in  the  plane  if  the 
paper  were  unrolled. 

UiK  The  geometrical  axioms  are — 

(^.)  Straight-line  axiom.— Through  every  two  points  there  is  one 

and  only  one  straight  line. 

A  straight  line  of  any  surface  may  be  defined  as  the  shortest  line  lying 
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wholly  in  the  suiface  which  can  6e  drawn  between  two  of  its  points.     Thus, 
arcs  of  great  circles  are  the  straight  lines  of  the  spherical  surface. 

{b.)  Parallel  axiom.— Through  a  given  point  there  is  one  and  only 

one  straight  line  parallel  to  a  given  straight  line. 

Parallel  lines  of  a  surface  may  be  defined  as  straight  lines  of  that  surface 
which  meet  at  infinity. 

'       (r.)  Superposition  asdom. — Any  figure  in   a  plane   may  be  freely 

moved  about  in  the  plane  without  change  of  size  or  shape. 
This  axiom  as  modified  would  read  ; 

*'  Any  figure  of  a  surface  may  be  freely  moved  about  in  that  surface  with- 
out change  of  size  or  shape  ;'*  that  is,  would  conform  to  any  portion  of  the 
surface  without  stretching. 

li>0.  The  plane  and  the  surfaces  into  which  it  can  be  bent — the 
surfaces  upon  which  these  axioms  hold  true — are  surfaces  of  zero 
curvature.* 

101.  If  the  surface  or  covering  of  a  sphere  be  detached  from  the 
sphere  any  surface  into  which  it  can  be  bent  without  stretching  is  a 
surface  of  constant  positive  curvature.  The  geometry  of  such  a  sur- 
face is  called  spherical  geometry. 

102*  The  superposition  axiom  is  true  for  the  spherical  surface. 

lOS*  The  straight-line  axiom  is  true  for  the  spherical  surface  un- 
less the  two  points  are  extremities  of  a  diameter  of  the  sphere,  in 
which  case  an  infinite  number  of  straight  lines  can  be  drawn  between 
them. 

104:.  There  can  be  no  parallel  axiom,  for  on  the  sphere  any  two 
straight  lines  meet  each  other  at  a  finite  distance. 

105.  In  Book  VIII.  the  spherical  geometry  is  developed,  not  from 
the  axioms  which  are  true  on  the  covering  of  a  sphere  independent 
of  the  sphere  itself,  but  by  considering  this  covering  as  belonging  to 
the  body  in  space.  This  is  entirely  unnecessary ;  the  spherical  sur- 
face may  be  regarded  as  an  independent  surface  which  has  no  rela- 
tion to  the  plane,  the  straight  line,  or  space.  Its  geometry  may  be 
developed  entirely  from  the  axioms  which  apply  to  it,  just  as  the 
geometry  of  the  plane  is  developed  from  its  axioms. 

*  The  geometry  of  such  surfaces  is  called  Euclidean  Geometry  because  £u- 
..     did  first  formally  stated  the  axioms  as  the  basis  of  a  geometry. 
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10(i.  All  the  theorems  of  "solid  geometry"  nhi. 
/a((  of  the  sphere  would  he  obtained  in  this  way. 

107'  Some  of  the  importatit  differences  between  spherical  geoni' 
etry  and  plane  geometry  are  that  in  spherical  geometry — 

(a.)  All  theorems  involving  parallel  lines  are  lacking. 

{*.)  The  sum  of  the  angles  of  a  triangle  is  greater  than 
angles. 

(c.)  Figures  cannot  be  similar. 

(rf.)  The  area  of  a  polygon  is  measured  by  the  sur 
that  is.  by  its  spherical  excess. 

108.  If  the  surface  or  covering  of  a  pseutio-sphi 
from  the  pseudo-sphere  any  surface  into  which  it  ca 
out  stretching  is  a  surface  of  constant   nej 
geometry  of  such  a  surface  is  called  paeudo-spherical  gAouetrj. 

109.  The  straight-line  axiom  and  the  superposition  axiom  are  true 
of  the  pseudo-spherical  surface. 

110.  Through  a  given  point  of  the  pseudo-spherical  surface  two 
straight  lines  can  l>e  drawn  lo  meet  a  given  straight  line  at  infin- 
ity, one  meeting  it  at  infinity  in  each  direction.  Consequently  on 
this   surface   the    following   must    be   substituted    for    the    parallel 


right 


of  its  angles— 

e  be  detached 
be  bent  with- 
The 


Through  . 


n  poin 


I  straight  tin 


n  be  drawn  paraljel  to 
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On  this  surface  two  lines  perpendicular  to  tiie  same  straight  line 
diverge.  The  appearance  of  lines  perpendicular  to  the  same  line  on 
the  plane,  spherical,  and  pseudo-spherical  surfaces  respectively  is 
shown  In  the  above  pictures. 

Ill,  Pseudo-spherical  geometry  can  be  built  up  from  the  axioms 
which  are  true  on  the  pseudo-spherical  surface.  Some  of  the  im- 
portant differences  between  it  and  plane  geometry  are,  that  in 
pseudo-spherical  geometry — 

(a.)  Theorems  which  assume  that  non-parallel  lines  must  meet  are 

(h.)  Theorems  involving  parallelism  must  conform  to  the  parallel 
axiom  for  a  pseudo-spherical  surface. 

(iT.)  The  sum  of  the  angles  of  a  triangle  is  less  than  two  right  angles. 

(</.)  Figures  cannot  be  similar. 

(*.)  The  area  of  a  triangle  is  measured  by  two  right  angles  less  the 
sum  of  its  angles — that  is,  by  its  pseudo-spherical  deficiency. 


112.  Remark. — The  circumference  of  a  circle  on  the  plane  surface 
=  2irr;  on  the  spherical  surface  the  circumference  is  less  than  ijir; 
on  the  pseu do- spherical  surface  the  circumference  is  greater  than 
2irr.    The  relation  of  the  areas  of  circles  on  the  three  surfaces  is  ihe 


"Hose  <^-|iia„on 


TABLE  OF  MEASURES  AND  WEIGHTS 


English  Measures 

LRNCTH 

13  inches  (in  )=- 1  foot  (ft.). 

3  feet 
5)^  yards 

4  rods 
8o  chains 


I  yard 
I  mile 


■=  I  yard  (yd.). 
=  1  rod  (rd). 
=  I  chain  (ch- ). 
=  1  mile(ni.). 

=  .9144  meter. 

=  1.6093  kilometers. 


SURFACE 

144  sq.  inches  =  i  sq.  foot. 
9  sq.  feet       =  i  sq.  yard. 
30  V  s<I-  yards  =  I  sq.  rod. 
i6c  sq.  rods      =  i  acre. 
640  acres  =  i  sq.  mile. 

I  sq.  yard     =0.8361  sq.  meter. 
I  acre  =a4047  hectare. 

VOLUMB 

1738  cu.  inches  =  I  cu.  foot. 
37  cu.  feet     =  I  cu.  yard. 
ia8  cu.  feet     =  i  cord  (cd.). 

I  cu.  yard    =  a  7646  cu.  meter. 
I  cord  =3.635  steres. 

ANGLES 

60  seconds  ('0  =  i  minute  C). 
60  minutes  =  i  degree  (^). 
90  degrees       =  i  right  angle. 

CIRCLES 

360  degrees  =  i  drcumference. 
ir  =  3. 1 4 16 = nearly  3  V?- 

CAPACITY 

I  liq.  gal.  =3.785    liters  =  331  cu.  in. 
I  dry  gal.  =  4.404   liters  =  36S.8  cu.  in. 
I  bushel  =0.3534  hkl.  =3150.43  oil  in. 

AVOIRDUPOIS  WEIGHT 

16  ounces  (ox.)      =  i  pound  (lb.). 
100  lbs.  =  I  hundredweight  (cwt.). 

90  hundredweight  =  i  ton  (T.). 

I  pound =.4536  kilo. =7000  grains. 
I  ton     =.9071  tonneau. 
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Metric  Measures 

LENGTH 

to  millimeters  (mm.)=i  centimeter  (cm.). 

10  centimeters 

10  decimeters 

10  meters 

10  dekameters 

10  hektometers 


I  meter 
I  kilomettf 


=Bi  decimeter  (dcm.). 
=1  meter  (m.). 
=  I  dekameter  (dkm.). 
=  I  hektometer  (hkm.X 
=:  I  kilometer  (km.). 

=39-37  inchet. 
=  0.6314  mile. 


SURFACE 

too  sq.  millimeters  =  i  sq.  centimeter. 

100  sq.  centimeters = I  sq.  decimeter. 

...  ( I  XI*  meter, 

too  sq.  decimeters  =  ■{      ^  ,     . 

if  centare  (ca.). 

100  centares  =  i  are  (a. ). 

too  aree  =  1  hektare  (hka.). 


I  sq.  centimeter 
I  sq.  meter 
I  are 
1  hektare 


=ai55osq.  inch. 
=  1.196  sq.  yards. 
=3'954sq-  rods. 
=3.471  acres. 


VOLUME 

1000  cu-  millimeterB=i  cu.  centimeter. 
1000  cu.  centimeters=  i  cu.  decimeter, 
f 000  cu.  decimeters  =  i  cu.  meter. 

=  1  stere  (st). 

t  cu.  centimeter  =0.061  cu.  inch. 
I  ca  meter  =  1.308  cu.  yards. 

I  stere  =a3759  cord. 


CAPAaTY 

100  centiliters  (cl.)=  i  liter  0.). 

too  liters  =1  hektoliter  (hkLt 

I  liter =1.0567  liq-  qts.  =  i  cu.  dcm. 


METRIC  WEIGHT 

1000  grams  (gm.)  =  i  kilogram  (kila). 
1000  kilograms    =1  tonneau  (t.). 


I  gram 
t  kilogram 
1  tonneau 


=  15-433  grains, 
s  3.3046  pounds, 
s  1. 1033  tons. 
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INDEX  OF  DEFINITIONS 


[The  references  are  to  sections.     Ex.  refers  to  Exercises,  pp.  463-492. 

Geometry,  pp.  493-'5>S] 


M.  G.  refers  to  Mtidem 
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Acute  angle.  17. 
Adjacent  angles,  14. 
Adjacent  diedral  angles,  569. 
Alternate-exterior  angles,  39. 
Alternate-interior  angles.  39. 
Altitude  of  cone,  957. 
**        of  cylinder,  935. 

of  frustum  of  cone,  968. 
of  frustum  of  pyramid,  710. 
of  parallelc^ram,  376. 
of  prism,  650. 
of  pyramid,  694. 
of  spherical  segment,  973. 
of  trapezoid,  395. 
of  triangle,  289. 
••        of  zone,  971* 
Angle,  14. 

**       acute,  17. 

at  cen  t  re  of  regular  polygon,  467. 

degree  of,  194. 

diedral,  566. 

inscribed  in  circle,  196 

inscribed  in  segment,  200. 

oblique,  17. 

obtuse,  17. 

of  intersecting  curves.  834. 

of  line  and  plane,  586. 

of  lune,  886. 

of  sector,  155. 

of  spherical  polygon,  839. 

of  straight  lines  in  space,  Ex. 

150. 
of  ungula,  898. 
polyedral,  588. 
right,  16. 
sides  of,  14. 
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Angle,  spherical,  835 
**       triedral.  592. 
*•       vertex  of,  14. 
Angles,  adjacent,  14. 

alternate-exterior,  39. 
alternate  interior,  39. 
complementary,  23. 
corresp.»nding,  39. 
equal,  15. 
exterior,  39. 
homologous,  297. 
interior,  39. 
opposite,  30. 
"       supplementary-adjacent,  23. 
"       vertical,  30. 
Anhannonic  pencil,  M.  G.  80. 

ratio,  M.  G.  77. 
Antecedents  (in  proportion),  246. 
Antiparallels,  M.  G.  94. 
Apothem  of  regular  polygon,  465. 
Arc,  20,  151. 

"    degree  of,  194. 
Area,  374. 

*•      unit  of,  374. 
Axiom,  p.  I. 

**       parallel,  10. 
•*       straight  line,  10. 
'•       superposition,  10. 
Axioms,  general,  11. 
Axis  of  circle  of  sphere,  815. 
'  *    of  circular  cone,  790. 
of  circular  cylinder,  774. 
of  perspective,  M.  G.  64. 
of  regular  pyramid,  682. 
of  symmetry,  32. 
radical,  M.  G.  37. 
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Base  of  cone,  788. 

**     of  isosceles  triangle.  70. 

•'     of  parallelogram,  376. 

**     of  pyramid,  681. 

*•     of  spherical  pyramid,  897. 

•*     of  spherical  sector,  975. 

*'     of  spherical  ungula,  898. 

*  *     of  spherical  wedge,  898. 

'  •     of  triangle,  289. 
Bases  of  cylinder,  770. 

"     of  prism,  633. 

' '     of  spherical  segment,  973. 

**     of  trapezoid,  132. 

"     of  truncated  cone,  946 

"     of  truncated  pyramid,  689. 

"     of  zone,  971. 
Birectangular  spherical  triangle,  880. 
Bisector,  perpendicular,  106. 
Broken  line,  978. 
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Centre  of  circle,  20,  150. 

of  perspective,  M.  G.  61. 

of  regular  polygon,  460. 

of     similitude     (polyedrons), 

725. 
of  similitude  (polygons),  299. 
of  spherical  surface,  801. 
of  symmetry,  40,  457,  459. 
of  triangle,  107,  no. 
Chord,  153. 
Circle,  20,  150. 

"      angle  inscribed  in,  196. 
*'      centre  of,  20,  150. 

circumscribed  about    polygon, 

218. 
diameter  of,  154. 
inscribed  in  polygon,  214. 
of  sphere,  axis  of,  815. 
'•       **        polar  distance,  818. 
'*       *'        pole  of.  816. 
"      radius  of,  20.  152. 
*'      segment  of,  199. 
**      tangent  to.  172. 
Circles,  coaxal,  M.  G.  41. 
**       concentric,  156. 
"       escribed,  2r6. 
'*       inscribed,  214. 

tangent  externally,  223. 
*•       internally,  223. 
•'       to  each  other,  223. 
Circular  cone,  790. 

•'      axis  of,  790. 
cylinder,  774. 

•  *        axis  of,  774. 
Circumference,  20,  151. 


Circumscribed  polygon,  214. 
*'  prism,  929. 

pyramid,  944. 
Closed  curve,  1006. 

convex,  1007. 
*•  **       re-entrant,  1008. 

Coaxal  circles,  M.  G.  41. 
Commensurable,  181. 
Common  measure,  181. 
Ungent,  326. 
Complementary  angles,  23. 
Complete  quadrilateral,   M .  G.  7. 
Concentric  circles,  156. 
Conclusion,  p.  i. 
Cone,  788. 

altitude  of,  957. 

base  of,  788. 

circular,  790. 

circumscribed    about    pyramid 

943. 
element  of,  788. 
frustum  of,  947. 
inscribed  in  pyramid,  944. 
lateral  area,  949. 

••      surface,  788. 
of  revolution,  794. 

slant  height,  952, 
right  circular,  792. 
"     tnmcated,  946. 
*•     vertex  of,  788. 
Cones  of  revolution,  similar,  958. 
Conical  surface,  785. 

directrix  of,  786. 
element  of,  786. 
**  *•       generatrix  of,  786. 

vertex  of,  786. 
Consequents  (in  proportion),  246. 
Constant,  183. 
Continued  proportion.  264. 
Converse,  p.  i. 
Convex  closed  curve,  1007. 

*•       tangent  to.  ion 

'•      polyedral  angle,  590. 
'*       polyedron,  629. 

polygon.  65,  1003. 
'*      spherical  polygon,  867. 
Corollary,  p.  i. 
Corresponding  angles,  39. 

polyedral    angle    of 
spherical     polygon 
842. 
sides,  274. 
Cube,  642. 
Curve,  765. 

closed,  1006. 
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Curved  line,  765, 
Cylinder,  770. 

altitude  of,  935. 
bases  of,  770. 
circular,  774. 
circumscribed  about   prism, 

928. 
element  of,  770. 
lateral  area,  932. 

'*      surface,  77I). 
of  revolution,  778. 

radius  of,  778. 
right,  772. 
**        right  section,  930. 
Cylinders  of  revolution,  similar,  938. 
Cylindrical  surface,  766. 

directrix  of,  767. 
*'  **        element  of,  767. 

•*  **        generatrix  of,  767. 

Decagon,  67. 
Degree  of  angle,  194. 

of  arc,  194, 
Demonstration,  p.  i. 
Determined,  plane,  525. 

**  straight  line,  10. 

Determining  ratio  (polyedrons),  722. 

**     (polygons),  297. 
Diagonal  of  polygon,  303. 
**        of  quadrilateral,  115. 
**        of  spherical  polygon,  840. 
Diameter  of  circle.  154. 
of  sphere,  802. 
Diedral  angle.  566. 

**       edge  of.  566. 
'•       faces  of,  566. 
plane  angle,  567. 
right,  570. 
'*       angles,  adjacent,  569. 
vertical,  568. 
Dimensions  of  rectangular  parallelo- 

piped,  662. 
Directrix  of  conical  surface,  786. 

'*        of  cylindrical  surface,  767. 
Distance  between  two  points  on  sur- 
face of  sphere,  814. 
"        of  point  from  line.  97. 
•'      *•        *•     plane,  538. 
Division,  external,  331. 
internal,  331. 
Dodecaedron,  628. 
Dodecagon,  67. 
Duality,  principle  of.  M.  G.  72. 

Edgk  of  diedral  angle,  566. 
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Edge  of  spherical  ungula,  898. 
Edges  of  polyedral  angle,  588. 
*•      of  polyedron,  627. 
**      of  prismatic  surface,  630. 
Element  of  cone,  788. 

**        of  conical  surface,  786. 
**        of  cylinder,  770. 
**        of  cylindrical  surface,  767. 
Equal  angles,  15. 
**      figures,  15. 
Equiangular  polygon,  1017. 

triangle,  57- 
Equilateral  spherical  triangle,  847. 

**  triangle,  70. 

Equivalent  figures,  375. 
"  solids,  657. 

Escribed  circles.  216. 
Exterior  angles,  39. 
External  division,  331. 
tangent,  226. 
Externally  divided  straight  line,  331. 

**  tangent  circles,  223. 

Extreme  and  mean  ratio.  335. 
Extremes  (in  proportion),  245. 

Face  angles  of  polyedral  angle,  588. 
Faces  of  diedral  angle,  566. 
**     of  polyedral  angle,  588. 
**     of  polyedron,  627. 
Figure,  6. 
Figures,  equal,  15. 

'*       equivalent,  375. 
"       isoperimetric,  1024. 
Figure  turned  half  way  round.  451. 

one  -  third    way    round, 

451. 
one-«**»  way  round,  451. 

Foot  of  perpendicular  to  line,  16. 

••     **  **  to  plane.  529. 

Fourth  proportional,  280. 

Frustum  of  cone,  947. 

altitude  of.  968. 

of   revolution,    slant 

height,  960. 

**  pyramid,  690. 

altitude  of,  710. 

circtnnscribed, 

948. 

inscribed,  948. 

lateral  faces,  689. 

'*  regular  pyramid,    slant 

height,  692. 

General  axioms,  11. 

Generatrix  of  conical  surface,  786. 
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Generatrix  of  cylindrical  surface,  767. 
Geometrical  Bgure,  6. 
solid,  2. 
Geometry,  i. 

*'  of  space,  13. 

*'  plane,  X2. 

••  solid,  13. 

Great  circle  of  sphere,  807. 

Half  w«y  round,  451. 
Harmon  teal  division,  332. 
Harmonically    divided    straight    line, 

332. 
Harmonic  pencil,  M.  G.  12. 
**        section,  M.  G.  9. 
Hexaedron,  628. 
Hexagon,  67. 
Homologous  angles,  297. 

lines,  297. 

points,  297. 

sides,  274. 
Hypotenuse  of  right  triangle,  84. 
Hypothesis,  p.  i. 

ICOSAEDRON,  628. 

Inclination  of  line  to  plane,  586. 
Incommensurable,  182. 
Inscribed  angle,  196,  200. 

"        circle,  214. 

*'        polygon,  218. 

"        prism,  928. 

**        pyramid,  943. 

*•        sphere,  831. 
Interior  angles,  39. 
Internal  division,  331. 

**       tangent,  226. 
Internally  divided  straight  line,  331. 

**        tangent  circles,  223. 
Intersecting  curves,  angle  of,  834. 
Intersection  of  two  planes,  527. 
Inversion,  M.  G.  24. 
Involution,  pencil  in,  M.  G.  93. 
Isoperimetric  figures.  1024. 
Isosceles  spherical  triangle,  847. 

"        triangle,  70. 

•*        base  of,  70. 

vertex  angle,  70. 
**        vertex  of,  70. 
triedral  angle,  604. 


Lateral  area  of  cone,  949. 

*•     of  cylinder,  932. 
"of  prism.  648. 
"of  pyramid,  687, 
edges  of  prism,  633. 
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Lateral  edges  of  pyramid,  681. 
"       faces  of  frustum  of   pyn 
689 
of  prism,  633. 
of  pyramid.  681. 
of    truncated     pyn; 
689. 
surface  of  cone,  788. 

of  cylinder,  770. 
Lemma,  p.  i. 
Limit,  185. 
Line,  4. 

"     and  plane,  angle  of,  586. 

parallel.  542. 

**       **       **       perpendicular,  5^ 
**     broken,  978. 
**     curved,  765. 
"     segments  of,  268. 
"    straight,  7. 
Lines,  parallel,  9,  31. 

**     perpendicular,  16. 
Locus,  102. 
Lune,  886. 

angle  of,  886. 
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Material  body,  2. 
Maximum,  1020. 
Mean  proportional,  281. 
Means  (in  proportion),  245. 
Measure,  common,  181. 

numerical,  179. 

to,  179. 

unit  of.  179. 
Median  of  triangle,  143. 
Minimum,  1020. 

iV-FOLD  symmetry,  459. 
Nine- points  circle,  M.  G.  59. 
Numerical  measure,  179. 

Oblique  angle,  17. 

prism,  634. 
Obtuse  angle.  17. 
Octaedron,  628. 
Octagon,  67. 

One-w^**  way  round.  451. 
One-third  way  round,  451. 
Opposite  angles,  30. 

Pantograph,  309. 
Parallel  axiom,  10. 

line  and  plane,  542. 

lines,  9,  31. 

planes,  543. 
Parallelogram,  114. 
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Parallelogram,  altitude  of,  376. 

"  base  of,  376. 

Parallelopiped,  639. 

**  rectangular,  641. 

*•  right,  640. 

Parts  of  polyedral  angle,  591. 

**     of  spherical  polygon,  845. 
Pencil,  anharmonic,  M.  G.  80. 
'*      harmonic,  M.  G.  12. 
*'      in  involution,  M.  G.  93. 
of  rays,  M.  G.  II. 
I'entagon,  67. 
Perimeter  of  polygon,  307. 
Perpendicular  bisector,  106. 
lines,  16. 

line  to  plane,  530. 
planes,  570. 
straight  lines  in  space, 

Ex.  150. 
to  line,  foot  of,  16. 
"  to  plane,  foot  of,  529. 

Perspective,  M.  G.  61. 

"  axis  of,  M.  G.  64. 

**  centre  of,  M.  G.  61. 

Physical  solid,  2. 
Plane,  8,  524. 

angle  of  diedral  angle,  567. 
determined,  525. 
geometry,  12. 
parallel  to  line,  542. 
perpendicular  to  line,  530. 
surface,  8,  524. 
tangent  to  cone,  796. 
**  **       to  cylinder,  779. 

to  sphere,  824. 
Planes,  intersection  of,  527. 
*•       parallel.  543 
•*       perpendicular,  570. 
Point,  5. 

**      of  langency,  172. 
Polar,  M.  G.  51. 

distance  of  circle  of  sphere,  818. 
spherical  triangle,  875. 
Pole,  M.  G.  51. 

'*     of  circle  of  sphere,  816. 
Polyedral  angle,  588. 

convex,  590. 
corresponding,  842. 
edges  of,  588. 
face  aneles,  588. 
faces  of,  588. 
parts  of,  591. 
section  of,  589. 
vertex  of,  588. 
angles,  symmetriod,  600. 


«( 


<< 


<( 


*i 


<i 


(« 


(« 


i« 


<( 


(« 


«< 


«i 


<4 


«l 


(I 


(< 


(« 


*  t 


<i 


Polyedral  angles,  vertical,  599. 
Polyedron,  627. 

**  convex,  629. 

edges  of,  627. 
faces  of,  627. 
regular,  730. 
vertices  of,  627, 
Polyedrons,  centre  of  similitude,  725. 
**  determining  ratio,  722. 

'*  ratio  of  similitude,  716. 

*'  ray  centre,  722. 

'*  ray  ratio,  722. 

*'  similar,  714. 

Polygon,  65. 

**        circumscribed,  214, 
**        convex,  65,  1003. 
**        diagonal  of,  303. 
equiangular,  1017. 
inscribed,  218. 
|)erimeter  of,  307. 
re-entrant,  1004. 
regular,  460. 
sides  of,  65. 
spherical,  839. 
Polygons,  centre  of  similitude,  299. 
determining  ratio.  297. 
ratio  of  similitude,  295. 
ray  centre,  297. 
similar.  274. 
Principle  of  duality,  M.  G.  72. 
Prism,  633. 

altitude  of,  650. 
bases  of,  633. 
circumscribed,  929. 
inscribed,  928. 
lateral  area,  648. 
edges,  633. 
*•      faces,  633. 
oblique  634. 
quadrangular,  659. 
regular.  635. 
right,  634. 

**     section,  647. 
triangular,  659. 
truncated,  652. 
Prismatic  surface,  630. 

**  •*        edges  of,  630. 

Prismoid,  rectangular,  Ex.  187. 
Problem,  p.  I. 
Projection,  line  on  line,  324. 
"     •*  plane,  583. 
point  on  plane,  582. 
stereographic,  M.  G.  50. 
Proportion,  243. 

'*  antecedents  in,  246. 
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Propottion,  coniequents  in, .146. 
CODlinued.  364. 
"  extrenm,  Z45. 


Proportional,  fourth.  280. 

"  meao,  3S1. 

third,  »8l. 

"  Tshabie  quanlilics,  349. 

Proportioiully  divided   ilnight  lines, 

„'^.. 

Propotilion,  p.  I. 
Pyramid.  58i. 

"        allitude  of,  694. 

base  of.  681. 
"        circumicrtbed,  944. 

fnittum  of.  Ago. 
"        inicribed,  943. 
UtenI  area,  687. 
■'      edges,  681. 
>•      facet,  681. 
"        quadrangular,  70a 
"         regular,  6B3. 
"        spherical.  897. 
"         triangular,  700. 
"        truncated.  689. 
veilejiof,  6B1, 

Quadrangular  prism,  659. 

"  pyramid,  700. 

Quadrant,  194. 

' '         on  sphere,  8ao. 
Quadrilateral,  67. 

"  complete,  M.  G.  7. 

"  diagonal  of.  115. 

Quantities,  incommensurable,  iSl. 
Quanlily.  conslant.  183. 
"         variable,  184. 

RaDiai,lv-s[tuated  polyedrons.  733. 
polygons,  397. 

Radical  axis,  M.  G.  37, 

Radius  of  circle,  co,  152. 

■'      of  cylinder  of  revolution.  778- 
•■       of  regular  polygon,  464. 
of  sphere.  8o3. 


Ratio 


in  and  extreme,  335. 
limilitude.  jxilyedrons.  716. 

polygons.  39s. 
:,  polyedrous,  733. 


Rectangular  paiallelopiped.  641. 

"  dimensians 

of,  663. 
"         prismoid,  Ex.  1S7. 
Re-entrant  closed  carve.  1008. 

"  polygon,  1004. 

Regular  potyedron,  730. 
polygon,  460. 
"  angle  at  centre.  4h7. 

"  "        apotbem  of .  465. 

"  "       centre  of,  4/bo. 

"  "        radius  of,  464. 

'■        prism,  635. 
"       pyramid,  683. 

axisof.  6B3. 
"  "         slant  height,  686. 

Re*datioD.  cone  of.  794. 

"  cylinder  of,  778. 

Rhombus,  114. 
Right  angle,  16. 

Ri^t-angled  spherical  triangle,  847. 
Right  circular  cone,  793. 
'■     cylinder.  773. 
"     diedral  angle,  570. 
"     parallelopipcd,  640, 
"     prism.  634. 
"     section  of  cylinder,  930. 

•'     of  prism.  647. 
"     triangle.  56. 
"         "         hypotenuse  of,  84. 
"     trancated  prism.  653. 

Secam'  of  circle.  309. 

of  convex  closed  curve.  loio. 
Section  of  polyedral  angle,  589. 

■'      angle  of,  tss- 
■'       spherical,  975. 
Segment,  angle  inscribed  in,  300. 
"        of  circle,  199. 
"        spherical,  973. 
"  "         of  one  base,  974. 

Segments  of  line,  368. 
Semicircle,  161. 
Semicircumference,  161. 
Sides  of  angle.  14. 

"     of  polygon,  65.  ' 

"    of  spherical  polj^on.  839. 
_"     of  triangle.  55. 
Similar  cones  of  revolution.  958. 
"      cylinders  of  revolution.  938. 

"      polygons.  374. 
.Slant   height   of   cone   of   revolutioi^ 
I      asa. 
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Slant  height  of  frustum  of  cone,  960. 
of    frustum   of   pyramid, 

692. 
of  regular  pyramid,  686. 
Small  circle  of  sphere,  808. 
Solid,  geometrical,  2. 
"      geometry,  13. 
•*      physical,  2. 
Solids,  equivalent,  657. 
Space,  geometry  of,  13. 
Sphere,  802. 

*•       centre  of,  801. 
"       diameter  of,  802. 
•*       great  circle,  807. 
'         inscribed,  831. 
' '       radius  of,  802. 
**       small  circle,  808. 
Spherical  angle,  835. 
"        excess,  894. 
polygon,  839. 

angle  of,  839. 
convex,  867. 
diagonal  of,  840. 
parts  of,  845. 
sides  of,  839. 
vertices  of,  839. 
polygons,  symmetrical,  850. 

vertical,  848. 
pyramid,  897. 

**         base  of,  897. 
**         vertex  of,  897. 
sector,  975. 

'*      base  of,  975. 
segment,  973. 

altitude  of,  973. 
**         bases  of,  973. 
**         of  one  base.  974. 
surface,  801. 

"         centre  of,  801. 
triangle,  847. 

"         bi rectangular,  880. 
equilateral,  847. 
isosceles,  847. 
polar,  875. 
right-angled,  847. 
tri- rectangular,  88a 
angula,  898. 

base  of.  898. 
edge  of,  898. 
wedge,  898. 
Square,  114. 

Stereographic  projection,  M.  G.  5a 
Straight  Ime  axiom,  10. 

'*   determined,  10. 

'*   divided  externally,  331. 


<i 


«< 

«( 

(« 
4( 
<« 
<t 
It 
«« 
it 
tt 


<l 
<f 
«( 
II 
It 
ft 
It 
It 
It 
It 
tt 
tl 
t( 


tt 


tt 


tt 


tt 


tt 


tt 


(I 

tl 


li 


tt         tt 


t  t 


tt 


Straight  line  divided  harmonically,  332. 

"      in     extreme    and 
mean  ratio,  335. 
**      internally,  331. 
*'    parallel  to  plane,  542. 
*•         '*    perpendicular    to    plane, 

530. 
**      lines  divided    proportionally, 
269. 
in     space,    angle     be- 
tween, Ex.  150. 
perpendicular,  in  space, 
Ex.  150. 
Superposition  axiom,  10. 
Supplementary-adjacent  angles,  23. 

angles,  23. 
Surface,  3. 

conical,  785. 
cylindrical,  766. 
plane,  8,  524. 
prismatic,  630. 
spherical,  801. 
unit  of,  374. 
Symmetrical  polyedral  angles,  600. 

••  spherical  polygons,  850. 

Symmetry,  axis  of,  32. 

centre  of,  40,  457,  459. 
«-fold,  459. 
three-fold,  458. 
two-fold,  457. 
with  respect  to  centre,  40. 
**      to  axis,  32. 
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Tangkncy,  external,  223. 
*'  internal,  223. 

**  point  of,  172. 

Tangent  circles,  223. 
"        common,  226. 
"        external,  226. 
internal,  226. 
plane  to  cone,  796. 
**     to  cylinder,  779, 
*•     to  sphere,  824. 
to  circle,  172. 
to  convex  curve,  loii. 
Terms  of  proportion,  244. 
Tetraedron,  628. 
Theorem,  p.  i. 
Third  proportional,  281. 
Three-fold  symmetry,  457, 
To  measure,  179. 
Transversal,  M.  G.  3. 
Trapezoid,  132. 

altitude  of,  395. 
bases  of,  132. 
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Triangle.  55. 

altitude  of,  289. 
base  of,  289. 
rentre  of,  107,  no. 
equiangular,  57. 
equilateral,  70.  . 
isosceles,  70. 
median  of,  143. 
right,  56. 
sides  of,  55. 
spherical,  847. 
Triangular  prism,  659. 

•*  pyramid,  700. 

Triedral  angle,  592. 

**  **       isosceles,  604. 

Tri-rectangular  spherical  triangle.  880. 
Truncated  cone,  946. 

**  **      bases  of,  946. 

**  '*      circumscribed,  948. 

**  **      inscribed,  948. 

'•  prism,  652. 

"        right,  653. 
'*  pyramid,  689. 

bases  of,  689. 
circumscribed. 

948. 
inscribed,  948. 
lateral  faces,  689. 
Two-fold  symmetry.  457. 

Ungula,  898. 

angle  of,  898. 
Unit  of  area,  374. 
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Unit  of  measiupe,  179. 
of  sarface,  374. 
of  Tolume.  656. 

Variablx,  184. 

Approaching  linut,  16 
Knnit  of.  185. 

quantities   proporti 
249. 

Vertex  angle  of  triangle,  70. 
*•      of  angle,  14. 
of  cone,  788. 
of  conical  surface,  7S6. 
of  isosceles  triangle,  7a 
of  polyedral  angle,  588. 
of  pyramid,  681. 
of  spherical  pyramid,  897. 
Vertical  angles,  30. 

dicdral  angles.  568. 
polyedral  angles,  599. 
spherical  polygons,  848. 
Vertices  of  polyedron,  627. 

XT  1"        a'  »P»»crical  polygon,  839 
Volume,  656. 

unit  of,  656. 
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Wedgb,  Ex.  185. 

**        spherical,  898. 


Zone,  971. 

altitude  of,  971. 
bases  of,  971. 
of  one  base,  972. 
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Angle  equal  to  given  angle,  80. 

Hi  SECT  given  angle,  75. 
arc,  169. 
line,  42. 


tt 


tt 
1 1 


Circumscribe  circle  about  triangle, 
219. 

Divide  given  line  in    extreme    and 

mean  ratio,  336. 


Divide  given  line  into  any  numH 

equal  parts,  i 
tt  tt        i<     i_«,  ■ 

into    parts    pn 

tional    to   g 

lines,  278. 

Fourth   proportional  to   three  c 
lines,  282. 

Having  given  two  angles  of  triai 

to  find  third,  87. 
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Inscribe  circle  in  triangle,  215. 
*'       regular  decagon,  475. 
"       hexagon,  472. 
"       pentagon,  476. 

pentedecagon,  478. 
quadrilateral,  470. 
*'        square,  470. 

Mean  proportional  between  two  given 
lines,  316. 

Parallel  to  line  through  point,  37, 

46. 
Perpendicular  to  line  at  point  within, 

212. 
*'     *'    from  point  with- 
out, 35. 
Polygon  similar  to  given  polygon  and 
equivalent  to  another  given  polygon, 
420. 
Polygon    similar    to    given    polygon, 
having   given    ratio    of  similitude, 
301. 
Polygon  similar  to  given  polygon,  hav- 
ing given  ratio  to  it,  412. 

Rbctanglk  equivalent  to  given  square, 
having  diflference  of  base  and  altitude 
given,  418. 

Rectangle  equivalent  to  given  square, 
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having  sum   of   base  and   altitade 
given,  416. 

Square  equivalent  to  difference  of  two 
given  squares,  407. 

equivalent  to  given  parallelo- 
gram, 4x3. 

equivalent  to  sum  of  any  num- 
ber of  given  squares,  408. 

equivalent  to  sum  of  two  given 
squares,  406. 

having  given  ratio  to  given 
square,  411. 

Tangent  to  circle  at  point  on  circum- 
ference, 175. 
"         '*      **     from  point  without, 

221. 
Triangle  equivalent  to  given  polygon, 
410. 
side  and  two  angles  given,  88. 
three  sides  given,  90. 
two  sides  and  angle  opposite 
one  given,  94. 
"       two  sides  and  included  angle 
given,  81. 

Upon  a  given  straight  line  to  construct 
a  segment  which  shall  contain  a  giv- 
en angle,  222. 
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Area  circle,  496,  497.                            | 

Lateral 

area 

I  cone  of  revolution,  954, 

lune,  893. 

955. 

parallelogram,  385. 

44 

44 

cylinder,  934. 

regular  polygon,  495. 

44 

44 

cylinder  of  revolution, 

sector,  498. 

937. 

sphere,  983. 

44 

44 

frustum  of  cone  of  rev- 

spherical  polygon,  896. 

olution,  962,  963. 

*v       triangle,  895. 

4t 

«4 

frustum  of  regular  pyr- 

trapezoid, 396. 

amid,  693. 

triangle.  390,  450(17),  450(36), 

44 

(t 

prism,  649. 

41 

Kx   99 
zone,  979,  980. 

44 
44 

44 
44 

regular  pyramid,  688. 
right  cylinder,  936. 

^^  _ 

.                                                            m          •          % 

44 

44 

*'    prism,  651. 

Circumfeke.nce  of  circle,  493. 
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Total  area  cone  of  revolution.  955. 
••        '*    cylinder    of    revolution, 

937. 

Volume  circular  cone,  966. 
*'  *•       cylinder,  941. 

*•  cone,  965. 

••  cylinder,  940. 

"  frustum  of  circular  cone,  970. 
•*  ••        **  cone,  969.. 

•*  •*        **  pyramid,  713. 


Volume  panllelopiped,  674. 
prism,  676. 
pyiminid,  704. 
sphere,  088,  989. 
spherical    pjimmid,    899  IX., 

991- 
aector,  986,  987. 

segment,  993. 
nneula,  899  VII. 
triangular    spherical  priamkL 
899  VIII. 
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